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Preface

This book is written for people who think that mathematics is beautiful, for people
who want to expand their mathematical horizons and sharpen their skills. The best
way to sharpen mathematical skills is to use them in solving problems.

Unlike other problem books, this book contains few routine exercises, nor is it a
collection of olympiad problems. As we claim in the title, we aimed to create an
atmosphere of real mathematical work for readers. Therefore, we sought to collect
and explore two kinds of problems united by a common methodology. Problems of
the first kind include nice theoretical material from the field of mathematics and are
designed to teach readers to understand the math and to help them master the
mathematical techniques by working on the problems. We kept to a common
approach in teaching mathematics: “For effective learning, the learner should
discover by himself as large a fraction of the material to be learned as feasible
under the given circumstances. This is the principle of active learning
(Arbeitsprinzip). It is a very old principle: it underlies the idea of the “Socratic
method” [Polya 1962—-1965]. Problems of the second kind arise in real-life mathe-
matical research. By necessity, the scope of this book is too narrow for a methodical
exposition of applications of mathematical theory to processes and methods in life
and in the work place. Such an exposition necessitates including a lengthy intro-
duction to the applied aspects of the real-life problems, so the emphasis of our
discussion is on the mathematical aspects of these problems. Having described and
explained the theoretical background and methodology in mathematical terms, we
invite the reader to go on to obtain mathematical results relating to real-life
outcomes. (However, when a lengthy introduction to the applied aspect is not
required, such as in the problem group “A Combinatorial Algorithm in
Multiexponential Analysis,” we depart from this rule and give the reader a nice
opportunity to test himself on solving a real-life problem in what is essentially its
original formulation.) Thus, we seek to show the reader that the same principles
underlie work in both pure and applied mathematics. Some problems in this book
pose a serious challenge for most readers; those who are prepared to work hard and
undertake this challenge will gain the most out of this work.
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The prerequisites for working with this book mostly correspond to the graduate
level, so the book is addressed primarily to this category of readers. Undergraduate
students will be able to solve a substantial number of problems in this text,
including all problems that do not require the reader to wield mathematical skills
(mainly in linear algebra and analysis) that are outside the scope of what is usually
taught at the undergraduate university level. We also hope that this book will be
useful for teachers of higher education working with students of mathematics.
Professional mathematicians may find in it material which would be interesting to
them (e.g., new problems and new approaches to solving some well-known
problems).

For the reader’s convenience, we have devised a system of stars marking the
problem or problem set to indicate the required background: no stars () indicates
elementary material, while one (¥), two (**), or three (***) stars correspond to
the recommended number of semesters of a university-level math curriculum
(a detailed specification of the related key notions and theorems is included in the
section “Using the Stars on Problems” below).

Thus, we assume that the relevant definitions will be known to the reader
and there is no need to remind him of most of them. However, to facilitate working
with this book, in some cases problem statements are preceded by definitions:
e.g., “Recall that a function or a map defined on a Cartesian product of vector
spaces is multilinear. . .,” and “Recall that a real-valued function of one or many
real variables is referred to as convex...,” etc. In addition, the problem groups in
this book are prefaced with “zero” (“preliminary” or “introductory’) sections
containing related key terms, some definitions, and a carefully selected bibliogra-
phy. (Obviously, these short introductions are no replacement for regular univer-
sity courses.)

The reader is always warned if comprehending a problem requires knowledge
that goes beyond what is delineated by the stars: e.g., “Therefore, here is an exercise
for readers familiar with multivariate integration,” or “This and the next two
problems are addressed toward readers familiar with normed vector spaces,” or
“This problem is addressed to readers familiar with ordinary linear differential
equations,” etc.; see details in the section “Understanding the Advanced Skill
Requirements” below. Those problems that require the reader to have a stronger
mathematical background have been emphasized in this book by using a smaller
font size. Paragraphs explaining the theoretical background on which these
problems are based have also been included.

This book also contains a number of problems that could be successfully solved
with the help of some tool outside of the stated curriculum level. Whenever this is
the case, the reader is warned: “If you need reference to additional definitions or
tools related to this problem then look at corresponding Hint.” We introduce the
tool within the “Hint,” “Explanation,” or “Completing Solution” sections (see
below), while also discussing the tool and the problem, as required. We recommend
that if readers do not encounter any unfamiliar concepts or terms while reading the
problem’s formulation, they should attempt to solve it. Once they encounter
difficulty in solving, they should try to overcome it, and only then, if necessary,
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we may offer them appropriate means to overcome this difficulty (in this case, our
seeds will fall into already cultivated soil). Therefore, the structure of the text
follows a well-known educational method that works well for students of any
background: “For efficient learning, an exploratory phase should precede the
phase of verification and concept formalization and, eventually, the material
learned should be merged in, and contribute to, the integral mental attitude of the
learner” [Polya 1962-1965].

The complete problem set consists of (1) problems that stand on their own and
(2) problems combined in groups with a common subject. In general, each problem
group includes material more or less traditionally related to the field of mathemat-
ics, which is indicated in its title, but readers will also notice a number of “nontra-
ditional” inclusions, mainly related to applications — either in other fields of
mathematics or in real-life problems (in these cases, the area is indicated). Some
of the groups are united by these real-life applications.

In accordance with the aim of the book, the problems are not restricted to the
traditional educational categories: analysis, algebra, etc. On the contrary, the
suggested solutions are obtained by combining ideas from different branches of
mathematics (as is done in real mathematical work). Thus, solving all the problems
in any of the problem groups will provide abundant practice in fundamental topics,
such as continuity, intermediate value, and implicit function theorems, power-series
expansions (analysis), polynomials, symmetry and skew-symmetry, determinants,
eigenvalues, Jordan canonical form (algebra), all of which are indispensable for
many real-life problems.

Groups of related problems are organized in such a way that the problems build
on each other, providing students with a ladder to master increasingly difficult
problems. It is worth emphasizing that this organization also corresponds to the
sequence which often occurs in real mathematical work: readers are invited first to
understand the simplest theoretical concepts, and then to examine applications of
these concepts, which allows them to observe additional properties and to return to
the theoretical analysis of the generalized concepts. (In some cases, we even
consider it necessary that the reader first finds a cumbersome solution by relatively
simple tools, which is far from the nicest possible one. We are following the quite
obvious idea that (1) the ability to deftly handle such means is useful for the
researcher and should be developed, and, more importantly, (2) in this way the
reader will be able to see the limits of the method’s applicability and further
appreciate the more advanced subtle tools to do the same thing more efficiently.
Based on our teaching experience, we believe that this “inductive” approach is the
most productive for gaining mathematical skill. To gain as much as possible from
this approach, we recommend that readers try to solve the problems in each group in
the same order as they appear in the book.

The presentation within each problem group is divided into subsections, some of
which include introductory, summarizing, or historical materials. To stimulate
active perception of the material, in many cases the problems are stated as questions
(e.g., “Why?”, “Which exactly?”, etc.) or assignments (such as “Complete the
details,” etc.) that do not interrupt the presentation; hence, within any subsection,
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not one but a number of closely related problems can be proposed for solving. For
readers’ convenience, in the “Problems” section, the first word of the each question
or assignment (including the frequently used word “Prove”) is typeset in a different
font (Lucida Calligraphy), and keywords in the material exposition are typeset in
bold. In many cases, we give preference to assignments, as “Give. ..”, “Extend. . .”,
“Develop...”, “Find...”, “Evaluate. ..”, “Describe. ..”, but not “Prove” because
it is more consistent with actual mathematical practice. We would also like to
emphasize that for a mathematician, the word “Why?” may be the most important
question word. Also, we use the abbreviation “QED” (Quod Erat Demonstrandum)
to denote the end of a proof, and typeset it in Arial Black. Mathematical and
other symbols that we use in the book are traditional and widely used; perhaps
the only exception (for the English-speaking reader) is that we prefer to denote
the identity matrix (and the identity operator) by “E”, and the symbol “I” is
reserved for a square root of —E (where the dimension of the vector space is
equal to 2). Any other nonstandard, or local, designations are defined in the same
place where used.

We have enclosed an explanation of solutions for all the problems to give the
reader an opportunity to compare their solutions with someone else’s. The solutions
to most of the problems are discussed in stages: first a hint, then a more in-depth
explanation, and, finally, everything else that needs to be done to complete
the solution. First of all, the reader should try to deal with the problem on his
own. If he feels that he did not succeed, he should look into the “Hint” and then try
to complete the solution of the problem. If that is not enough, the “Explanation”
should be used, etc. The sections “Hint,” “Explanation,” and “Completing Solu-
tion” are numbered similarly to the “Problems” sections: e.g., subsections HI1.1
(Hints), E1.1 (Explanations), and S1.1 (Completing Solutions) correspond to P1.1
(Problems), and so on. We sought to engage the reader in the process of problem
solving as an active participant, so that questions such as “Why?” and offers to fill
in the necessary details are presented in these sections in the same way as in
“Problems” (readers can see the answers to these questions provided in the “Expla-
nation” or “Completing Solution” sections).

Although the tastes of readers and their styles of thinking may be different, we
believe that it is important that readers learn to see the subject from very different
angles. Many great discoveries have been made by people who have such an ability!
Therefore, for each problem that may be solved by various methods, we sought to
consider all the approaches that were known to us. In addition, in the “Hint,”
“Explanation,” and “Completing Solution” sections, we discuss related elementary
subjects and other materials, such as ties with more advanced theories, examples of
applications, references, etc. The additional materials make these sections an
extremely important part of this book. Therefore, in order to get the most benefit
from this book, the reader is advised to look through these sections, even if he found
a solution to the problem by himself or has encountered the problem previously.

As should be clear from the above, we assume that the reader will be actively
working on problems from the book “with pencil and paper.” In this regard,
we would like to make clear that the “Completing Solution” section of the book
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does not contain the presentations of solutions “from ‘A’ to ‘Z’” (which are not
needed if a reader thought through the problem, has already read “Hint” — “Expla-
nation,” and therefore wants only the remaining instructions, so that his mind has
developed a complete solution). Mainly, this section contains details such as
proofs of the lemmas that were formulated and used without proof in “Hint”
— “Explanation” sections, and further discussion (sometimes including related
problem formulations). The solution may be qualified as complete, only if (1) all
gaps in the proof are filled and (2) the reader has a clear view of the place of the
solved problem within wider mathematical context and would be ready to work on
similar or related problems in the future (because the problem is rarely a goal in and
of itself).

There are many differences between the present book and several widely known
collections of nonstandard problems. For example, our work differs from a remark-
able collection [Steinhaus 1958] in that it explores more advanced topics at the
college undergraduate and graduate level.

The main difference from another brilliant collection of problems for college
exit exams [Arnold 1991, 1989 Russian] Is that this book includes a smaller number
of topics and larger number of problems per topic, allowing detailed and gradual
topic development. A few problems from Arnold collection were included in the
corresponding problem groups in our book where they fit logically into the problem
sequence.

Finally, the present book differs from the famous Polya et al. [1964] by the
relatively small number of topics that are explored deeply and in its orientation
toward readers with a relatively limited experience in mathematics — namely,
undergraduate and graduate students. Unlike Polya, we focus on stimulating the
reader to combine ideas from different branches of mathematics to solve problems.

We have achieved our goal if the reader becomes more adept in solving real
mathematical problems and we will be quite satisfied if the reader develops a taste
for this kind of work.

Some of the problems (especially those related to applied topics) and solutions in
this book we have suggested ourselves. Where this is not the case, we have tried to
give credit to the authors of the problems and solutions. Absence of a reference
means that we do not know the primary source and also that the fact (or method) in
question has become a part of “mathematical folklore.”

Rishon LeZion, Israel Alexander A. Roytvarf






Using the Stars on Problems

“No stars” refers to the following material:

In

Basic arithmetic operations with integer numbers, greatest common divisor of
natural numbers as smallest-value linear combination of these numbers with
integral coefficients, and a notion of unique prime factorization of integer
numbers

Basic arithmetic operations with rational numbers, roots and a notion of irra-
tional and real numbers, decimal expansion of rational and irrational numbers
Usual fundamental course in elementary plane and solid geometry

ldentities for exponential and trigonometric functions and related formulas
Calculation with elementary (polynomial, rational, exponential, logarithmic,
and trigonometric) functions and their graphs

Linear equations and inequalities and systems of two or three equations, qua-
dratic equations and inequalities, and trigonometric equations

Binomial coefficients and related elementary combinatorial formulas
“Dirichlet boxes principle” (also known as the pigeonhole principle)
Set-theoretic language for geometrical sets (using notions such as membership,
inclusion, union, intersection, set-difference, empty set), and the combinatorial
principle of inclusion—exclusion

Basic elements of mathematical theory (axioms, theorems, and inverse
theorems) and basic types of mathematical argumentation including deduction,
the method of mathematical induction and proof by contradiction.

addition to that, “one star” refers to the following material:

Algebra of real and complex numbers, algebraic operations, including division
with remainder and Euclid’ s algorithm, with the segments of real axis, notions of
a group, ring, and field, Euler’s totient function, congruences modulo natural
numbers, and Unique prime factorization theorem for integer numbers

Basic set-theoretic notions and theorems (sets and maps, natural numbers and
countable sets, potential and actual infiniteness, Cantor—Bernstein—Schroeder
theorem and linear segment and square as continual sets, algebraic operations on

Xi
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sets including Cartesian (or, direct) product and respective operations on
cardinal numbers, and Cantor’s theorem 2% > #X and uncountability of
continuum)

Basic elements of topology of Euclidean straight line (equivalence of
Dedekind’s, Cantor’s, and Weierstrass’s approaches, and Hilbert’s description
of real field as Archimedean-ordered complete field, compactness of segments
(Borel’s lemma about open cover of the segment)), supremum and infimum,
infinite numerical sequence and its upper and lower limits, convergence and
limit, Cauchy criterion, Bolzano-Weierstrass lemma, Stolz’s theorem and its
applications, commutativity of limits with arithmetic operations and the other
elementary functions (see the “no stars” section above), limits of functions,
“remarkable” limits lim% =1, lim (1 + %)" = lim (1 + % +...+ i) =e

x—0 - n—oo :

n—00 n!
and their applications, comparison of different infinitesimal and infinitely large
quantities to each other, and symbols “O” and “o0”
Basic theorems about continuity and uniform continuity of functions of one
variable (classification of discontinuities, discontinuities of monotonic
functions, continuity of inversion of monotonic continuous function, continuity
of superposition, continuity of elementary functions, theorems by Bolzano,
Cauchy, Weierstrass, and Cantor)
Differential calculus of functions of one variable: the first- and higher-order
derivatives and differentials; continuity of differentiable function; Taylor’s
expansion theorem, expansions of elementary functions; differentiable change
of variable and differentiation of superposition; Leibnitz derivation rule; differ-
entiation of elementary functions; usage of derivatives to explore monotonicity
and extrema; convexity (concavity) and inflections and asymptotic behavior;
Darboux, Rolle, Lagrange, and Cauchy Intermediate value theorems and their
applications; limits of derivatives; “L’Hopital’s rule”; and Implicit function
theorem for one variable
Solution of systems of linear equations: linear dependence, vector spaces, and
vector and affine subspaces; bases; rank of matrix; Kronecker-Capelli theorem;
linear transformations and their matrix representation; similar matrices; and
linear changes of coordinates
Multi-linearity of functions and skew-symmetry (introduction): permutations,
determinants, and oriented volumes

In addition to that, “two stars” refers to the following material:

Elements of algebra of polynomials (division with remainder, Euclid’s algo-
rithm, irreducible decomposition, Bezout’s theorem, the fundamental theorem of
algebra (without a complete proof), roots of polynomials over the real and
rational field, multiple roots and derivative, resultant and discriminant, field of
fractions (rational functions) and partial fraction expansion over complex and
real fields, the fundamental theorem on symmetric polynomials), and polynomial
change of variable (putting polynomial in polynomial)
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e Definite (Riemann) integrals and primitives (indefinite integrals) of one-variable
functions: Darboux integrals, Newton-Leibnitz formula, methods of integration,
changes of variables in integrals, integration of elementary functions, classes of
integrable functions, improper integrals, mean value theorems, integrals depen-
dent on parameters, applications of integral calculus to geometry and physics

e Jordan canonical form of linear operators: eigenvalues and eigenspaces, root
subspaces, algebraic and geometric multiplicity, characteristic and minimal
polynomials, Cayley-Hamilton theorem, Jordan canonical forms over complex
and over real numbers

e FEuclidean and Hermitian (or unitary) finite-dimensional spaces (scalar product,
orthonormal bases), Cauchy-Schwarz-Bunyakovskii (CSB) inequality, Gram-
Schmidt orthogonalization, adjoint operators (in Euclidean and Hermitian
cases), spectral theorems for orthogonal and unitary operators, and symmetric
and self-adjoint operators, and theorems of Elementary geometry in Cartesian
coordinate language

* Bilinear and quadratic forms: matrix representation of bilinear form and linear
changes of coordinates, bilinear forms and linear functionals, duality, Lagrange
diagonalization of quadratic forms, Sylvester’s theorem, rank and signature,
positive (negative) definite and semidefinite quadratic forms, diagonalization
by an orthogonal linear transformation, simultaneous diagonalization of two
quadratic forms and relative eigenvalues, diagonalization of skew-symmetric
bilinear forms, and classification of real and complex quadrics

e Basic elements of topology of Euclidean space, multiple and iterated limits, and
basic theorems (similar as listed in the “one-star” section above) about continu-
ity and uniform continuity of multi-variable functions

e Differential calculus of multi-variable functions on Euclidean domains and
smooth varieties (curves and surfaces in Euclidean spaces): differential, conti-
nuity of differentiable function, directional derivatives, partial derivatives; gra-
dient; the first- and higher-order differentials; Clairaut’s (or, Schwarz’s) theorem
about mixed derivatives; extrema and other critical points and Hessians; con-
vexity (concavity); Taylor’s expansion theorem; Euler theorem about homoge-
neous functions; intermediate value theorems; diffeomorphisms and implicit
function theorem; change of variable and Jacobian, polar, cylindrical, and
spherical coordinate systems; and smooth surfaces in Euclidean spaces and
critical points of differentiable functions on such surfaces (conditional extrema
and Lagrange multipliers)

e Numerical series, and series and sequences of functions: convergence and
uniform convergence, Leibnitz, Cauchy, d’Alembert, Abel’s, Dirichlet’s and
integral tests for convergence, Dini’s and Weierstrass theorems about uniform
convergence, and theorems about integrability and differentiability of series’
sum

e Power series of one variable (formal series, absolute convergence; Abel’s
lemma; Cauchy-Hadamard formula for convergence radius; and Taylor series
of elementary functions, their convergence radii, and singular points on
boundaries of discs of convergence in complex domain), multi-variable power
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series (formal series, normal convergence, majorization), and formal change of
variable (putting formal power series in formal power series) and its
convergence.

In addition to that, “three stars” refers to the following material:

e Fourier series of one variable: Fourier coefficients, mean summability,
Dirichlet’s integral, and Dini’s summability test

e Weierstrass approximation theorem for continuous functions on a closed
segment of a straight line

e Ordered sets, set-theoretic axiom of choice and equivalent statements
(nonemptiness of Cartesian product [] X; for any nonempty / and X, dependent

iel

choice principle, Hausdorff and Kuratowski-Zorn lemmas, existence of well-
ordering of any set and Cantor’s theorem VX,Y : #X > #Y or #X < #Y, and
Transfinite induction principle

o Elements of abstract algebra: direct products of groups and rings, residue classes
with respect to subgroup, invariant (or, normal) subgroups and ideals, modules,
“fundamental” and Noether homomorphism theorems, finite groups and
Lagrange theorem, action of group and stationary subgroups, group of
transformations, symmetric groups, cyclic groups, Sylow theorems, solvable
groups, structure theorem for finitely generated Abelian groups, rings with
Euclid’s algorithm (or, Euclidean rings), rings of principal ideals and unique
prime factorization theorem, one-sided ideals of noncommutative ring, fields
and bodies, Noetherian rings, rings of formal series, unique prime factorization
property of polynomials over factorial ring of coefficients (commutative ring of
unique prime factorization property), Gauss lemma, ring of quotients, rational
fractions and partial fraction expansion, elements of theory of fields (finite and
algebraic extensions, algebraic closure, Galois finite-element fields, roots of
unity, transcendental extensions), and using commutative diagrams

e Multi-linearity of functions and skew-symmetry (continuation): exterior forms,
vector product, and mixed product.

The reader who wishes to brush up on elementary material corresponding to “No
stars,” and look at it from a more advanced point of view, can do so by referring to
the excellent books [Arnol’d 2004 Russian], [Vilenkin 1969-1,2], [Sierpinski
1969], [Sivashinsky 1967 Russian], [Stoll 1975], [Steinhaus 1938], [Klein 1924,
1925], [Hilbert 1830], [Niven 1961], [Landau 1927, 1930], [Courant et al. 1941],
[Polya 1954, 1962-1965, 1971], [Rényi 1967], [Lakatos 1976, 1980], [Hadamard
1954/1996, 2008, 1898—1901 French], [Hilbert et al. 1932], [Zetel 1962 Russian],
[Dieudonné 1968 French], [Choquet 1964 French], and [Kline 1981, 1982, 1986].
With regard to the material corresponding to the “one star” to “three stars,” they can
be found in the textbooks and monographs, which are usually recommended for the
study of mathematics at the university; the reader can use the ones that are listed
below, or others — by his/her own choice:
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On calculus and analysis and their applications: [Lang 1999], [Hardy 1908],
[Landau 1934], [Fichtengoltz 1970 Russian], [Whittaker et al. 1927], [Titchmarsh
1939], [Apostol 1967, 1969], [Cartan 1967], [Courant 1992], [Dieudonné 1960],
[Hardy et al. 1956], [Polya et al. 1964], [Folland 1999], [Rudin 1976, 1986],
[Schwartz 1967], [Bourbaki 1976], [Hormander 1983], [Spivak 1994], [Zel’dovich
1963/Zel’dovich et al. 1982], [Zel’dovich et al. 1972, 1973 Russian].

On linear and multilinear algebra and geometry, polynomials, and abstract
algebra: [Artin 1957], [Dummit et al. 2003], [Gelfand 1971], [Glazman et al.
1969], [Halmos 1974], [Berger 1977 French], [Lelong-Ferrand 1985 French],
[Kostrikin et al. 1980], [Van der Waerden 1971, 1967], [Lang 1965, 1999], [Artin
1991], [Zariski et al. 1958-1960], [Atiyah et al. 1994], [Bourbaki 1970-1981,
1972], [Kargapolov et al. 1977], [Hall 1975], [Herstein 2005], [Strang 2009].

On set-theoretic notions and theorems, axiom of choice (AC) and its
equivalents: [Hausdorff 1914], [Arkhangelsky et al. 1974], [Engelking 1985],
[Kuratowski et al. 1976], [Jech 2006], [Bourbaki 1970], [Zermelo 2010], [Fraenkel
et al. 1973], [Godel 1940], [Cohen 2008], [Shoenfield 1967], [Barwise ed. 1977],
[Moore 1982].






Understanding the Advanced Skill Requirements

If readers are warned of an advanced requirement for a problem that is not
stipulated by stars, it refers to the following material:

Fundamentals of differential geometry of planar curves: rectifiability and length,
natural parametrization, osculating circle and curvature, Frenet equations, Gauss
map and Gauss-Bonnet formula (version for curves), focal points, evolutes and
evolvents, envelopes, and equidistants

Differential geometry of hypersurfaces in Euclidean spaces: local parametriza-
tion (coordinate system) and its change, tangent bundle and field of unit normals,
orientability, first quadratic form (Riemannian metric), (n—1-dimensional)
area, tangency order, osculating hyperspheres and second quadratic form (prin-
cipal curvatures, mean curvature, Gaussian curvature, Gauss map), Gauss-
Bonnet formula, focal (caustic) points, envelopes, and equidistants
“Multivariate integration”: integral calculus of functions on Euclidean domains
and on smooth varieties (curves and surfaces in Euclidean spaces): tangent
vector fields, differential forms and their integration, Fubini theorem, Change-
of-variable formula, exterior differentiation of differential form, closed and
exact forms, divergence, curl, Laplace-Beltrami operator (Laplacian), the gen-
eral “Stokes” (Newton-Leibnitz-Gauss-Ostrogradskii-Green-Stokes-Poincaré)
formula and its classical special cases

Language of differentiable manifolds: local coordinate systems and their
changes; submanifolds; tangent bundle and vector fields; cotangent bundle and
differential forms; tensors; smooth maps and tangent and cotangent maps; Lie
commutator and exterior differentiation and their commutativity with tangent
and cotangent maps, respectively; Lie differentiation; Cartan’s infinitesimal
(chain) homotopy formula, theorems of differential and integral calculus from
Sections “Using the Stars on Problems” and “Multivariate Integration” in terms
of manifolds

Elements of general topology: topological spaces; convergence and continuity;
bases of neighborhoods, interior, boundary and closure; Boolean operations with
open and closed sets; connectedness; compactness

Xvii
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e Metric spaces: distance function (metric), countable bases of neighborhoods of
point, Cauchy criterion, completeness, boundedness, compactnesss

e Normed vector spaces: norm, metric and topology, norms and centrally sym-
metric open convex sets, Riesz theorem (local compactness <> finite dimension-
ality), topological equivalence of norms on finite-dimensional space, compact
sets in that space, norm of linear operator, Hilbert space, and Banach space

e Elements of complex analysis: Cauchy-Riemann equations, Taylor’s and
Laurent expansions and Cauchy integral formula for the coefficients, openness
of image, residues, Argument principle, Rouché’s theorem, Maximum principle
and Mean value theorem, Liouville theorem and “the fundamental theorem of
algebra,” Joukowsky map (transform), rational functions on Gaussian
(Riemannian) sphere, fractional-linear automorphisms, analytic continuation,
singularities and many-valued functions (algebraic and logarithmic
ramifications and Riemannian surfaces), Casorati-Sokhotskii-Weierstrass and
Picard theorems, elements of multi-variable complex analysis (meromorphic
forms as closed differential forms, Taylor’s expansion, biholomorphic maps and
implicit function theorem, analytic continuation principle, domain of
holomorphy, Hartogs theorem)

e Elements of probability theory: probability measure, univariate/multivariate
probability distribution (density function) and cumulative distribution function,
and mathematical expectation (mean value) and variance

e Elements of mathematical statistics: covariance matrix (variances and correla-
tion coefficients), univariate/multivariate normal (Gaussian) distribution,
parameter estimation, Maximal likelihood principle, and unbiased estimate

o FElements of theory of linear ordinary differential equations (ODE): unique
existence and maximal possible growth of solution, Liouville theorem about
Wronskian, Sturm-Liouville boundary eigenvalue problem and Sturm theorem
about zeros, quasipolynomials and solution of autonomous system

This material can be learned from the following textbooks and monographs (as well
as from other sources of the reader’s choice):

On differential geometry of curves and surfaces: [Blaschke 1950], [Finnikov
1952 Russian], [Favard 1957], [Cartan 1967], [do Carmo 1976], [Thorpe 1979],
[Dubrovin et al. 1986], [Kreyszig 1991], [Pressley 2010].

On multivariate integration: [Whitney 1957], [Spivak 1965, 1994], [Arnol’d
1989], [Rudin 1976], [Cartan 1967], [Warner 1983], [Dubrovin et al. 1986],
[Sternberg 1964], [Schwartz 1967], [Bott et al. 1982].

On differential manifolds: [de Rham 1955 French], [Bishop et al. 1964], [Milnor
1997], [Golubitsky et al. 1974], [Bruce et al. 1993], [Arnol’d 1978, 1989], [Arnol’d
et al. 1982], [Guillemin et al. 1974], [Hirsch 1976], [Warner 1983], [Bourbaki
1967-1971], [Lang 2002], [Schwartz 1968], [Dubrovin et al. 1986], [Wallace
2006], [Kosinski 2007].
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[Chinn et al. 1966], [Kelley 1975], [Munkres 1974], [Arkhangelsky et al. 1974],
[Engelking 1985].

On metric and normed spaces: [Kuratowski 1966], [Kelley 1975], [Dieudonné
1960], [Rudin 1973, 1986], [Kirillov et al. 1988], [Kantorovich 1972], [Banach
1932], [Akhiezer et al. 1950], [Dunford et al. 1957], [Hille et al. 1957], [Yosida
1965], [Edwards 1965], [Halmos 1967], [Riesz et al. 1972], [Reed et al. 1972],
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On complex analysis: [Ahlfors 1979], [Bochner et al. 1948], [Cartan 1961],
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1964], [Polya et al. 1964], [Schwartz 1967], [Rudin 1986], [Narasimhan 2000],
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[Evgrafov 1991 Russian].
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1956, 1957, 1959], [Kac et al. 2004], [Kolmogorov 1974], [Feller 1966], [Loeve
1977-1978], [Shiryaev 1989], [Guillemin et al. 1996], [Cramér 1946], [Van der
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Jacobi Identities and Related
Combinatorial Formulas

Problems

P1.0

Preliminaries. The derivatives of a quadratic trinomial F = ax® + bx + ¢ at its
roots x;, x, add up to zero (Vieta’s theorem). Alternatively, we can write this as 1/F’
(x1) + 1/F'(x2) = 0 or, equivalently, 1/(x; — x5) + 1/(xo — x;) = 0. Also, there is
an obvious identity: x1/(x; — x3) + x2/(xo — x;) = 1. C.G.J. Jacobi’s concern with
questions of dynamics and geometry led him to derive far-reaching generalizations
of these identities for polynomials of arbitrary degree in his Ph.D. thesis (Jacobi
1825). It enabled him to solve several complex problems. For example, he squared
an ellipsoid’s surface, determined the geodesics on this surface, and described the
dynamics with two motionless centers of gravity (Jacobi 1884).

In this problem group, readers will become acquainted with the Jacobi identities
and related formulas (P1.1°", P1.2™, P1.3™", P1.4™", P1.5"",P1.6"", and P1.7"") and
their close ties with complex analysis (sections PI.S***, P19 , Pl.lO***, and
P1.1 1***); sections P1.12"" and P1.13" are dedicated to less traditional
applications of the Jacobi identities to linear differential equations. Some final
notes about further generalizations and applications and a short guide to the

etk

literature are provided in section P1.14 .

B

Pl.1

Prove the following identities (Jacobi 1825). For distinct complex numbers (or
elements of any other field) x,. . .,x,,

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 1
DOI 10.1007/978-0-8176-8406-8_1, © Springer Science+Business Media, LLC 2013
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P1.2

Jacobi Identities and Related Combinatorial Formulas

i _{O7 form=0,...,n—2,

1, form=n—1.

With xy,. . .,x,, as above, establish that

ke

P1.3

(Jacobi 1825): With xy,. ..

sk

Pl1.4

n
2 Ie==1

=1 i

X,, as above and for any yy,. . .,y,_1, establish that

n—1

[T
ZHX, H:].

J#i

(Jacobi 1825) Check that u; = H1§j§ﬂ ()C,‘ — yj)/nﬁél (X,‘ — .X'j), i = 1,. .Ln is a
solution of the system of linear equations

n

Yot =1 j=1n

i=1

(xq,. - -, X, are as above, and x; # ¥j» Vi, j). When is it a unique solution?
Give a geometric interpretation for the preceding solution when n = 2 and either x, > y, >

X1 > Y10rx; >y > Xxp >y



Problems 3

sk

P1.5

(Jacobi 1825): Prove the extension of the identities from section P1.1" tom > n:
for x4,. . .,x,, as above,

> I
/
/, Zv,fm nt1 =1

i=1

where the sum on the right-hand side is taken over sets of natural numbers v; such
that Yv, =m — n + 1.

sk

Pl.6
Fstablish the extension of the Jacobi identities for m = —1. For distinct nonzero
X1, - -,X, Show that

n

71)%1

x,v—\
i=1 J | |xi
; i
i=1

sk

P1.7

Extend the Jacobi identities for every m = —1, =2, —3,....

skeskesk

P1.8

This section and the next two sections are for readers familiar with elements of
complex analysis. For xy,. . .,x, as above, prove that

(2mi) ! jﬁ -~ ZH Pt

oD

in this formula, the function f is holomorphic in the bounded open domain with
rectifiable boundary D C C, free of self-intersections and continuous on its closure
DUOD. D contains xj,. . .,x,. The right-hand side of this formula, as a function of
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X1, . .,Xy, 18 defined in D" minus the union of hyperplanes {x; = x;}. The formula
shows that it can be holomorphically extended to all of D" by defining it via the left-
hand side. (+{ow can one show the left-hand side is holomorphic?) In particular, the
Jacobi identities [f(z) = z] are holomorphically extended to C". A short computa-
tion gives the extension to the diagonal of D". For n = 2,

Check that, in general,

kelesk

pP1.9

Let f be holomorphic in an open disc D C C and continuous on its closure DUOD.
Let the center of D be the origin, and let f = Y ,,~0 a, z" be the Taylor-series

expansion in D. Show that for any xy,...x,E D,
R el DI DR |
b g(zﬁw) CET Ry =
(A special case of this formula, for x; = ... = x,,
~—1 fl)dz m 1—n+1
(2mi) 4; oy = Z am (n - 1>x" ,
oD m>n—1

also results from differentiating the Taylor series, with regard to the Cauchy
integral formula for the Taylor coefficients.)

P1.10°"

A point x is called a critical point of a holomorphic function F if F'(x) = 0. A value
of F is critical when some of the preimages are critical. Noncritical values are also
referred to as regular. Establish the following generalization of the formula in
section P1.8""": Let functions f and F be holomorphic in a bounded open domain



Problems 5

D C C with rectifiable boundary 0D, free of self-intersections and continuous on its
closure DUOD; then for any regular value y of F, with no preimages on 0D,

1 [ e fFE)
iyt § fgE = > LD,
J

oD

in this formula, the summation is performed over all preimages of y in D. (Prove
that y has a finite number of preimages in D.) A further development of the subject,
including a multivariate version of this formula, a many-dimensional generalization
of the Jacobi identities, and so on, is contained in Arnol’d et al. (1982) and
references therein. For versions of this formula for ramifying f, see Pakovich
et al. (2004).

PLIT™

It is a well-known fact that a holomorphic function is divisible by a polynomial with
a remainder, the remainder being a polynomial of degree that is smaller by one than
the degree of the divisor polynomial:

@) =q@F@) +r(E), r=)Y_rz, degr=degF—1.

In this section, readers unfamiliar with holomorphic functions may consider
polynomials instead of holomorphic functions f. Let F be a polynomial of degree n
with simple roots x,...,x,. Prove that the leading coefficient of the remainder is
given by

N fw)
Fpn—1 = ; H(Xi—Xj) .

J#

Generalize this formula to

o = (=1 Zl: flxi) ﬁl(ﬁl;jf---vxn)’ k=1,...,n,

j#i
where o, are the usual elementary symmetric polynomials in n — 1 variables
(circumflexes indicate the missing corresponding terms).

We suggest further practicing with the Jacobi identity techniques by solving the
following two problems in the theory of ordinary linear differential equations.
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sk
P1.12

(This problem assumes no familiarity with differential equations.) Let an algebraic
equation 2" + ;"' + ... + a, = 0 have simple roots 1,,...,A,. Prove that for
no -l . .
any numbers po,. .., p,_1, a function x(¢) = > Qi teto okt where ¢; = po,
i=1 I;[ ()
JF
¢y =p1+ aipos - - Cp = Pp_1 + a1pp—2 + ... + a,_1po, satisfies the differential
equation x"(r) + a1 + ... + ax(f) =0 and initial conditions x(0)
n »
= pos . » X"7H0) = p,_. Specifically, x(¢) =3 =<"— corresponds to the
i=1 1;[ (=)
J#I
initial conditions of pg = ... =p, » =0, p,_; = 1. (Passing to the limits in
these formulas allows one to deriver similar formulas for multiple roots using linear

combinations of functions of the form e%’#.)

P1.13°

(N. Roytvarf, personal communication (2003)). This problem, of practical impor-
tance for radio engineering and electronics, is addressed to those readers who are
familiar with the elements of the theory of ordinary linear differential equations
including the direct and inverse Laplace transform. Consider a function of time
that has zero value for 7 < 0 and is piecewise quasipolynomial on ¢ > 0:f(z) = >

0t —1)>" (ij(t) cos it + Oy;(t) sin ,Bkjt)e“kf’, where 0 =ty < t; < ..., Py, Qu

J
0, for <0,
1, fort>0.

Let us consider the following initial value (or Cauchy) problem: determine a
function x(¢) on {¢# > 0} that is n — 1 times continuously differentiable, including
the points 0, #y, ,, ..., and satisfies the differential equation K alx[“fl] + ...
+ a,x = f on the segments between the points 0, ¢, #, ..., co and the initial
conditions x(0) = py.. .., X 1(0) = p,_;. (Replacing 0 with any other point #,
does not make any essential changes.)

Certainly, one might deal with this problem by solving the successive Cauchy
problems on the segments between the points 0, #1, 5, . . ., 00, setting the final value
of x,..., x~1 on the former segment as the initial value for the latter one (which
also shows the unique solvability of the problem as a whole). However, the usual
algorithm by the Laplace transform automatically leads to the same solution. Prove
it, and then you may use this remarkable algorithm in your practical work!

are polynomials and 6 is the usual Heaviside step-function, 6(f) = {
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Skskesk

P1.14

Final notes. The Jacobi identities are applied to various problems in geometry and
mathematical physics. Readers will encounter multiple examples in Charlier
(1927), Landau and Lifshitz (1973), Landau et al. (1982), Arnol’d (1989), Arnol’d
et al. (1985), and references therein. Some of these examples will be discussed in
the “Jacobi Elliptic Coordinates” and “Gravitation of Spheres and Ellipsoids”
problem groups, in volume 2 of this book.

A good illustration of the close ties between the Jacobi identities and complex
analysis is the fact that identities from section P1.1"" are obtained via a straightfor-

ward calculation of the sums of residues of differential forms w,, = =24 — on the

H (z—xi)

Gaussian (Riemannian) sphere, taking into account that ), is holomorphic at
infinity for m = 0,..., n — 2 and has there a pole of residue of —1 form =n — 1
(section S1.5). Further generalizations of the Jacobi identities can be obtained using
the language and tools of (multivariate) complex analysis; these generalizations are
applied within a related mathematical branch — algebraic geometry; experienced
readers may consult Arnol’d et al. (1982) and references therein (pay special
attention to the following works: (1) Petrovsky and Oleynik, On the topology of
real algebraic manifolds (1949), (2) Khovanskii, Newton polyhedra, and the Euler—
Jacobi formula (1978), and (3) Griffiths and Harris, Residues, and zero cycles on
algebraic varieties (1978)). Griffiths and Harris, residues, and zero cycles on
algebraic varieties (1978).

Hint

Hl1.1

We suggest proceeding by any of the following three methods:

(1) Algebraic method: For each m, the left-hand side of the corresponding Jacobi
identities, once denominators have been cleared, becomes a polynomial of
degree max(m, n — 2) that has n — 1 different roots. (The same method applies
to any field.)

(2) Analytic method, using implicit function theorem: The left-hand sides are
proportional to the first derivatives of the functions ¥; x;”*', with respect to
the constant term of the polynomial F(z): = [[(z — x;), while the other
coefficients are kept fixed (N. Roytvarf, pers. Commun.).

(3) Method using complex analysis: The Jacobi identities can be established based

on the formula from section P1.8 .
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HI1.2

This can be done using methods similar to Method 1 or 2 above. One can even take
the same first steps as in solving problem P1.1°".

H1.3

Rearrange the left-hand side, presenting it as a polynomial iny = (yy,...,y,—1), and
then use the identities from section P1.1°".

H14

Verify directly that u satisfies the equations. This solution is unique if and only if
the matrix of the system is nonsingular; therefore, it can be unique only if yy,. .., y,
are distinct. With distinct xy,. . ., x,, and x; # y;, Vi j, is the distinctness of yy,. .., y,
also sufficient for that uniqueness?

H1.5

The first step may be the same as in the algebraic method of proving identities in
section P1.1"": multiplication of the left-hand side by the Vandermonde determi-
nant gives the polynomial

Pum(X) == V(x1, .. %) - L N (D) TV (R X)),

and we must show that

P, »(x) goes to zero if x; = x; for some i # j. Therefore, by virtue of the relative
primality of the elements x; — x; in the ring of polynomials with rational
coefficients O[x], P, ,(x) is divisible by the product of those elements, that is, by
V,.(x). The quotient is a homogeneous and symmetric polynomial in x (as P, ,, and
V, both are homogeneous and skew-symmetric) of degree m — n 4+ 1. Moreover,
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by the famous Gauss lemma in algebra of polynomials (Van der Waerden 1971,
1967; Lang 1965), the quotient has integral coefficients

Pn,m(x) = Vy(x) 'Qn,m(x)v Qn,m(x) € Z[x].

Show that the polynomials Q,, ,, satisfy the following recursion equations (dis-
crete Cauchy problem):

02 m(x1,x2) ZX "k (m>1),

m—n+1
my
Qn,n1(x1;--~7xn) = Z ( )xn 'anl,mfkfl(xl —Xny ooy Xp—1 _xn);

k=0 k
n>2, m>n—1.

Lastly, by induction on n show that the unique solution of this discrete
problem is

Qn,m(x) = Z H xl
Ev =m—n-+1 i=

Readers will arrive at a shorter proof if they pay attention to the fact that the
sequence of the left-hand sides of the equalities in section P1.5 L — o0.1...and
the similar sequence of the right-hand sides, R,,. ,, — o1.... (complemented

by Ry=...=R, »,=0), obey the same recursion relation for m > n:
n

> (—1)kokLm,k =0, > (—l)kakRm,k =0(op =1 and, for k > 0, ¢, are the
k=0 k=0

usual elementary symmetric polynomials in xy,. . ., x,,); we leave it to the interested
reader to fill in the details. See also a proof in Givental (1984).

Hl1.6

This is the same identity as in section P1.2"" (indeed, multiply both sides by []x,),
which makes the same approach relevant. Alternatively, identities from sec-
tion P1.6™ (and, hence, from section P1.2**) can be derived directly from the
Jacobi identities in section P1.17". Specifically, substituting x,....x, as in sec-
tion P1.6™", X,11 = 0and m = 1 in these identities gives

n

1 =" _
E o+t =—=0,
— X'g(.x,ij) HX,.

which is equivalent to that of section P1.6™
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Hl1.7

The answer is

(71)"*1 Z ﬁxgn—lfvl

X" o Z\',-:m—l =1 B
i—1 H(Xi*,\’,')_ H"J’u ’ m = 1,2,3,... .
i=

J#

n

In looking for an answer, use section P15, applying x; ! for x;. (Fill in the
details.)

H1.8

The Cauchy-type integral on the left-hand side of the first formula can be calculated
using the residue technique. Alternatively, this integral can be calculated directly,
replacing the contour 0D by the union of small circles centered at x;. Lastly, the
formula being proved is a special case of a formula in section P1.10"""; therefore, it
can also be proved using the method suggested for solving section P1.10"". That
the left-hand side is holomorphic can be deduced from its differentiability in each x;
and continuity on (x,...,x,) Dieudonné (1960). Actually, the continuity does not
require a special proof - by the fundamental Hartogs theorem. For more on this see
Bochner and Martin (1948), Cartan (1961), and Hormander (1966). The second
limit formula is immediately obtained if we go over to the limit on the left-hand side
and apply the Cauchy integral formula to get the Taylor coefficients.

H1.9

The required formula is immediately obtained after putting the Taylor-series
expansion of f on the left-hand side of the first formula in section P1.8""" and
using the identities in sections P1.1°" and P1.5"".

HI1.10

Replace the contour 0D by the union of small circles centered at F j_l(y), and
change the variable z — u : = F(2) in the obtained integrals.
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Hl1.11

Those familiar with the elements of complex analysis may deal with the formula for
rn_1 using the first formula in section P1.8""". Substitute f on its left-hand side by
q1li<i<n(z — x;) + 7, and apply the Cauchy integral theorem and identities from
section P1 .1**, taking into account that deg r = n — 1. On the other hand, all 7, can
be obtained from the fact that r(z) is the Lagrange interpolating polynomial of
degree n — 1, which takes values f(x;) at the points x;:

@) = fla) - T -

J#

HI1.12

Experienced readers familiar with applications of the Laplace transform for linear
differential equations may solve these initial value problems for both simple and
multiple characteristic roots using this method. (The same method will enable a
different approach to establish the identities in section P9.5°!) Less experienced
readers may prove the formula in section P1.12"" by following these steps:

1) Verify that any of the functions ¢*’ satisfy the differential equations, so any of
their linear combinations satisfy them as well.

2) Apply the identities in section P1.17" for 1 = 0 to obtain that x(0) = p;.

3) Differentiate x(¢) at + = 0 and apply the identities in section P1.17", the first
identity in section P1.5" (for m = n), a relation x(0) = py from the previous
step, and, lastly, Vieta’s formula — @; = A; + ... + 4,to obtain that x'(0) = p;.

4) Reason by induction: differentiating x'*~'(t) at # = 0 and applying the identities
in sections P1.17" and P1.5"", the relations x(0) = po,- - - x[kfl](O) = py_1 from
the previous induction steps, and, lastly, Vieta’s formulas for ay,...,a; will
bring, after some combinatorial computations, that x[k](O) =pirk<n-—1).

(Fill in the details.)

HI1.13

The linearity of the Laplace transform with respect to the initial conditions and the
right-hand sides allows us to restrict ourselves to zero initial conditions and
£ = 0@ — a) [p@) cos Bt + q(t) sin fr] e*. (Why?) Let, for simplicity, f(f) =
0(t — a)e™ (a > 0). Assume also that the characteristic roots Ay,. ..,4, are simple
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and distinct from o, and include « in the set of A; as Jo. Verify that applying the

n N
Laplace transform yields the solution x(¢) = 0(r — a)e™ - 3 =<~ Now, a direct

i=0 ];[ (;Li *A/)
computation using the identities from section P1.1"" will show that x(a + 0)=0....,
x"U(a 4+ 0) = 0. (Verify this!) QED. Similar arguments yield the desired result
for any f, p, ¢, and Ay,. . .,4,. (We leave it to the reader to complete the details.)

Readers familiar with generalized functions (distributions) and fundamental
solutions may prefer a different approach, as follows. The fundamental solution of
the differential operator has n — 2 continuous derivatives [which may be found by
applying either identities from section P1.17" or, as in Schwartz and Huet (1961),
generalized differentiation]. The solution corresponding to a right-hand-side f
may be found by convolving the fundamental solution with f, which increases the
number of continuous derivatives by one. (Fill in the details.)

Explanation

El.1

Algebraic method in section H1.1. Multiplication by the Vandermonde determinant

1 1
Va(xt, ..., x,) = det X'] X." = H (x —x;)

1<i<j<n
X1n71 o xnnfl

yields the left-hand sides of the Jacobi identities in the form

n

n
Pm(x) = Vn(xh cee 7xn) . Z L = Z (*l)nilxl‘m . an](xl, .. .Xl- e ,Xn)
i=1 H (=) i=1
J#

(circumflexes, or “hats,” mean that the corresponding term is missing). P,,(x) is a
polynomial with integer coefficients, of degree not exceeding max (m, n — 2) in
any x;. As a polynomial in one variable, say x,, with parameters x,. . .,x,,_p, it has
roots xi,...,x,_;. Hence, P,, = 0 form < n — 1.

Analytic method, using the implicit function theorem, in section HI.I.
Derivatives of the functions ¥; x/”*' with respect to the constant term of the
polynomial F(z) = [[(z — x;), while the remaining coefficients are kept fixed, can
be expressed in terms of x; using the implicit function theorem. For m < n — 1,
those functions do not depend on the constant term of F, and therefore the

derivatives are equal to zero.
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Method using complex analysis in section H1.1. Denote both sides of the
formula in section P1.8"  with f{z) = 2" by ¢(x) [x = (x1,...,.x,)]. The right-
hand side is homogeneous of degree m — n + 1 in x, p(ex) = """ p(x). Now
calculate the limit of the left-hand side, with ex, instead of x, as ¢ — 0, and compare
the result with the same limit of the right-hand side form = 0,...,n — 1.

El1.3

The required representation looks like this:

]
(xi—yx) n—1

Z H (xi—x;) Z H x,—x/ +

J# J#

Z u 1-m
1§ )

m=1 i

where @, are the usual elementary symmetric polynomials.

El1.4

Substituting u, defined in this way, into all of the indicated equations turns each
equation into an identity of the type considered in section P1.3"". With distinct
Xi,. . ., Xy and x; # y;, Vi,j, the solution is unique if and only if y,,. . ., y, are distinct,
which follows from an elementary algebraic identity

det((xi*Yj)71>i‘j:1 = H (xj*xi)(yl'*y/') ﬁ(x,f

T 1<i<j<n ij=1

or, using —y for y to restore the symmetry between arrays x and y,

det((xﬁy_/)_l)u:l = II G-x)i-») /] (Gi+n)

ol 1 <i<j<n ij=1

(if x; + y; # 0, Vi,j). Readers can establish this identity by multiplying columns of
a matrix ((x; + yj)fl) by (x; + y1)...(x; + y,), respectively, factorizing the
obtained matrix and calculating determinants of the factors and using the identity

for a Vandermonde determinant from section E1.1.

Thus, the linear system from section P1 47 s uniquely solvable, and uy,. . ., u,, > 0 when either
Xy >V > Xy > ...> Y 00X >y >X> ... >y, (Why?) For n = 2, geometrically this
means that confocal (having common foci) ellipse and hyperbola intersect each other at 2" = 4
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points <iui/ 2, iu;/ 2), symmetric with respect to the axes of a Cartesian coordinate system, such
that one of the axes contains the foci and the origin is in the middle between them. Under fixed x;,
X,, the smallest and the biggest of y;, y, correspond, respectively, to the ellipse and the hyperbola.
(Find semiaxes of these quadrics and the distance between the foci.) One can prove the conversion:
given three points F'y, F», and A on the Euclidean plane, there exist unique pairs of ellipse and
hyperbola both having F, F; as their foci and both passing via point A; these confocal quadrics
intersect at right angles at each of the four points noted above. (Can the same be stated without
exceptions if some or all of the points F, F, and A coincide with each other? Describe the ellipses
and the hyperbolas in these cases.) The parameters y, and y, are called Jacobi elliptic
coordinates. These coordinates are the same for the four intersection points (in case of degenera-
tion, some of those four points may coincide). A multidimensional generalization, as described by
the Jacobi theorem, and related subjects will be discussed in the “Jacobi Elliptic Coordinates”
problem group (volume 2 of this book).

Coordinate systems are called elliptic if any curves of a constant coordinate value (called the
constant coordinate curves) are quadrics or segments of quadrics of a fixed confocal family. In these
systems, either the Jacobi coordinates or other elliptic coordinates are used, such as (r,0), where r is
the sum of semiaxes of a coordinate ellipse and 6 is the slope angle of an asymptote for a
corresponding half-branch of a coordinate hyperbola. Another alternative if the ellipse’s foci do
not coincide is to use (1,0), where ¢ = In(r/c) = arch (e}, c is the half-distance between the two
foci, and e is the eccentricity of the ellipse. (The eccentricity of an ellipse is the ratio of ¢ to the
length of the major semiaxis or, equivalently, the ratio of the distance between a point on the ellipse
and its focus to the distance between that point and a directrix of the ellipse closest to this focus.)
Crossing the rectilinear segment between the foci at its interior point we will observe a discontinuity
of the first kind (a jump) in 0 (the maximal jump, from ¥ 7/2 to £ n/2, is in the middle of
the segment; there are no jumps on the foci since 0 is considered modulo 27). The preceding
Cartesian coordinates can be expressed as 1(r +¢?/r) - cos @ = ¢ -ch - cos 0, (r — ¢?/r) - sin0
= ¢ - sh - sin 0, and the semiaxes of the coordinate ellipse and hyperbola are equal to ¢ - ch z, ¢ - sh ¢,
and ¢ - |cos 0 |, ¢ - |sin 0 |, respectively. We leave it to interested readers to prove these formulas.
(This may require some advanced technical elements, such as the Joukowsky map that is usually
taught in courses on complex analysis, which will be discussed in the “Jacobi Elliptic Coordinates”
problem group.) Readers should not confuse elliptic coordinates (r,0) with generalized polar
coordinates for which the constant coordinate curves are homothetic concentric ellipses and
rectilinear rays having their vertex at the ellipses’ common center; here, r is a parameter that has
the dimensionality of length and is proportional to the dilatation coefficient of the ellipse, and 0 is
the polar angle of the ray. These are not orthogonal coordinates unless the foci coincide. (Why?)
The Cartesian coordinates corresponding to such generalized polar coordinates can be expressed as
ar - cos 0, br - sin 0, where a, b are dimensionless positive constants proportional to the ellipses’
axes. A common limit case of the elliptic and the generalized polar coordinates (r,0) in the case of
coinciding foci are the usual polar coordinates.

El5

The first of the recursion equations (for 0, ,,) is derived directly. To derive the second one
algebraically, put P,, ,,(x) = V,(x)-Q,, »(x) into the formula that defines P,, ,,, and replace arguments
X1,. .. Xy DY X1 — X, ..., O, respectively. We will obtain the required equation if we take into
account that the Vandermonde determinant is not affected by this replacement (why?) and then
apply the identities from section P1.1"* (for n > 3).
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Those familiar with elements of complex analysis can arrive at those recursion equations by a
shorter route, expressing the left-hand side of the identities in section P1.5"" via the Cauchy
integral, in accordance with the first formula in section Pl 8" (f(z) = 7™), and then substituting z
by z + x, and applying the identities from section P1.1"

1 \ Mdz 1 ( (z4x,)"dz
O, m(x Z H o \'/ =5 + " = + I —
2]

’ g<z—.vi) D, H( — (=)
,imfl<m>xl % 2lldz
2111 =0 l D, II]( — (=)
m—n+1 m ;
= 2 ( l)x,, On—tm—i—1 (X1 = Xy oy Xpog — Xp)

We suggest solving these recursion equations using multi-index notations.
A multi-index is an ordered set of natural numbers (including zero) of a fixed
(finite) dimension o = (ay,. .., o;); its norm is |OC| 1 = Yo for o, f of the same
dimension, oo > f if this inequality holds for each component; furthermore, for a

complex vector y = (yq,. .., y1), ¥* := [[»}; we will also use the notation (Z) :

=11 ( ) Denote by o, (y) a polynomial in / variables y;,. . ., y,, obtained from

an elementary symmetric polynomial in |fx| variables 6i(7y,.. .f|4|) by the
substitution

h=...=0y =Y, o , Iy t1=...=1ly=Y.

By the inductive assumption,

— n—
Qn—l,n+k—2(xl — Xy ooy Xn—1 —x,,) = H (xj x,l l)k Z H _x/ 7

lo|=k j=1 lo|=k j=1
k
= Z (_xn) O-:xs(xly 9 xnfl)
|ot|=k s=0
a k
= Z (_xn) - Z O-O(,A(xly Xn 1)
s=0 |or| =k

Putting this into the second of the recursion equations and substituting k by
m —n — k + 1 yields
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m—n+1
y m—n—: m
Qn,m(x) = Z (_l)sxn s Z (_I)M<|OC|+I’Z* 1> ’O'oz,s(xlw--:xn—l)-
s=0 s < || <m—n+1
Therefore, the desired formula Q,.,(x) = >, x* is equivalent to the

Jo|=m—n+1

identities

Z (_1)|ﬂ| (|’;);l|ir;) ~6[g7k(x) _ (—l)k Z xl%7 Vn>1,

[Bl<m || =k
Vx = (x1,...,X,), Ym>k,

where the sum on the left-hand side is taken over the multi-indices of dimension n
with | p | < m, and on the right-hand side over the multi-indices of the same
dimension and norm k. (Why?) To proceed, consider any multi-index o of dimen-

sion n and norm k. The addend x* from the right-hand side is encountered (g )

times in o 4(x) (as it is equal to the number of ways that you can simultaneously
select o; elements from f, ..., «, elements from f3,). Thus, these identities are
equivalent to the identities

> (—1)/"“(IOCI +k+”> <ﬁ) =1, Vk>0, Vn>0, Vo of dim n,
B2 0, < o+ Bl+n )\ N

that are discussed in the problem group “Some Problems in Combinatorics and
Analysis That Can Be Explored Using Generating Functions” below. Applying
them finalizes the proof.

E1.8

The partial fraction decomposition of the integrand yields

[ _NT g o(1),  with =0

ﬁ (z—x;) i—1 =N H (.’C,‘*Xj)

J#i

Having done this, apply the residue formula. Alternatively, one may directly
apply the Cauchy integral formula to the function fi(z): = f(z)/[[;.(z — x;), which is
holomorphic inside a small disc centered at x;.
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El1.10

By the Cauchy theorem, § I{igzgi’y =>4 ig—;fy where D; are nonintersecting
D oD,

disks in D with the centers F j_l(y). The restrictions of F to D; will be
diffeomorphisms if the radii are sufficiently small (by the inverse function theo-
rem). Change the variable z — u : = F(z) in the integrals, and apply the Cauchy
integral formula.

Completing the Solution

S1.1

Algebraic method in section H1.1. As we have already seen, form < n — 1, P,,(x)
is the zero polynomial and, therefore, the zero function, which proves the Jacobi
identities in this case. P,_(x) is equal to [[;<,(x,, — x;) multiplied by the leading
coefficient of P,_;(x),

P,,_l(x) = V,,_l(xl,...,xn_]) H ()C,, —X,‘) = V,,(X|,...,xn) .

i<n

[The equality P, _;(x) = V,(xy,..., x,) is also deduced by decomposing the
determinant V,, with respect to its last row.] This completes the proof.
For readers familiar with the matrix calculus, we can introduce another version of the same

proof. The Vandermonde matrix (which will also be denoted by V) is invertible for mutually
different xy,. . .,x,, VoV ! = E:

R A (R RN A

X1 Xp J#1 0 . . .
-1

o S )\ =) S

x| e X j#n 0o --- 0 1

in this identity the elements of the last column in V=" are calculated directly by formulas for the
inverse matrix entries, and the remaining elements, which do not affect the proof, are marked by
asterisks. This matrix identity is equivalent to the n” scalar identities

ZVikV;;:éij-, Lj=1,...,n,
T

and among them, 7 identities corresponding to i = 1,...,n, j = n are the Jacobi identities.
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Analytic method, using the implicit function theorem, in section H1.1. Let z5 be a
simple root of a polynomial equation

0=F(z)=2"4ai?" ' +... +ay,
F'(z9) # 0. By the implicit function theorem, the equation
0=7"4a" ' +...+a,+u

with fixed ay,. . .,a, defines z as a unique smooth function of « such that z(0) = z in
a small neighborhood of # = 0. Its first derivative at u = 0 is

Jz
Oay,

__dz _ 1

T dulu=0 — ~ Flz) °

ay,...,dy—1=const

Similarly, if a; are coefficients of the polynomial F(z) = [](z — x;), then the
derivatives of Y, x,/*! with respect to a, will be

a va+l
E i
i

da,

=—(m+1)) g =—m+ DY i
ay,...,an_1=const t LI o
and thus they will be proportional to the left-hand sides of the identities that are
being proved. The next step consists in the calculation of those derivatives. For
m<n-—1,%; x/™*! are functions of ay,...,a,_; (by the symmetric polynomial
theorem); therefore, they have zero partial derivatives with respect to a,. Further-
more, by the same symmetric polynomial theorem, there exists a polynomial p in n
variables such that

Z x"=plai,....ay),
i

and evidently p depends on the last variable linearly and does not have a constant
term,

p=npilag,...;a,_1) + cay, p1(0,...,0) =0.

It remains to prove that ¢ = —n. For this, seta; = ... =a,_ ; =0andq, = 1.
In this case, the polynomial F(z) will be z” + 1, and x;,. . .,x,, will be the roots of —1
of degree n, so that

—n:Z:)c,'”:p(O,...,O7 1) =ca, =c,

which completes the proof.
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Method using complex analysis in section HI1.1 (Arnol’d et al. 1982). The
holomorphy, and thus continuity, and thus boundedness, of ¢(¢x) near the origin
implies that form < n — 1, p(x) = 0 [otherwise, ¢(ex) would grow as ¢”~"*']. For
m = n — 1, p(x) is homogeneous of degree 0, that is, ¢(ex) does not depend on ¢. In
particular, it is equal to the limit of the left-hand side of the formula in sec-
tion P1.8""" when ¢ — 0. This limit is a classic Cauchy integral, expressing the
residue of 1/z at the origin and equal to the increase in the value of the logarithm as
its argument goes once around the origin:

lim ?j; Ll — iﬁ &= ﬁ; dIn z = 2ri,
e=0 [TG—ex)
=1

D oD oD

which completes the proof.
Other arguments using complex analysis are discussed in section S1.5 below.

S1.2

Using the algebraic method as in section HI1.1, take a polynomial

n n
P(X) = Vn(xla---axn) : Z H%: Z (—1)1_1 V,,_l(xl,... /\A’,‘...,Xn) . ij
i=1

=1 i #i

(which is considered a polynomial in one variable x,,, with parameters xi,. . .,.x,,_1).
Similarly to section S1.1, multiplication of the polynomial [];,(x, — x;) by the
ratio of the constant terms of P(x) and itself will be equal to P(x):

P(x) = Vi (i, xan) - [ G —x0) = Valxr, o oxa),

which completes the proof. Using the analytic method as in section H1.1, one will
have

17} ﬁx, HX/'
1y = Y NI

i T

ap,...,a,—=const

which completes the proof.
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S1.3

One immediately obtains from this representation, taking into account the identities
in section Pl.lw, which correspond to m = 0,...,n — 2, an identity

n—1

n ] n
)
;HX,A, ZH,\,A,

A J#

and application of the last identity in sectlon P1.17" completes the proof.

Note on identities in section P1.17": the last identity can be derived from the
first » — 1 ones. Indeed, the identity (*) was derived from the first » — 1 identities
from section P1.1"", and it holds for all y;,...y,_ ;. Setting those variables to,
respectively, xi,...,x,_; turns the first n — 1 terms in the sum on the left-hand
side of (*) into zero, and the last term into 1. Thus, the right-hand side of (*) must be
equal to 1.

S1.4

Establishing the identity from section E1.4. Multiplication of the columns of the
matrix ((x; + y‘,-)fl) by (x; + y1)...(x; + y,), respectively, brings a matrix with

n—1

elements (), i(y) = [T O +x0) = X om(x1, .. Xy ey x,) Y17 [0, are the

k#i m=0
usual elementary symmetric polynomials (6o = 1), and the hat means that the
corresponding term is missing]. The matrix (fi(y;)) is a product of a Vandermonde
matrix (y_,’fl) and a matrix with the entries 6,,_;(x1, ..., X, ..., x,) (i,j=1,...,n).

The determinant of the Vandermonde matrix is equal to  [[  (y; —yi). The
1<i<j<n

determinant of the second matrix depends only on xy,. . ., x,,, and not on yy,. . ., y,,

and so it is proportional (with a numerical coefficient) to the product 11
1<i<j<n

(xj — x;) since det (fi(y)) is symmetric with respect to arrays x and y and since

e(x) - Yy =) ) & pl)/P(x) = const = p(y) /P (y).

The coefficient of proportionality equals one because both of the proportional
polynomials under consideration contain the monomial term []x; ' with coefficient
equal to 1.

Alternatively, readers could prove the relation det(¢,—;(x1,...,%5,...,x:)) o< [[ (x5 —x)
1<i<j<n

by the following reasoning. The determinant on the left-hand side is a homogeneous polynomial of

degree0+...+(n—1) = ;) in xy,.. ., x,, becoming zero if x; = x; for some i # j. Therefore,
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arguments identical to those in section S3.2 (“A Combinatorial Algorithm in Multiexponential

Analysis” problem group below) show that this determinant is proportional to I &—x).
1<i<j<n

(Fill in the details; note that a similar method can be used to calculate the Vandermonde determinant.)

S1.5

The final step of the proof uses the implication Y k,x* = 0= k, = 0, Vo, expressing
the linear independence of the monomial functions x* of fixed dim o and | o | (in the
vector space of dimension dim o over an infinite field). In other words, a homoge-
neous polynomial with coefficients from an infinite field defines a zero function
(if and) only if all the coefficients are zero. Readers may establish it themselves or
look through section E12.39 (proof of lemma 1) from the problem group “Least
Squares and Chebyshev Systems” below.' [In addition, readers may generalize it by
proving the linear independence of the monomial functions x* with different «, or,
in other words, by proving that a polynomial with coefficients from an infinite field
defines a zero function (if and) only if all the coefficients are zero. This can be
proved using quite elementary means (Lang 1965; Van der Waerden 1971, 1967).]

This paragraph is addressed toward re:ﬂi}rs with advanced knowledge of complex analysis.
According to the formula in section P1.8 ', the left-hand sides of the Jacobi identities (and
their extensions for other integers m) are the sums of residues of meromorphic differential forms
H(dﬂ) respectively, at the points xy.,. . .,x, on the Gaussian (Riemannian) sphere C. (Fill in
the details.) Since the sum of all residues in C is zero (because of the compactness of C), the sum of
residues at xy,. . .,x, must be equal to the minus residue at infinity. A change in the variable u = 77!
shows that for m < n — 2 w,, have no poles at infinity, so we have zero residues there (complete
the details), which provides the corresponding Jacobi identities with one more proof. For m > n
— 1, w,, do have poles at infinity, and finding the residues also provides the corresponding
identities with one more proof. Calculating the residue is quite routine for m =n — 1
(we recommend that readers fill in all the details), but form > n — 1 combinatorial considerations
similar to those discussed previously are required.

Wy =

S1.8

To find the coefficients c; of the partial fraction decomposition, one can multiply

both parts of this formula, with indeterminate ¢;, by [[(z — x;) and then insert z: =
X, which will complete the proof. Alternatively, finding the integral on the left-
hand side by direct computation using the Cauchy integral formula one will have

""The proof in section E12.39 is done for the complex field C. However, it is applicable for any
infinite field because a finitely generated extension of the rational field is embeddable in C.
(Readers should complete all details.)
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S1.10

In accordance with the change-of-variables rule and the Cauchy integral formula,

0 fed 1 FF @) du F(F7'O)
S T T

7 ap, " F(op)) !

S1.13

The fundamental solution may be characterized as having a form 0(¢)-xo(f), where xo(?) is the usual
(smooth) solution on — oo < ¢ < oo of the homogeneous Cauchy problem ) + a" )
+ .o 4 ap(®) = 0, x(0) = 0,..., x"2}0) = 0, x"~'(0) =1. Convolving it with the right-hand
side f produces the same solution as applying the Laplace transform, which will possess n — 1
continuous derivatives. (We leave it to the reader to complete the details.z)

The preceding algorithm produces a solution with similar smoothness properties for a substan-
tially wider class of the functions f on the right-hand side of the equation in section P1.13™". For
example, this is so for all fthat are piecewise continuously differentiable, equal to zero on {f < 0},

>The fundamental solution possesses n — 2 continuous derivatives, so convolving it with the
right-hand side brings n — 1 continuous derivatives, which may be established proceeding step by
step as follows:

1. Let the functions fand g be identically equal to zero on, respectively, {t < 0} and {t < a} and
continuous on, respectively, {t > 0} and {t > a}, where a > 0; show that their convolution

t t—a
h = f*g equals zero identically on t < a and h(r) = [f(t — s)g(s)ds = [ f(s)g(t — s)ds for
a 0

t> a.
2. In addition, let g be continuously differentiable on {f > a}; prove that A is continuously

t
differentiable on {r > a}, with /' (t) = g(a + 0)f (t — a) + [ (¢ — 5)g'(s) ds. (Use integration
a

by parts.)
3. Show by induction on m that if f(¢) is an m > 0 times continuously differentiable function with
t
f0) = .. = f")(0) = 0, then the function F(r) = { J /(1= )8(s)ds, for1=a, =iy
0, for ¢

continuous on {t > a}, is m times continuously differentiable.

4. Combining the results of steps 2 and 3 (applied for g’ in place of g), deduce by induction that if,
under the conditions of step 2, f is m times continuously differentiable on (—o0,00) [so that
f(0) = ... =/")0) = 0] and g is continuously differentiable on {r > a}, then f*g is m + 1
time continuously differentiable.
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and grow at an exponential, or smaller, rate on {# > 0}. [The last feature means that f{¢) < Ael,
with appropriate constants A > 0 and k.] This can be proved using the fundamental solution.
(Provide the details.)

In turn, establishing the indicated characteristic property of the fundamental solution by the
generalized differentiation [as, for instance, in Schwartz and Huet (1961)], which does not employ
the Jacobi identities, and, on the other hand, obtaining this solution explicitly by the Laplace

n N
transform [which brings xo(r) = > I (":' P for simple characteristic roots A,,. . .,A,, in accordance
111

with section P1.12"] provides the Jacobi identities in section P1.1"". with one more proof! (We
leave it to the reader to work out the details.)



A Property of Recursive Sequences

Problems

P2.0

Preliminaries. A sequence ag,a;,... is called recursive if there exist a natural
number k and a function f of k variables such that a, ., = f(a,,. . .,a,.+_1) for any
n. (The preceding equation is called the recursion relation.) Linear recursive
sequences [when fis linear, @,y = ma,—1 +- . .+ ma, (my # 0)] are the most
important of all recursive sequences. Numerical linear recursive sequences are
discrete analogs of solutions of linear autonomous ordinary differential equations,
and they are used in applications of combinatorial analysis. Linear recursive
sequences with polynomial elements (when «a, and m; are polynomials), such as
the well-known Chebyshev polynomials, also find multiple applications.

This short problem group is devoted to a beautiful elementary problem about
numerical linear recursive sequences that was suggested by A.D. Sakharov. We
open the group with Sakharov’s original formulation of the problem which refers to
the famous Fibonacci sequence (section P2.17) and then ask readers to find its
generalizations (sections P2.2" and P2.3"). We would like to emphasize that the
problems of this group assume no familiarity with combinatorial analysis and can
be solved by readers without experience.’

! Some other aspects of numerical linear recursive sequences are discussed in this problem book in
sections S7.9 (the problem group “2 x 2 Matrices That Are Roots of Unity” below) and P11.0 (the
problem group “Several Problems in Combinatorial Theory and Analysis That Are Explored with
Generating Functions” below), and will be further discussed in the “Fibonacci Numbers,
Continued Fractions, and Pell Equation” problem group in volume 2. Linear recursive sequences
with polynomial elements related to Chebyshev polynomials are considered in sections P12.30"""
and H12.30 (the “Least Squares and Chebyshev Systems” problem group below). To learn more
about linear recursive sequences and their applications, consult the references from the aforemen-
tioned sections.

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 25
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5

pP2.1

(Sakharov 1996). Prove that the Fibonacci sequence ay, a,. . ., a,,. . . defined by
ap =1, ap =1, Anyo = Any1 + an, n=0,1,...

contains multiples of all integers.

&

pP2.2

Prove a stronger result — that the Fibonacci sequence contains infinitely many
multiples of any integer; these multiples appear in the foregoing Fibonacci
sequence with a definite period. (Of course, the shortest period lengths may be
different for different integers.)

5

P2.3

The Fibonacci recursion relation is not special. Find a wider class of recursive
sequences with the foregoing property using the same method.

Hint
H2.2 and H2.3

In this section, we will call appropriate a sequence satisfying a polynomial
recursion relation with integral coefficients. We suggest dividing the whole prob-
lem P2.2" and P2.3" into three smaller problems as follows.

(a) Prove that the remainders, modulo any integer, of the members of an appropri-
ate sequence form a periodic sequence.

(b) The periodicity in (a), is, generally, “mixed” (periods do not necessarily start
from the very beginning). Find a sufficient condition for a “pure” (starting from
the very beginning) repetition of remainders from (a).

(c) For an appropriate sequence with “purely” repeated remainders, find a suffi-
cient condition for zero being one of the remainders.
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Explanation

E2.2 and E2.3

(a)

(b)

(©)

“Mixed” repetition of remainders follows from recursion of their sequence, for
the appropriate source sequence,” and the application of Dirichlet’s box princi-
ple (also known as the pigeonhole principle) to the finite rings of remainders.
The periodicity in (a) will always be “pure” when the appropriate source
sequence is uniquely extendable, from any place, in the backward direction,
with the extension being appropriate, more precisely, when there exists a
polynomial g in m variables with integral coefficients such that a, =
g, ims- - Ani1), Vn > 0 (m may differ from k). A simple sufficient condition
consists, of course, in requiring that the recursion formula f(a,,,. . .,a,,+_1) be
linear in a,,,,_; and that its coefficient be £1.

For the appropriate source sequence satisfying (b), an obvious sufficient condi-
tion for inclusion of zero in the set of remainders is that zero is included in the
source sequence itself or in its backward extension.

Completing Solution

(a)

For an appropriate sequence defined by a recursion relation a,.; = f(a,,. . .,
Apik—1)s N* + 1 successive sets, each consisting of k successive remainders

Ry ={a,modN,..., ay -1 modN}, ...,

Ryv = {a,ynt mod N, ... a, i mod N}

cannot all be different. On the other hand, every R; uniquely determines all
“future” sets R 1, R;y», ... . Therefore, if, say, R; = R;,,, then the sets

{a,H_j modN, ..., @,yj4p—1 mod N}, Vi>i and Vn>0

21f apir = flag,. . .,a,, 1) for any n, where f is a polynomial with integral coefficients, the
remainders a,,...,d, ;-1 mod N determine the remainder a, ., mod N as f (a, mod N, ...,
d,ii—1 mod N) mod N.
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form periods of the remainders modulo N. One should emphasize that periods
appear not later than after N“~1 steps.

(b) Let lengths of some periods of remainders of the source sequence and its
backward extension be p, ¢, respectively. Consider the backward extension
starting in a very distant “future.” The required “pure” repetition of remainders
of the source sequence will take place because the periods of remainders of the
backward extension of length, say, pg, will be “antiperiods” for remainders of
the source sequence.



A Combinatorial Algorithm
in Multiexponential Analysis

Problems

P3.0

Introduction. This group contains real-life problems that arose while developing
algorithms for deciphering, or multiexponential analysis of signals in a nuclear
magnetic resonance (NMR) machine, which is necessary for a composite analysis
(e.g., for separating oil fractions in well logging, detecting affected tissue in
medicine). NMR signals are modeled by functions of the form f(x) = > A;e®™,
which are linear combinations of exponential terms; in these f, the parameters w;
correspond to different components, and A; characterize their relative weights in the
composite.' The number and value of the parameters A; and ;, are not known, and
so the multiexponential analysis consists in determining them (within some toler-
ance). This analysis relates to so-called inverse problems, usually characterized by
a high degree of instability. This problem group contains real-life algebraic and
combinatorial problems that arose in the development of a stable algorithm for
multiexponential analysis (Itskovich et al. 1996, 1998).

kk

P3.1

Taking three successive elements f, fi.1, fraz Of any geometric progression f; =
a-¢'"" one has

'Readers interested in theoretical fundamentals and application-oriented aspects of NMR may
refer to Abragam (1961) and references therein.

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 29
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30 A Combinatorial Algorithm in Multiexponential Analysis

Jer2

det(ffk fk“) =fi fixa —fer1® =0.
Tt 1

Prove the generalization for 2n — 1-element sequences. Let a sequence fi,. . .,
fon—1 be a sum of m geometric progressions, fr = Yi<i<m a,—~q,-k71 (g; # q; for
i # J). Then the determinant

i i

D(f) :=det| . ... .
foo oo S

always equals zero for m < n; further, D(f) # 0 if all progressions are nonzero and

e eitherm =n
e or m > n, the progressions are real-valued and all g; are either positive or
negative simultaneously.

ek

pP3.2

Show that, in fact, form > n

n

o= 3 a1 (@ -a)
1

1<i<..<iy<m v=

kk

P3.3

Based on the results of section P3.17, develop an algorithm for resolving the
inverse problem of multiexponential analysis, formulated as follows.

Consider a function y = f(x), which is a linear combination with positive
coefficients of real-valued exponential terms,2

2 An exponential function is a continuous version of a discrete geometric progression: for g > 0,
a-¢*' = A-e”, YkEZ, where ¢ = ¢” and a = A-¢®, or, equivalently, » = In ¢ and A = a/gq.
(Actually, this holds for any nonzero complex ¢, using a fixed complex branch of In ¢, but readers
not experienced with complex numbers may consider only the case where ¢ is a positive number.)
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m
y= ZA,»e“’"x, w; € R, A>0.
i=1

Assume that the values of y are known for any arguments x, but the number of
exponential terms m as well as the “amplitudes” A; and “frequencies” w; are
unknown. Find'm and evaluate (within some tolerance) A; and ,.>

Hint
H3.1

The decomposition of the matrix into m summands corresponding to one-
progression summands of the sequence f

i m (f S

n

= Z . , where f,f = aqi*

fu oo fonei i=1 f: . f;‘nil

1

)

shows that the rank of this matrix cannot exceed m. (Why?) Therefore, D(f) = 0 for
m < n (Radzivilovsky, pers. Commun.). The sufficient conditions for D(f) # 0 can
be derived from the explicit formula in section P3.2"".

H3.2

Simultaneous decomposition of D(f) with respect to its rows and columns yields its
representation as a linear combination of Vandermonde determinants of size n.
Then convert that linear combination into the formula in section P3.2"".

H3.3

Let /” be the sequence of values F(xy),. ..,F(x,_;) on some 2n — 1-point set

*In practice, the function f is known on a finite set of points (“time echoes” in NMR terminology)
and, moreover, known to have an error. Usually, the error is random noise, which is assumed to be
normally distributed (but a systematic error can also exist). Therefore, the correct formulation
of the problem includes arguments of probability theory (Itskovich et al. 1996, 1998). We advise,
however, ignoring the probabilistic aspect at this point and considering initially the resulting
deterministic problem.
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X1, Xo=x1+h, ..., xpm_=x1+2n-2)h

The number of exponential terms, 2, coincides with the index of the last nonzero
element in a sequence D(A"), D(#?), ... . The same holds for /', defined as
integrals of F(x) over 2n — 1 sequential intervals of equal lengths. (Why?)* Evalu-
ation (within a tolerance) of A; and w; requires a combination of the results of
section P3.17" with some other technique. Start from an observation that the value
of the “longest” exponential term in the sum, corresponding to the maximal
“frequency” ®,,, will dominate the total sum value for large arguments x. This
means that for large x the total relative contribution of all the remaining terms is
negligibly small. (The reader can make the appropriate estimates!) Therefore, the
longest term may be identified, considering a domain restricted to large x, and using
some optimization algorithm to determine A,, and w,, (a commonly preferred
algorithm is a linear regression with respect to log A,, and ®,,). This term is
subtracted, and the procedure is iterated until the required level of approximation
is achieved, within the tolerance. Unfortunately, inaccurate determination of a
lower boundary for the “large x” domain leads to a fast error accumulation that
can make the proposed method impractical. The results of section P3.17" proved to
be fairly good in establishing proper lower boundaries for x in this method. Readers
are asked to formulate such P3.1""-based lower boundaries for those domains where
only the longest exponential term can be distinguished, where only the two longest
terms can be distinguished, and so on.

Explanation

E3.1

The one-progression matrix summands have proportional rows; hence, they are of
rank 1. On the other hand, the rank of a sum of matrices does not exceed the sum
of their ranks. This can be proved using the formula for the dimension of the sum of
subspaces of a vector space, dim(A; + A;) = dim A; + dim A, — dim(A; OAQ).S

*The use of integrals is much more practical since it decreases the impact of uncertainties related
to the assignment of F.

3 A generalization for m subspaces is the principle of inclusion—exclusion

dim " A; =Y dimA; = > dim (4; N A) + ...+ (—=1)"" " dim [)A;.

i<j
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E3.2

The desired representation of D(f) as a linear combination of Vandermonde
determinants is

n

n
D(f) = Z lai“ ' Z Vi (Cﬁa(l)’ e ’q"m)) qu:)l ’
v=1

1<i<..<iy<m \v= g€ES,

where the inner sum is taken over all members o of the group of permutations of an
n-element set (the symmetric group), S,. Prove the identities

Z Vn <QJ(1), cee ;QU(n)) : ]T[]q:;(—\yl>‘| = H (QJ - %‘)2

g€eS, 1<i<n

using the fact that the polynomials in ¢, ..., g, that appear on the left- and right-
hand sides are homogeneous of equal degrees, symmetric, divisible by all g; — g¢;,
and have equal coefficients at some monomial.

E3.3

We may assume that an F(x) data series decays at infinity (otherwise multiply it by a
proper decaying exponential function). Let x., be a very large argument’s value (at
the end of the data list, in a practical situation). The goal is to define the lower
bounds for domains in which only the longest exponential term can be distin-
guished, only the two longest terms can be distinguished, and so on. Starting
from x; = x., decrease x; while D(/'") = 0, within a predefined tolerance ¢,
where " is the sequence of integrals of F(x) over three sequential intervals of
equal lengths®

i, x0 + A, o 4R 28], [ 42k, x],  h=T
Iterating this procedure, start from x, = x; and decrease x, while D(f(z)) =0,

within a predefined tolerance ¢,, where £ is the sequence of integrals of F(x) over
five sequential intervals of equal lengths

STolerances ¢, &, ... can be derived by probabilistic methods from standard deviations of F(x)
(Itskovich et al. 1996). We advise, however, ignoring this subject upon first acquaintance.
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X2, Xo +h], [xa+h, xo+2h], ..., [x2+4h xsl, h :xfo)Q .

And so on; the desired domains are, respectively, [x,,, Xoo]-

Completing the Solution

S$3.1

Proof that the rank of a sum of matrices does not exceed the sum of their ranks.
Associate with matrices My, . .. some linear operators M;: A — A. (These operators
define the corresponding matrices if any fixed basis is selected in the vector space
A.) For an operator’s images A, we will have dim A; = rk M;. But since im
SM; C Y A; (why?), we will obtain

rkZM, = dim imZM,- < dimZAig Zdim A= ZrkMi.

QED.

$3.2

Rings of polynomials with coefficients from factorial rings (unitary commutative
integral domains with the unique factorization property) themselves are factorial.
[Readers may prove this themselves or find a proof in Lang (1965) or Van der
Waerden (1971, 1967).] Hence, the rings R,;; = Z[q,. . -, ¢,,] are factorial, and, since
the quotient of R,, modulo its ideal spanned on ¢, is isomorphic to R,,_;, monomials
q; are prime elements in R,. (Furnish the details.) Therefore, a linear, over Z,
variable substitution g1, ¢, ...,¢,—q1, g2 —q1,..., 4. —q1 shows that g; — ¢,
with i # j are prime elements in R,,. (Fill in the details.) They are distinct primes, in
the sense that they are not divisible by one another, so they generate distinct prime
ideals. (Why?) A polynomial p(qy,. . .,q,) € R, is symmetric with respect to ¢, and
q1, in other words, is even with respect to a variable g, — ¢; therefore, p = (g, —
611)2'[7', where p’ is a polynomial in (g, — ql)z, with coefficients from R,_;. [Use
the fact that an even polynomial in x is a polynomial in X2, p(q) = pl(xz), and an
odd polynomial has the form x-p;(x*),” which follows from the presentation as a

7 A similar principle holds for the formal power series, and smooth even (odd) functions have even
(resp. odd) Taylor series at the origin (even when those series diverge). Indeed, all derivatives of a
smooth even (odd) function that have odd (resp. even) orders vanish at the origin. (Why?)
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sum of its even and odd components.®] Hence, the left-hand side of the equality that
is being proved is divisible by [] (¢; — qi)2 in the ring R, in other words, the

quotient must have integral coefficients! (Why?) Actually, the quotient is a number
(a zero-degree polynomial) that is found by comparing the degrees of the dividend
and the divisor. Finally, this quotient is determined by comparing the coefficients at
monomials J] ¢;>‘~") in the dividend and the divisor. (We leave it to the reader to

provide the details.)

8 For a function f(x), this decomposition is f(x) = and is unique. Advanced

readers know that the even component is f’s average over a group of order 2, with the generator

inverting the argument’s sign. An analogous decomposition into symmetric and skew-symmetric

) _ flax)Hf (o) +f(X| X2)—f(x2.x1)
= 2 2

fO)+f(=x f)—f(=x
CHEI O

components, f(x,x, , corresponds to a group with the generator
permuting the arguments (for n arguments, this group has order n!). A generalization of this
concept brings analogous averaging formulas for any finite group of symmetries and, furthermore,
integral formulas corresponding to any compact group of symmetries. To practice, readers can
prove the following direct generalizations of the above claim about even polynomials:

* A polynomial on R" is invariant with respect to a reflection in the origin if and only if it
contains terms of even degrees only.

* A polynomial on R" is invariant with respect to a group generated by reflections in the
coordinate hyperplanes if and only if it is a polynomial in x,. . ., x,°.

* A polynomial on R" is invariant with respect to an orthogonal group if and only if it is a
polynomial in I = Zx,-z (with numerical coefficients).

(The similar claims hold for formal power series.) Readers may state and prove similar claims
themselves using other groups of symmetries. Also, prove the following statement generalizing the
fact that the sum of the coefficients of a polynomial p equals p(1):

e For a polynomial (or a power series of convergence radius exceeding 1) p(x) = ag + a\x +
. of one variable with complex coefficients, the sum of coefficients ag + a,, + azp + ...

m—1
equals m=' > p(fk), where & is a primitive root of degree m of 1.
k=0



A Frequently Encountered Determinant

Problems

5

P4.0

The following matrix appears in various problems connected with equidistants and
envelopes in analysis, geometry, calculation of variations, and mathematical
physics:

1 + a2 aas a,a,
aray 1+a? ... ara,
A
ana; ) . 14a,?

(i.e., A; = d;; + aa)). A calculation of determinants of this matrix and matrices of
a more general form (sections P4.1"" and P4.2"") is a nice exercise in linear algebra
that does not require advanced knowledge on the part of readers (however, readers
possessing such knowledge who are interested in applications will find in sec-
tion P4.3""" a typical application example and a brief follow-up discussion).

ok

P4.1

Show that the matrix from section P4.0" cannot degenerate, provided that a; are real
numbers; in fact, detA = 1+ a;%.

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 37
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Fig. 1 An equidistant M;,
hypersurface
I
Mo
e
P4.2

Show that for a matrix of a more general form, with entries A; = ¢;9;; + a;b;,
detA =[] ¢; + > aib; H#icj. [In particular, for ¢, =...=c, det A =c;""!
(Cl + Zaib,-).]

sksksk

P4.3.

For readers familiar with differential geometry of hypersurfaces in Euclidean
spaces we can describe in more detail a typical situation when the matrix from
section P4.0" appears. Consider a smooth (twice continuously differentiable) closed
(compact and without boundary) hypersurface M, in a Euclidean space. A hyper-
surface M, is referred to as equidistant from M, by # if the minimal distance of any
point of M}, from the points of M, equals 4. An elementary proof of the smoothness
of M, for small / uses the nonsingularity of the matrix from section P4.1"". M, is an
envelope of a family of spheres of radius /4 with centers at all points of M. (This
means that M), is tangent to each sphere; see Fig. 1.)

Locally, M, may, without loss of generality, be described by x, = F(xy,. ..,
X,—1), so the spheres of the family are defined by the equation (x; — X’ 1)2 + ...
(et = X)) 4 (g — F(X 1, X)) = A2 with  free  parameters
X'1,...,x,_1. An equation for the envelope M), can be derived via elimination of
the free parameters from a system of n equations consisting of the aforementioned
equation and its derivatives with respect to the free parameters. The elimination
process uses the implicit function theorem, which can be applied because an

(n — 1) x (n — 1) matrix of entries 5,~j+§—F~§£ + (F —x,) m?—gx', = 0;+ gff

x! i

% + O(h)(iyj = 1,....,n — 1)is nonsingular. (We leave it to the interested reader to
J

furnish the details.)

Surfaces M), (also called fronts) are smooth for small 4 but with growing
h acquire singularities called caustic points. Those points also are known as
focal points or the centers of curvature. (Readers are encouraged to draw the
fronts of a planar ellipse for —oo < i < oo, where negative / corresponds to a
different orientation of the distance with respect to the ellipse, to visualize the
caustic points. How many topological metamorphoses do you count? See Fig. 2.)
Equivalently, the caustic points may be described (for any Riemannian variety)
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Fig. 2 The family of an ellipse’s equidistants

as the points x for which the function on M, defined as | X — y| 2 YEM,
(the squared distance from x to the points of M) has a degenerate critical point
(which one?). Every wave propagation process obeying Huygens’ principle
produces fronts with similar singularities. A full description of these features is far
beyond the scope of the present book. It is made by methods usually incorporated
into advanced branches of mathematics such as differential equations, calculus of
variations, Morse theory, Hamiltonian mechanics, geometrical optics, and singular-
ity theory. M, are described as the level sets for a function 7 = S(x), which is known
as the Hamiltonian action, satisfying the eikonal equation | VS|2 =1 (also
referred to as a Hamilton-Jacobi equation). Readers will find detailed discussions
and further developments of the topic in Milnor (1963), Arnol’d (1978, 1989), and
Arnol’d et al. (1982, 1985) and multiple references therein.
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Hint
HA4.1

One can calculate det A by decomposing it into a sum of two addends, according to
the decomposition of its first column

1 —|-1112 1 1112
ajas _ 0 4| @
aay 0 aay

A nicer method of calculation is based on first finding the eigenvalues of matrix A.

H4.2

The same combinatorial method that was used in section H4.1 is also applicable
here. For ¢; = ... = ¢, one also can find and use the eigenvalues.

Explanation
E4.1

The first addend in the sum given in section H4.1 is, by induction, equal to
1+ laiz. The second one is equal to a,%. As for the eigenvalues of A, the reader
is encouraged to calculate them for small n (say, n = 2,3), to formulate the result
for the general case, and then try to prove it (mathematicians often find the answers
in this way).

Completing the Solution

S4.1

The desired decomposition is
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1 ayay aiaz ... aa, a? aa;

0 14+a? waz ... aa, wma, 1+ a?
det A = det + det

0 aua awaz ... 1+a,? a,a; a,a,

Carrying out @, from the first row and column of the second addend and then
subtracting the first row, multiplied by a;, from the ith row for all i/ one obtains

a’ aa; ... 1 a
det| 4 I +a? :alzdet a 1+a’
a,ay a,a) S day apay
1 a ... a,
Y I IS
00 ... 1

which completes the combinatorial proof. The eigenvalues of matrix A are, respec-
tively, 1 + > a;* and 1, with multiplicity n — 1, which can be proved as follows.
Direct computation shows that ‘(ay,. . .,a,) is an eigenvector, with the eigenvalue
1+ Za,-Z. Searching for eigenvectors ‘(xy,. . .,x,) with eigenvalue 1 leads to the
system of equations

n
a,-~§ ajx; =0, i=1,...,n.
J=1

Thus ‘(xy,. . .,x,,) is in the orthogonal complement of ‘(ay,. . .,a,,); hence, skipping
a trivial case of a; = ... = a, = 0, A has 1 as an eigenvalue, with multiplicity
n— 1.
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Problems

P5.0

Preliminaries. This problem group contains real-life problems that can arise in the
analysis of the dynamic behavior of a gradient algorithm for an iterative recon-
struction in computerized tomography (CT) introduced in Lange and Fessler
(1995). In most practical cases, the gradient algorithm apparently converges.
However, the theory cannot exclude situations where its behavior becomes very
complicated, even chaotic, depending on the parameters. We cannot launch into a
complete theoretical investigation, being restricted to the scope of the present
problem book; however, even in a simplified situation the gradient algorithm may
show some striking behavior! The simplified situation is related to the recursion
formula

Xo >0, Xp+1 = Xp ¢4

(¢ > 0 is the constant parameter). The asymptotic behavior of the sequence x,, is
governed by the parameter &, as described in detail in sections PS.I*, P5.2, P5 .3**,
and P5.4"",

CT is widely used for nondestructive testing in medical diagnostic and industrial technology.
The objects are reconstructed from their radiographs by special algorithms. The radiographs show
absorption of the object’s material with respect to the radiation since an observed photon count is
the difference between expected and absorbed ones. The expected photon count is determined by
the source of radiation. The absorbed photon count depends on the amount of matter on the
photon’s tracks; hence, that count depends on the track lengths and on the object’s density
distribution that must be reconstructed. In a practical model, the distribution takes a finite number
of values u = (,u’) related to the cells of a fixed finite partition of the space, and the radiation beam
is quantized by a finite number of rays, so that the matrix of the lengths of a photon’s tracks inside
the cells I = (I;) = (lj’) (the length l} corresponds to the jth radiograph and the ith spatial cell,
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respectively) can be determined before the reconstruction.' The gradient iterative algorithm

corresponds to the recursion formula ,,; = Au,, where A is a nonlinear operator defined by

Sy

(A M)i =u ./ZT; in this expression, /; and P; are, respectively, the expected and observed
J

photon counts in the jth radiograph, and <1 i ,u> = z lj’: 4. The simplified situation being considered

here is related to the reconstruction of a one-cell distribution (#{i} = 1) from one radiograph (#
{j} = 1) and, thus, is related to the previous recursive sequence in x-space using a dimensionless
variable x = /- and a constant parameter £ = In (//P). [The parameter I/P > 1 characterizes the
absorption of the material with respect to the radiation. An exponential dependence of the
absorption on the length (for a monochromatic radiation) is due to a physical law; interested
readers may learn about this subject in Feynman et al. (1963).]

s

P5.1

Prove that if 0 < ¢ < 2, then x,,, starting from any initial point x, > 0, converges
to a fixed point (which is always x = £). Describe the differences in the character
of convergence when 0 < ¢ < 1,1 < ¢ < 2,and ¢ = 2.

P5.2

Definitions. A finite ordered set C = {x(o),. . .,x(]“l)} is referred to as a cycle if the
equality x,, = x” for some n and i implies that x,,,, = X ™40 vy, —0,1,. ..
(Therefore, the cycles are invariant sets, and the fixed points form 1-point cycles.) A
cycle C is called (asymptotically) stable when the sequence x, (as defined in
section P5.0) converges to C if it starts in some fixed neighborhood of C.

! A systematic introduction to CT is beyond the scope of this problem book. Readers interested in
learning more about its theoretical foundations (which are considered in integral geometry) and
application-oriented aspects may consult Gelfand et al. (1959-1962), Smith et al. (1977), Herman
(1980), Helgason (1980, 1984), Herman et al. (1987), and Kak and Slaney (1988) and references
therein.
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ks

pP5.3

The result of section P5.1" guarantees stability (even global) of the fixed point
x = & when 0 < & < 2. Prove that when ¢ exceeds &y = 2, the fixed point will
become unstable, but a stable 2-point cycle C will appear: the elements of C; will
split off from the fixed point, moving apart to a distance approximately proportional
to the square root of the supercriticality ¢ = & — 2, provided that ¢ is small.

Shkesk

P54

This section is addressed to readers familiar with the terminology of bifurcation
theory. The described change in the asymptotic behavior of the sequences x, in
section P5.0, when &, = 2, is referred to as a bifurcation of doubling of a cycle
(Arnol’d 1978). A famous theorem by Feigenbaum (Feigenbaum 1978, 1979)
enables us to finalize the description of the asymptotic behavior. As ¢ grows, an
infinite series of bifurcations of doubling of a cycle will take place: when ¢
exceeds a certain value &, (with & = 2), the 2"-point cycle C, will become
unstable, but the stable 2”+'-p0int cycle C, will appear. The elements of C,,;
will split off from the elements of C,, in pairs, moving apart to a distance approxi-
mately proportional to the square root of the supercriticality ¢ = & — £, provided
that ¢ is small. The increasing sequence ¢, . , — o1, .. has a finite limit &, (with
exponentially decaying, as n — oo, differences &, — &£,). When & = ¢ the
periodicity will be replaced by a strange attractor. The attractor is an invariant
subset of [0,00) and consists of sequences exponentially scattering one from
another. Topologically, the attractor is a Cantor discontinuum.

In 1943, a similar scenario was suggested by L.D. Landau as a model for arising
turbulence in a laminar fluid flow (Landau and Lifshitz 1986, and references
therein). The similar (to that in section P5.0) recursion formula (using the parameter
—00 < & < 00) was in 1974-1976 applied in ecology for modeling reproduction
processes taking into account competition. In particular, the series of bifurcations of
doubling of a cycle was discovered by means of numerical investigation. Interested
readers may find a discussion of this topic and references in the 2nd edition of
Arnol’d (1978) (in Russian, Apronsa B.W. 'eomeTpudeckue MeToabl B TeOpUU
OOBIKHOBCHHBIX Ju(depeHnnansHeIX ypaBHeHmid. Regular and Chaotic Dynamics,
MCNMO, VMK NMU, 1999, or in its English translation).
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Hint
H5.1

Consider the map

X

f=f: [0,00) — [0,00), where fr(x) =x-e* .
Show that the fixed points are x = 0, £. As a result, a sequence

{xn} : X0 >0, Xn+1 :fé(xn)

will converge to O or to £ if it converges at all. (Why?) Draw a graph of f:. [What
are fz(0), the maximum, the inflection, and the asymptotic behavior while x — oo
?] Indicate the intersections of this graph with a graph of the identity map id), )
: x—xin the following cases: (a) £ =0, ()0 < (< 1, (0)E=1,d) 1 < & < 2,
and (e) & = 2. Show that:

« In cases (a)-(c), starting from any xy, > 0, x; will be confined to the segment
[0,1], and x,, | with n > 1 will be between ¢ and x,, so that x,, monotonically
converge to & starting from any xo > 0 when ¢ > 0 (why?);

» In cases (d) and (e), starting from any xy > 0, x,, will sooner or later be confined
to the segment [1, eé_l], and consecutive terms will lie on different sides of ¢
(why?).

Next, use the Lagrange intermediate value theorem to show that an estimate of
the form

fe) —fe( < g k=¥,

with ¢ depending only on &, holds:

o forx, X nextto & withg < 1, when 0 < ¢ < 1;
o forx,x > 1,withg < 1,when 1 < ¢ < 2;
o forx,x >1,withg <1, when ¢ = 2.

Deduce from this that when 0 < ¢ < 2, x,, converges no slower than at the rate
of a geometric progression:

gz = Xnp1| = [fe(in) =fe )] < g P —xal, Va>ng (g<1)
(where ng depends on ¢ and the starting point xg). In particular, x,, also converge to &

in case (d). (Why?) If in the penultimate inequality X’ tends to &, then we will find
that x, converges exponentially:

|xn+1 _€|:|f§(xn)_é| < £I'|Xn—f|, Vn>ng (CI<1)-
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In the case of ¢ = 2 the same reasoning provides a weaker recursive estimate,
Py =2l = o) =2 < g fxa—2], Vn>n,

so that more ideas must be drawn upon for proving the convergence x,, — 2. (And,
of course, this convergence is slower than exponential.) Following Arnol’d (1978)
we suggest considering the square of the map f, f: o f¢ that is, the superposition
with itself

fe(fe(x)) = x - 7xlre) (&>0),

because the fixed points of this map either are fixed points of f; itself or, in pairs,
form 2-point cycles of f: (see the definition in section P5.2). The fixed points of
fe o frin (0,00) are defined by the equation

2 =x-(1+¢).

Establish that this equation has in (0,00) a single root when 0 < & < 2, which is
simple for 0 < & < 2 and triple for ¢ = 2, and three distinct simple roots when
& > 2. (Create the figures. Do those roots correspond to the fixed points of f; or its
2-point cycles? Remember that the root x = & corresponds to the fixed points of f;
for any ¢&.) Thus, f5 o f> has the unique fixed point x = 2. From this and the
preceding recursive estimate of the difference x, — 2 deduce that subsequences
of x,, of odd and even indices converge to the point x = 2 (they both become
monotone for large indices).

HS5.3

We have already found (section H5.1) that f; possesses the (unique) 2-point cycle
for £ > 2. We have to show that this cycle is stable and also estimate its growth
rate. Following Arnol’d (1978) we suggest proceeding using the Poincaré method
of normal forms. Use the Taylor-series expansion of f; at x = £. Keeping to the
notations x, y in place of, respectively, x — & and y — & and denoting ¢ = & — 2,
the function y = f: (x) is determined by the equation

y=@+e) e —(e+2)=—(1+¢) x+5-x7 +%~x3 +0(x").
Remove the term with x* on the right-hand side with the help of smooth local-

near x = 0, y = 0, ¢ = 0 - changes in variables in the preimage and image spaces
having the form x — x + a,(¢) - X%,y = y 4 ax(e) - y*. Show that there is only one
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way of doing this, namely, by setting a; = BT £

FI(EmTpRws and that the change brings the

defining f: equation to”

y=—(1+¢) -x+c(e) - +0(x*), with C:%"’z(wg—)z(zﬂ)-

Note that near ¢ = 0, a, and ¢ are smooth and ¢ > 0.

A term of order 2n in the preceding expansion of f; is removed by a similar change x — x +
aon(e) - X,y = ¥ + an,(&) - y*", with a smooth, in the neighborhood of zero, a,,.°> The terms of
odd orders (greater than 1) could be removed by similar changes, but with discontinuous, at ¢ = 0,
ay,_1. The distinction is that odd-order terms are resonant at ¢ = 0. These results arise from the
famous Poincaré normal form theorem (Arnol’d 1978, and references therein).

Since ¢ > 0, there exists a smooth, in ¢, dilatation x — k(¢) - x (which exactly?)
that turns a coefficient ¢ at x° in this equation into 1. Therefore, for the notations x, y
for the independent and dependent variables after the dilatation, the equation will
become

y=—(1+e) x+x°+0(*.
Check that in those variables the map f: o f; is determined by the equation
z=[1+2(1+..)] - x—(2+...) X +0(x*),

where the dots replace the terms of the order of ¢, so that the fixed points are
determined from the equation

z—x=0 &  2(1+..)x—(2+..) - 2+00*=0.

A root x = 0 corresponds to the fixed point of f:. The fixed points of f: o fz,
which are points of the 2-point cycle of f:, correspond to the roots of the equation
obtained as a result of division by x,

e=(14...) > +0(x),

which has a solution with respect to x x; = ++/¢ + O(¢). (Why?) The derivatives
with respect to x at those fixed points are

0
8—Z(xi(8)) =142 (6+0(e) 2 +0(2) =1 —4e + o(s%).
X
Show that in the source coordinates (before all changes), x.. are determined via ¢
in a similar, up to proportionality, way, x; = +k\/¢ + O(¢) (k>0), and also that

2 With the preceding notations x, y for the new coordinates in the preimage and image spaces.
*We will not perform those changes for n>1.
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the derivatives of f: o f; at those points remain unchanged under all preceding
changes in the variables. Lastly, prove that the stability of the 2-point cycle is
guaranteed when the derivatives of f: o f: at the cycle’s points are, by absolute
value, less than 1. This will complete the solution of section P5.3""

Explanation

E5.1

The range of values of f; lies in the half-segment

(Omax f] = (0, &

] < (0,1

For 1 < ¢ <2, not all of x, can be confined to (0,1], otherwise this sequence
would grow to a fixed point from this half-segment (why?), whereas ¢ >1 is the
unique fixed point of f; in (0,00). Show that f: ([1,e']) C [1,e* 'Jfor1 < ¢ <2
(in fact, for 1 < & < 2.2564.. ., as the end values are the roots of the equation
26=1+e Y. For 1 < ¢ <2, hence, x, will be confined to [1, ¢*"!] after
entering this segment. Next, the Lagrange intermediate value theorem yields the
estimate

£ -FW < g-lr-xl with g= max [£(0)]

Show that g from the foregoing inequality has the following property:

e g<lfor0 < &< 1and8# close to &, and
e g<e*for1 <¢é<2andf >1,sothat for § > 1: g <l when 1 < & < 2
and ¢ < 1 when ¢ = 2.

To find the number of fixed points of fz o f, determine the inflection tangent’s
slope and the inflection value of the function y = x-(1 + ) — 28 depending on
parameter £. [The number of roots of the equation y = 0 changes in the same way
as in a one-parameter family y = x> — (¢ — 2)-x. Create figures!]

E5.3

Substituting x, y into the defining f: equation by, respectively, x + WX’y + axy?
yields the equation

ytay'=—(1+¢) x+ [-(1+e)a+& X+ (H+ea) - +0(x*).
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Next, find a,(¢) such that the solution does not contain a term with x2, that is, it is
in the form

y=—(1+¢)  x+c(e) . +0(x).

Substituting it in place of y in the equation defines a,(¢) and c(¢), as required. QED.

Next, the dilatation coefficient must be k = ++/c. To estimate the growth rate of
the 2-point cycle for f:, write down an equation, ¢ = x*[(1 + O(¢)) + O(x)], that
determines the cycle in terms of a local, near x = 0, ¢ = 0, variable x' := x X
V(14 0(e)) + O(x). We will obtain & = (¥')*, or X = £/¢. Returning to the
variable x, which is expressed through x’ and ¢ as x = (1 + O(¢)) - X' + 0<(x’)2),
brings x+ = +/¢ + O(¢). QED.

To prove that the formulax, = +k/e + O(¢)  (k>0)remains, up to a value of ,
invariant under all changes in the preceding coordinates, write down an equation

defining the map f; o f; in the form F(x,y,e) = 0. Then the fixed points are deter-
mined by the equation

D(x, &) : = F(x,x,6) =0.

A local change x — ¢,(x), y— ©,(y), with ¢ smooth in x and ¢, that has the
form ¢, (x) = [ko + O(e)] - x + 03 (ko = 0) brings this equation to

Op,(x), &) (= Flp), ¢,lx), &) =0,

hence the transformation ( maps the solution of the first of the equations onto the
solution of the second one. As we have already found, a fixed set is a union of two
smooth curves defined as, respectively,x = Oand ¢ = X [1 4+ O(e)] + ... after the
last changes in variables. Using the source variables, these curves will be defined as,
respectively,

0.'(x) =0 x=0 and &= (ap;l(x))z[l +0@6E)]+... &
e= (&) 10w+,

so that x+ = +|ko|\/e + O(g). QED.

To show the invariance of the derivatives of f; o f: at x, and x_, use the fact that
the map f: X — X is brought by a change in variables (the same change in variables
for the preimage and image spaces) p: X — X' to the superpositionf’ = pofo @ '
X' — X'. (What follows from that?)

To establish stability, take Taylor-series expansions of f: o f: at x, and x_.

Keeping to the notations x, y in place of, respectively, x — x, andy — x. , these are

y=f:(f:(x)) = Azx +o(x), |AL|<I.
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Therefore, for small x we will have
/x| <[AL] +o(1) <g <1,

so the iterations of small x tend to zero at the rate of a geometric progression.

Completing the Solution

S5.1

Concerning the invariance of [1, effl] under the map f: for 1 < & < 2: first, the
image of f; is within [0, max f] = [0, eéil]; second, since fz(x) decreases for x > 1,

min_ fz(x) = f: (eé—l) _ 625—(1-‘,-(35*1).

1 <x<eé!

Deduce from this the invariance of [1, effl] using the inequality 2& > 1 +e¢ 5*1,
which holds for 1 < ¢ < 2.2564.. .

Estimating the convergence rate with the help of the Lagrange intermediate
value theorem, find that f/(0) = 6576(1 — 0), from which it follows immediately
that |fg’(9)| <g<1for 0<¢<1 and 0 close enough to . (Why?) The
function fc (x) has for x > 0 a unique local extremum (which is a minimum)
fQ2)=¢" 2 (also, it has a unique zero at x = 1 and a unique inflexion at x = 3;
create the graph!). Therefore, | 1é (0)| < e 2 <1 when ¢ <2and 0> 1 and
| /(0| <1 for¢&=2and0 > 1.

The fixed points of f: o f: on (0,00) are determined by the equation x (1

e ) = 2¢&. The derivative on the left-hand side equals f/(x) +1, and since — e*
is greater than, equal to, or less than —1 when ¢ is, respectively, less than, equal to,
or greater than 2, the graph of this derivative then has no common points with the
abscissas’ axis, or one such point (of multiplicity two, without crossing), or two
distinct such points (simple, with transversal crossing). (Create a figure.) Hence, the
graph on the left-hand side of the equation itself (draw it!) has a (unique) inflection
for x = 2, and with this

—2

« for £ = 2, the tangent at the inflection point is horizontal,
e for ¢ > 2, a local maximum on the left side of the inflection and a local
minimum on the right-hand side of it arise.

“ The endpoints are the roots of the equation 2¢ = 1+ e =1 the inequality can be proved using the
property of the graph of a strictly convex function to have at most two common points with any
straight line; see details in section S9.8, the problem group “Convexity and Related Classical
Inequalities.”
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Such a graph has one simple common point for ¢ < 2, one simple or one triple
common point for & = 2, and one simple, or one simple and one double, or three
simple common points for ¢ > 2 with a horizontal straight line. Therefore, we must
verify that the graph y = x (I + e <) has just three distinct common points with
the horizontal line y = 2¢ (£ > 2), and the point x = &, which corresponds to a
fixed point of f;, is the middle one (so the two extreme points will correspond to its
2-point cycle). For this, use the negativity of the derivative at a point x = &: y'(£)
=f/() +1=2-¢<0 for £ >2. (We leave it to the reader to furnish
the details.)

S$5.3

A map ¢ : x—xv 1+ Kk, with |kl <r < 1, may be determined via the absolutely
convergent binomial series as ¢ = x (1 + x/2 — Kz/(4~2!) + ...). For small x it
has the form ¢ = x-(1 + &), using respectively small «;.” Verify that for a smooth
(that is, sufficiently many times or infinitely differentiable) function x = f(x,e),
disappearing when (x,6) — 0, ¢ has derivatives of the same orders as f, with
(0 /0x)(0,0) = 1. Therefore, using the implicit function theorem shows that the
map ¢(.,¢) is, for small ¢, uniquely invertible on a neighborhood of the origin in
the x-space® and brings the inversion formulatox = ¢ - [1 + g(¢,¢)], with a smooth
function g (having derivatives of the same orders as f) disappearing as (p,e) — O.
Generally, knowing a Taylor-series expansion ¢(x,&) = x - (ao(¢) +ar(e)x+ ...)
(ap # 0), one will find the expansion for the inverse map, ¢ !(p,¢) =
w-(bo(e) + bi(e)p+...), by solving step by step the following system of
equations:

apby =1,

aoby + arby =0,

aoby 4 2a1by + azby = 0,

aobs + ay (bi” + 2bobs) + 3azboby + azby = 0,

and so on. (Fill in the details.) For ¢ = x:[1 + O(¢) + O(x)] [when ag(¢) = 1 +
O(¢e)] we will have by = 1/ag = 1 + O(e) (Why?), so the inverse coordinate substi-
tution has the form x = - -[1 + O(¢) + O(p)].

5The same holds for ¢ = x-(1 + x)*, with any real exponent «, and, moreover, for ¢ = x-®
(1 + «), where @ is any differentiable, with a bounded first derivative, function on a neighborhood
of 1, such that @ (1) = 1. (Complete the details.)

6 Which means that x — ©(x,¢) is a (local) coordinate substitution: ¢ is the new (local) coordinate
(which depends on parameter ¢).
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The fact that the derivatives of f: o f: at x, and x_ do not change if we apply an
equal coordinate substitution for the preimage and image spaces can be proved in a
general situation: for any map f: X — X, the map f' =p o fo ¢ 1 X' — X'
obtained from it by a change in variables ¢: X — X', and a fixed point x,,
dfixe) = df'(p(xo)). [Use two identities df'(p(x)) = dip (flx)) © dfx) o dyp ' (p(x)),
dgo_l(go(x)) = (dgo(x))_1 and the fact that the point xq is fixed, f{xg) = xo. We leave it
to the reader to come up with the details.]



Polar and Singular Value Decomposition
Theorems

Problems

P6.0

Preliminaries. “There exists a very powerful set of techniques for dealing with
sets of equations or matrices that are either singular or else numerically very close
to singular. In many cases where Gaussian elimination and LU' decomposition fail
to give satisfactory results, this set of techniques, known as singular value decom-
position, or SVD, will diagnose for you precisely what the problem is. In some
cases, SVD not only diagnoses the problem, it will also solve it, in the sense of
giving you a useful numerical answer... SVD is also the method of choice for
solving most linear least-squares problems. ..” [quoted from Press et al. (1992)].
Usually SVD is applied to matrices with the number of rows, m, greater than or
equal to the number of columns, n. For m > n, a real-valued SVD of m X n
(real-valued) matrix A is defined as a factorization

A=UoDoV,

where U is an m X n matrix with orthonormal columns, ‘U; o U; = §;;,i,j = 1,.. .,
n, D is a diagonal n x n matrix with nonnegative diagonal elements, and V is an
n x northogonal matrix,’Vio V; = §;,ij = 1,..,n(& VoV =Vo'V=E,,).
In a complex-valued version of SVD, the orthogonality is replaced with the unitary
property: ‘U;oU; = d;;, 'VoV =V o'V=E,,. For m < n, the definition of
SVD is almost the same, with the difference that in U the last n — m columns are
zero, and 0 in D the last n — m diagonal elements are zero. Polar decompositions,

! Lower- and Upper-triangular.

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 55
DOI 10.1007/978-0-8176-8406-8_6, © Springer Science+Business Media, LLC 2013
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or PDs (also known as canonical factorization), are defined as factorizations of
square matrices

A=F08 =8 0F,,

where Sy, S, are symmetric (self-adjoint) matrices with nonnegative eigenvalues and
F, F, are orthogonal (resp. unitary) (Gelfand 1971; Kostrikin and Manin 1980).
PDs generalize a complex number’s factorization by its modulus and phase factor.

The existence of SVD implies the existence of both forms of PD, as we may take
S;=V'oDoV,S5=UoDoU ', Fi=F,=U o V. We will see that the
SVD of any matrix is always realizable. In fact, there are practically effective SVD
procedures that provide efficient usage of SVD in numerical analysis; this topic is
beyond the scope of this book; interested readers may consult sources such as Press
et al. (1992) (with no proofs) and references therein. Applications of SVD are not
restricted to numerical analysis; some other application examples are presented
below (sections P6.8***, P6.9**, P6.10**, and P6.1 1**). More advanced readers who
wish to familiarize themselves with infinite-dimensional versions of SVD and PD
and their various applications may refer to Riesz and Nagy (1972), Dunford and
Schwartz (1963), and Reed and Simon (1972).

il

pPé.1

Show that for m > n, matrices determine their diagonal SVD factors up to arbitrary
permutations of diagonal elements, and for m < n up to arbitrary permutations of
first m diagonal elements. In fact, D? is similar to ‘A o A (or, in the complex-valued
version, to ‘A o A).

Bt

pPe.2

Show that the PD symmetric (self-adjoint) factors of a square matrix are determined
uniquely. (This can be done as follows: S% ='A0A, S% = A o’A.) Therefore, A is
determined by the product ‘A o A (or A o ‘A) up to an arbitrary left (resp. right)
orthogonal (resp. unitary) factor (in the complex-valued version, ‘A is used). Show
that the PD orthogonal (unitary) factors of a square nondegenerate matrix also are
determined, and with this, F| = F».

L

P6.3

Show that there exist SVDs of all matrices if there exist PD of all square matrices.
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sk

P6.4

Prove the existence of both forms of PD for nondegenerate matrices. (This problem
is much easier than the next one!)

ok

Pe6.5

Prove the existence of both forms of PD of arbitrary (square) matrices. Are the
orthogonal (unitary) factors uniquely determined if a matrix is degenerate?

sk

Pé6.6

Show that for a square matrix A, ‘A o A and A o ‘A (in the complex-valued version,
'A is used) are similar matrices. [Warning: matrices B o A and A o B may be not
similar (if both A and B degenerate), although they always have equal characteristic
polynomials; prove it!]

koK

pP6.7

‘Why does the previous problem concern the similarity of ‘A © A and A o ‘A (Ao A
and A o ‘A) but not ‘A (resp. ‘A) and A themselves? Prove that matrices in R” are
similar to their adjoints,’A = T~' o A o T. Does the analogous theorem hold for C”,
that is, are operators ‘A, A similar?

sksksk

P6.8

This problem is for readers familiar with elements of general topology. A topologi-
cal space is connected when it is not a disjunctive union of its nonempty open
subsets; otherwise, a maximal connected subset is called a connected component.
(The space is a disjunctive union of its connected components, which in turn are
closed subsets; prove.) The group of all invertible matrices GL(n, F) (Fis R or C) is
an (open) subset of the space of all n x n matrices (why?), so that this group gets a
topology making it a topological space itself. Prove that GL(n,C) is connected,
whereas GL(n,R) has two connected components (Fig. 1).
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Fig. 1 A route in GL(1,C) C
between two elements of

GL(1,R) ( \
& IO $—

L {GL[I.E) = R"UR" =R\{0},
- GL(1,C) = C*=C\{0}

ok

P6.9

Prove using SVD that a nonzero linear operator on R” (n > 2) commutes with any
rotational (also called special orthogonal: orthogonal and having the determinant
equal to one, i.e., orientation preserving) linear operators if and only if it is a scalar
operator (also called a homothetic transformation, or a dilatation, i.e., propor-
tional to the identity operator) when n > 3 and a composition of scalar and
rotational operators when n = 2. (Why is the answer more complicated for
n = 2?) Derive from the foregoing statements that the linear operators on R*
commuting with the rotations form a commutative two-dimensional subring of
the four-dimensional ring of all linear operators that is isomorphic to the field C.

P6.10°°

A linear operator A in a Euclidean (complex Hermitian) space is called normal if it
commutes with its adjoint operator: A" 0 A = A 0 A", where A* = “A (resp.A* = A).?
Obviously, a linear operator is normal if and only if its adjoint operator is normal.
Symmetric and orthogonal (resp. self-adjoint and unitary) linear operators are normal.
However, these are not all of the normal operators, and, conversely, not every linear
operator is normal (unless the space is one-dimensional), as will be made clear from
the spectral theorem below.’

Show that for a normal operator A in a finite-dimensional space, the subspaces
ker A and im A are orthogonal complements of each other, and therefore ker
A=kerA andimA =imA".

Prove that a linear operator on a finite-dimensional space is normal if the factors
of some of its PD commute with each other, and only if this holds for any of its PD.
Show that the kernel and the image of the normal operator are invariant subspaces
for all of its PD factors.

2 Here we do not distinguish between the operators and their matrix representations with respect to
the standard coordinate orthobasis.

* We consider normal operators on finite-dimensional spaces only. More advanced readers wishing
to familiarize themselves with the properties of infinite-dimensional normal operators may refer to
Riesz and Nagy (1972) and Dunford and Schwartz (1963).
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Derive from the preceding statements the following spectral theorem for normal
operators on finite-dimensional spaces, which generalizes spectral theorems for
symmetric (self-adjoint) and orthogonal (resp. unitary) operators:

A linear operator on a Hermitian space is normal if and only if it is diagonaliz-
able in an appropriate orthobasis. Therefore, a linear operator having only real
eigenvalues is normal if and only if it is self-adjoint.

A linear operator on a Euclidean space is normal if and only if its matrix has a
block-diagonal form in an appropriate orthobasis, with one- or two-dimensional
cosargA —sinarg/

blocks being, respectively, J. and || ( sinarg A cosarg A

> for real eigenvalues

J.and complex conjugate pairs of eigenvalues 2, J.(arg ). # 0,1t). Therefore, a linear
operator having only real eigenvalues is normal if and only if it is symmetric (i.e., is
diagonalizable in an appropriate orthobasis).

P6.11°"

(The problems in this section assume no familiarity with normed vector spaces.)
The norm of linear operator A in a finite-dimensional Euclidean (Hermitian) vector
space is a nonnegative number defined, with respect to the Euclidean (resp.
Hermitian) modulus |-l in the source space, as ||A|| := sup |Ax|/|x| = sup |Ax]|.
x#0 [x]=1
Because of the continuity of both the function x +— |x| and finite-dimensional linear
operators and the compactness of a finite-dimensional sphere, we might use the
Weierstrass theorem to substitute “sup” with “max” in the preceding formulation.
(We leave it to the reader to fill in the details.)

Verify that Il A o B Il <IIAll - IIBIl for any linear operators A, B. (Therefore,
A "I < A", Vi = 2,3,....)

What is the norm of an orthogonal (unitary) operator? Prove that Il A o B Il =
I B o All = llAll if B is orthogonal (unitary). Therefore, for PD factors S, S, of a
linear operator A, IIS;Il = 11S,/l = llAll.

Prove that the norm of a normal operator (section P6.10"") equals the maximal
modulus of its eigenvalue. Therefore, for normal operators 14"l = lIAIl", Vn =2,3,. . ..
(Do the similar claims hold for a linear operator when it is not the normal one?)

Derive from the preceding statements that for any linear operator A, Il A™ o
All=11A4 o A" Il = IIAI and therefore lIAll = IIA"Il (A" is the adjoint operator).

Hint

In the cases where real- and complex-valued versions of sections H6.1, H6.2, H6.3,
H6.4, H6.5, and H6.6 are parallel and have similar proofs we consider only the first
version.
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Heé.1

E, O

An n x n matrix ‘U o U is either identity (E,) or ( 0 0

> for, respectively,

m > n and m < n. From that we get

"AoA=(VoDo'U)o(UoDoV)="VoD*oV.

He.2

The equalities ST ='Ao A, S5 = A o’A are obtained by direct computation. The
right-hand sides are symmetric matrices with nonnegative eigenvalues, so that one
can extract unique square roots Sy, S, of nonnegative eigenvalues. (Why?) They do
not degenerate if A does not, and then the orthogonal PD factors are uniquely
determined as F; = Ao S7', F, = S;! o A. Next, representing A as

A=Fio8 = (FioS oF")oF,

we will have, due to the PD uniqueness, S, = F o S§; o Fl’l, F, =Fy.

He6.3

In what follows we will identify matrices with linear operators that these matrices
w11 e Wi

define using fixed coordinate bases. | An m X n matrix W =

Wl o Wi
defines the operator W that maps n-dimensional column vectors ¢; = [ 1 | « i

Wii
onto, respectively, - |,i=1,...,n, or, equivalently, W acts on vectors x =
Wi
X1
dxie; = : in accordance with the usual matrix multiplication rule:

Xn



Hint 61

wir o oo Wiy X1 PIRGTRY

Wx = To establish SVD when

Wi = Wpp Xn Z Wi X;
m > n, consider the usual (by coordinates) inner products in spaces R, R", take
an orthogonal decomposition R” = L" @ M™ ", where an n-dimensional sub-
space L contains the image of A, and then define a linear operator ‘W : R” — R”
with kernel M, which maps an orthobasis of L onto an orthobasis of R". Show that
the operator W o ‘W [where the adjoint to the ‘W operator W corresponds to the
transposed matrix ‘(‘W) = W] maps L onto itself and, moreover, acts on it as
identity operator id ;. Using this, derive SVD of A from PD of a matrix ‘W o A:

A=Wo'WoA=WoSoF=(WoT)oDo(ToF),

where D is a diagonal form of S in proper Cartesian coordinates and T is the
corresponding n x n-orthogonal matrix. To establish SVD for m < n, consider
the orthogonal decomposition R" = R” @ R"™" and a linear operator ‘W:
R™ — R” orthogonally mapping the first summand onto itself. W o ‘W acts on
R™ as identity operator, W o ‘W = E,,. (Why?) Using this information, derive the
SVD of A from the PD of ‘W o A, as was done previously. Next, every element in the
last n—m rows of the matrix ‘W has zero value; therefore, the same holds for the

0 0
where S, is a symmetric m x m matrix . Consequently, S is diagonalized as S = T

. D, O (T, 0 .
oDoT,withD = ( 0 O) andT = ( 0 E, ., ) Lastly, every element in the
last n—m rows of the matrix W has zero value, so the same holds for the matrix

U=Wo'T.

matrix S = ‘W o A o F. Hence, S, due to its symmetry, has the form S = (S’” 0 >,

Hé6.4

Diagonalizing the symmetric operator ‘A o A in proper Cartesian coordinates,

di
'AcA='ToDoT, D= isdiagonal, T isorthogonal,
dy

Vi
define S| :='To+/DoT, with vD = ,and Fi:=Ao S, .

Vd,

Check by direct computation that F; o ’F; = E. We have obtained the first PD
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A = F; o §,. The second one, A = F, o S, arises as in section H6.2 by defining
S2:F1 OSl OFI_I,F2 :Fl-

He6.5

It is sufficient to establish only one PD form, for example, the form A = S o F, since
these forms produce one another: S o F = F o ('F o § o F). Based on the lemmas
from section E6.3, take a spectral orthobasis for A o ‘A as a union of orthobases in

the spaces im A and ker A. In this basis, operators A and § = /A o ‘A have block
matrices <8 8) and (8 8), respectively (s is invertible on im A). Prove the

existence of orthogonal matrices F = <)ZC ); > , satisfying the equation (g g)

(s 0 oYY , and find a way to enumerate them.
00 z ot

Hé6.6

The similarity of ‘A o A and A o ‘A follows from the PD of A. Next, for arbitrary
square matrices A, B, if A (or B) is invertible, then A lo (AoB)oA = B o Alresp.
Bo(AoB)oB ' =B oAl Analyze the following simplest example when A o B is

. 0 1 1 0 00
not similar to B o A: A(O O>’ B(O 0> <AOB<O 0),

BoA= (8 é)) . Next, turning to the characteristic polynomials y-(4) = det

(AE — C), we suggest proving the equality y,.5 = ¥goa proceeding by any of the
following three methods.

(1) Using continuous continuation: The left- and right-hand sides can be
approximated with any precision by, respectively, y .z and yg.s, Where A’
B’, or even both are invertible. (How does this help to prove the equality?)

(2) Using analytic continuation: Coefficients of the polynomial yo(1) = A" + ...
are polynomials in entries of matrix C, so they are analytical functions of these
entries. The equality being proved holds on an open subset of the space of 2n*
entries of A, B (which one?); therefore, in accordance with the analytic contin-
uation principle (Bochner and Martin 1948; Dieudonné 1960), it will hold on
all of the space (as the space is connected). Applying a slight modification of this
argument, coefficients of y(4) are analytic functions on the space of unordered
(taken up to arbitrary permutations of the elements) sets of eigenvalues, and the
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desired equality for all points in this space follows by analytic continuation from
an open subset.

(3) Using the Jordan canonical form: It is sufficient to establish that “elementary
factors” (4 — ;)" (4; # 0) of the factorization y,.z(4) = A" [] (A —4)",

%70

which is taken over the eigenvalues of A o B, divide yg.4(4). (Why?) Consider-
ing the complexified space *R” = £2grR" = R" @ iR" and complexified linear
operators reduces the real-valued case to the complex one.* Let L be the sum of
all root subspaces of A o B that correspond to the eigenvalue 4 # 0, so that it acts
on a Jordan basis of L as follows:

(AoB)ej = Lej, ... . (AoB)ey =e; _,+ e,
(AoB)eN =i, .. , (AoB)e) =e) | +ie} .

Since A # 0, L Nker B = {0}, in other words, B does not identify points of L.

(Why?) Denoting g} := B ei, application of B to the previous series of equalities
yields

(AoBe] =del,  ..... ) (AoB)e; =e¢; |+ Ley,
(AoB)eY = e, ... , (AOB)eZ/:e%V_l—i-)LeZ/.

These equalities show that B maps the sum of the root subspaces of A o B
corresponding to the eigenvalue 4 onto a sum of root subspaces of B o A
corresponding to the same eigenvalue, completing the proof. [The same method
applies to matrices with entries from any integral domain (a commutative and
associative unitary ring, free of zero divisors).]

Heé6.7

Adjoint operators on C" are generally not similar. For example, similarity with a
scalar (homothety) operator zE is equivalent to equality with it, whereas conjuga-
tion is not (unless zER). Prove that the linear operators A and ‘A in C” are similar if
and only if A has a real-valued matrix with respect to some basis. Use the Jordan
canonical form. For R", use the Jordan form over the reals. (Warning: By duality, A
and A are similar if and only if ‘A has a real-valued matrix with respect to some

*The complexified linear operator has the same matrix in a C-basis of the complexified space as a
source operator in the same basis, considered as a R-basis of a source space.
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basis. These bases may however not be orthogonal, and so A and “A may have real-
valued matrices with respect to different bases. Also, the similitude between A and
‘A in R” cannot always be realized using an orthogonal matrix.)

H6.8

The union of two intersecting connected subsets is connected so that distinct
connected components do not intersect, and the space is a disjunctive union of
the components. The components are closed since the closure of a connected set is
also connected. We can investigate connected components of GL(n,.) by employing
arcwise connectedness. A continuous map on a segment [0,1] to a topological
space T is called an arc in T connecting y(0) and y(1). T is arcwise connected when
any two points are connected by an arc; otherwise a maximal arcwise connected
subset is called an arcwise connected component. (A topological space is a
disjunctive union of its arcwise connected components. Why? Must the components
be closed subsets?) Prove the following:

Lemma Arcwise connectedness implies connectedness.

(Does connectedness imply arcwise connectedness?) Show that the symmetric
operators in GL(n,R) [and self-adjoint ones in GL(n,C)] with positive eigenvalues
form an arcwise connected and, therefore by virtue of this lemma, connected subset.
Find, using the lemma, connected components of orthogonal and unitary groups.
Using this and employing PD, find connected components of GL(n,R) and GL(n,C).

Also, we can establish the arcwise connectedness of GL(n,C) by the following
method: for My, M;EGL(n,C) consider a polynomial f(z): = det M., M.: = (1 — z)
My + zM,. f’s zero set does not divide C; that is, there exists an arc f—z(¢) in C with
endpoints 0 and 1, avoiding those zeros, or - equivalently - the arc y:t—M,
between M, and M will lie completely in GL(n,C). QED. (With this, we can obtain
| Im z(f) | < ¢ for an arbitrarily given ¢ > 0.)

He6.9

The special orthogonal group (or the group of all rotations) SO(n) is commutative
(Abelian) if and only if n < 2, which explains the difference in the answers for
n =2 and n > 3. Readers who have not worked with SO(2) can establish its
commutativity with the help of an identity such as
(cosgp —singo) . (cos‘{’ —sin‘I’) _ <cos(g0+‘1‘) —sin(ap—i—‘I’)) or

sing  cosgp sin?  cosW¥ sinfp+¥) cos(p+¥) /°
using the complex-valued representation (isomorphism)
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cos — sin ;i
SO(2) = U(1) : (sin:ﬁ COWW) o e,

or using the isomorphism SO(2) = S' ~ R mod (2nZ) and the fact that a homomor-
phic image of an Abelian group also is Abelian, or proceeding by a different method
of the readers’ preference. In turn, noncommutativity of SO(n) for n > 3 can be
shown as follows: two rotational operators, either of which rotates the vectors lying
on a two-dimensional plane and acts as the identity operator on its n — 2-dimen-
sional orthogonal complement,” in general do not commute since they do not have
the same plane of rotation. (We leave it to the reader to come up with examples.)

A proof of sufficiency: this is evident taking into account the commutativity of SO

2).

A proof of necessity:

n = 2. Use SVD to factorize a linear operator Aby A = F' o D o G, where F and
G are rotational and D is a diagonal (with respect to the standard coordinate basis)
operator. If A commutes with any rotations, then, by virtue of the commutativity of
SO(2), D commutes with any rotations (why?), and therefore it is a dilatation
(why?). Finally, A =T o D, where T = F o G € SO(2).

n > 3. In this case PD will not help us much since SO(n) is not an Abelian group.
We suggest proceeding by the following method. Operator A commutes with any
rotations, in particular, with any linear operator T rotating the vectors on some two-
dimensional plane I1 and acting as the identity operator on its n — 2-dimensional
orthogonal complement I1+; therefore, A retains invariant (as a whole) each n — 2-
dimensional linear subspace in R". (Why?) For n = 2 this is a trivial fact, but for
n > 3 it implies retaining as invariant (as a whole) any linear subspace (a straight
line passing via the origin); indeed, for n» > 3 that subspace is an intersection of
n — 2 vector subspaces, each having dimension n — 2. Deduce from the preceding
statements that A is a dilatation.

A different proof using arguments of analysis is discussed in section S6.9 (the “Completing the
Solution” section).

A proof of the fact that all linear operators on R? that are compositions of
rotations and dilatations form a subring of the ring of all linear operators that is
isomorphic to the field C. Let us employ a matrix representation of linear operators
with respect to the standard basis. Readers can immediately verify that,

X a —b . ) ) cos 0 when 4> 0,
AEoRy = =aE + bl, using a =A-cos 0 = || - )
b a cos(0 +m) otherwise,

sin 0 when />0,

b:i~sin0:|/1|~{. .
sin(6 + )  otherwise,

SIn fact, these operators generate the group SO(n) (see section P10.27", in the “One-Parameter
Group of Linear Transformations” problem group below).
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where Ry = (Cs?rfg _CZISHOH> and [ =Rqp = ((1) _01> , and, conversely,

aE + bl = 1E o Ry , where r = V@ + b2, 0 = { arctg(b/a) when a.Z 0,

arctg(b/a) +n  otherwise;
hence, the foregoing compositions in fact form the set as {aF + bl: a,bER}. A
one-to-one correspondence aE + bl <> a + bi supports the ring structure because
of the relations E o [ =1 o E =1, E> =P = E; this completes the proof.
(Furnish the details.)

H6.10

A proof of the facts about ker A and im A for a normal operator A: use Lemma 1 in
section E6.3 ( “Explanation”) and its Hermitian analog.

Characterization of the normal operator via the commutativity of PD factors
follows from the uniqueness of both self-adjoint PD factors and explicit formulas
for these factors (section P6.2"") and from Lemma 1 in section E6.3 and its
Hermitian analog.

Proof of spectral theorem for normal operators.

Sufficiency. Let the indicated orthobasis exist. A straightforward computation,
which we leave to the reader, shows that A o Aand A o A" have the same matrix
in this basis, namely diagonal, with the diagonal entries |11* [two-dimensional blocks

of matrix A corresponding to /,  (arg A # 0,7) give two diagonal elements I11].

Necessity. It is sufficient to prove that for the restriction Al;,, 4 instead of A. If all of
its eigenvalues belong to the field, as always happens in the Hermitian case and in
the Euclidean case where all eigenvalues are real, we may for an eigenvalue A
replace A by an operator A — AE that is normal if A is normal and finalize the proof
by induction on the spatial dimension. Complex conjugate eigenvalues in the
Euclidean case can be processed by a similar method using complexification (we
leave it to the reader to furnish the details of this approach). However, we suggest
making use of the commutativity of PD factors and applying spectral theorems for
symmetric (self-adjoint) and orthogonal (unitary) operators, which will enable one
to complete the proof in one step.

He6.11

lIAll-Ixl for x £ 0. If x = 0, then |Axl = 0 = llAll-Ixl . Therefore, I1AxI < lIAll-Ix], Vx, so
we have IA(Bx)l < lIAIBxl < NAI-IBII-xl, Vx, and, IA(Bx)l/lxl < IIAII-IBII, Vx # 0,
which implies the desired inequality.
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An orthogonal (unitary) operator preserves the modulus of a vector, and so its
norm equals one. The equalities Il A o B Il =1l B o A Il = llAll with orthogonal
(unitary) B follow from the modulus preservation property of B, but they can also be
derived from the inequality Il A o B Il <Al - IIBIl and the fact that Il Bll =
Il B~ = 1. (Provide the details.)

Computation of normal operator’s norm. Prove that if a space is decomposed into
an orthogonal sum of invariant subspaces L; of a linear operator A, then ||A|| = max
1

|A]L||- Therefore, one may calculate the maximum for the blocks as described by
the spectral theorem for normal operators (section P6.10°"). Note that in the
Euclidean case a two-dimensional block represents a composition of a diagonal
operator with two diagonal elements |4l and an orthogonal operator (a counterclock-
wise rotation by the angle arg 4). The claim that is being proved is now evident.

lIAIl may be greater than the maximal modulus of the eigenvalue, and lIAII" may
be greater than IIA”Il if a linear operator A is not normal. In particular, if a linear
operator on a two-dimensional vector space is not normal (i.e., either is diagonaliz-
able in a nonorthogonal basis or possesses only one eigendirection), then lIAll is
greater than the maximal modulus of the eigenvalue and llAII" > IlA”Il, which can be
easily established with the help of PD.

Proof of equalities | A" o All = 1 A o A” Il = lIAI*. Since S, and S, are symmetric
(self-adjoint), so are the normal operators llAII* = IIS;I*> = 15,2l = Il A" o A Il and
NAIP = I1S,017 = 18,21 =11 A o AT .

Also, one of the foregoing equalities, Il A“o A Il = lIAII%, can be established using the fact that

the norm of A"o A equals its maximal eigenvalue and diagonalizing a quadratic form x— (Ax, Ax)
= ((A* o A)x, x) with respect to the scalar product x—(x,x), i.e., determining critical points and
critical values of this form on the hypersphere {x : (x,x) = 1} (which can be done either by the
usual means of linear algebra or with Lagrange multipliers). We leave it to the interested reader to
come up with the details.

An equality llAll = IIA"ll follows from the equalities | A" 0 All = 1A o A” Il = IlAIP
substituting A by A" and taking into account the involution property A™* = A.

The equality IlAll = llA"Il can be established also via duality, without PD. Let us consider a
duality mapping of the source space onto its adjoint (or dual) space, D: x — Dx(.) = (x,.). D
transforms the adjoint operator A" into an operator D o A“o D™": x" = x"o A in the dual space (x"
denote elements of the dual space).® Defining the dual scalar product in the dual space as (x*, y )"
= <D’]x*,D’1y*> we have IDxl" = IxI, which implies the equality IlD o A"o D™UI" = lIA"ll, and

| = max |x* (x)|, which implies the equality ID o A" D™!II" = lIAIl. (Fill in all the details.)
x|=1

6 Note that the operator D o Ao D7 lis completely determined by A and does not depend on a
scalar product that we used to define it!
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Explanation

In cases where real- and complex-valued versions of sections E6.1, E6.2, E6.3 and
E6.5 are parallel and have similar proofs, we consider only the first version.

Eé6.1

Eigenvalues of D are square roots of eigenvalues of ‘A o A. Since diagonal elements
of D are its eigenvalues, the diagonal set as a whole is determined uniquely. But any
permutation, as prescribed in section P6.1"", is allowed. Indeed, after a permutation
we obtain the diagonal matrix D' = ‘T o D o T, with orthogonal T, so that A =
UoDoV=UoD oV (U =UoT,V' ='ToV).Form < n,if only the first m
diagonal elements of D can be permuted, then 7 has the form (Té” £ 0 ), with
n—m
orthogonal m x m matrix T, so that the first m columns of U’ are orthonormal and
the last n — m ones are zero (as with U). QED.

E6.2

The unique existence of symmetric, with nonnegative eigenvalues, square roots of
A o A, A o 'A follows from the following lemma:

Lemma For a symmetric linear operator with nonnegative eigenvalues C,
R" — R", there exists the unique symmetric linear operator with nonnegative
eigenvalues S: R" — R" such that S > = C.

Proof Consider the orthogonal decompositionR" = >° @LC, 7> where L¢ ; are
AeSpec(C)

the eigenspaces of C corresponding to eigenvalues 4 and the sum is taken over the /.

A linear operator S, which acts on L ; by the homothety /2 - idj,.,, is a square root

of C. To prove the uniqueness, consider the similar decomposition for a symmetric,

with nonnegative eigenvalues, square root S of C, R" = > “Lg,. We have
ueSpec(S)

Le 2 = Ly, Ve ESpec(S). (Why?) Thus, the uniqueness of the preceding decom-

position for C implies the uniqueness of S.
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Eé6.3

Recall that for a linear operator W: R” — R™ of two Euclidean spaces with the
usual coordinatewise inner (or scalar) products (denoted by () for both spaces), the
adjoint operator W~ (or ‘W): R — R” is defined by a formula

(Wx,y)gn = (X, Wy)ps, Vx€R", VyeR",

the second conjugation returns to the source: ‘(W) = W, and the matrices of ‘W and
W with respect to the coordinate bases of R” and R™ are transposed’. The following
two assertions explain the claims in section H6.3 concerning adjoint operators.

Lemma 1 For a pair of adjoint operators W: R" — R”, 'W: R” — R” there are
orthogonal decompositions R" = im'W @ ker W, R” = im W & ker'W. Therefore,
W (‘W) maps im ‘W (resp. im W) isomorphically onto im W (resp. im 'W); in
particular

ker W =ker'Wo W, im'W=imWoW,

ker'W =ker Wo'W, imW =imW o'W,

and therefore, Tk 'W =1k 'Wo W =tk Wandtk W = tk W o ‘W = 1k 'W, so that
all of these ranks are equal.

Lemma2 The following claims about a pair of adjoint operators W: R" — R™,'W:
R™ — R" are equivalent:

(i) W maps some orthobasis of im ‘"W onto an orthobasis of im W.
(ii) W maps any orthobasis of im ‘W onto an orthobasis of im W.
(iii) The restriction of ' W o W to subspace im 'W is equal to idiyw
(iv) — (vi) Similar claims, with ‘W and W switched.

Prove these lemmas.

E6.5

The matrix equation in section H6.5 determines blocks x, y as follows:

, y=slob,

”Some advanced readers may object, saying that the adjoint operators act in the adjoint spaces
(spaces of linear functionals), W R™ — R™, to be exact (W*y*)x = y*(Wx), so use of inner
products is not necessary [as for instance, “orthogonality” between xER” and x"€R”" means that
x'(x) = 0, and so on]. However, we use an equivalent approach because an inner product in a vector
space defines the isomorphism of this space onto its adjoint x — x" such that x"(¢') = (x,x/), Vx'.
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and it allows arbitrary blocks z, t. Show that z and ¢ can be found such that the
-1 1
matrix (S ca s to b) becomes orthogonal. Prove that the orthogonality is
z

equivalent to a system of equations
zola+to'b=0, zolz4+tolt=E.

Thus rows of the block (z ¢) form an orthonormal basis of the subspace of R”
orthogonal to the rows of the block (a b). Finally, if ker A = 0 (< ker ‘A = 0), then
A possesses a unique orthogonal PD factor; otherwise there is a one-to-one corre-
spondence between these factors and orthobases of ker A.

E6.7

Operators A and B are similar if and only if the sets of matrices of A and B with respect
to the spatial bases are the same, subject to a different order only. In particular, this
holds for the Jordan matrices. Consequently, in C", A and B are similar if and only if
they have the same (considering multiplicity) eigenvalues and the direct sum of root
subspaces of A corresponding to any its eigenvalues / is isomorphic to that of B. Next,
if A has matrix ¢ with respect to a basis e,. . ., then 'A has matrix ‘A with respect to the
dual basis e}, ... (the duality means that <ef, ej> = 0;; ). Deduce from these
statements the following condition of similarity of A, ‘A: it occurs if and only if the
Jordan boxes of A corresponding to a complex conjugate pair of its eigenvalues can
A 1
2 1
A 1

-
A

be combined in double boxes such as . Any real-valued

matrix has the complex Jordan canonical form satisfying this condition.
Conversely, the indicated box is brought to the Jordan box over reals
ReZ —ImiA 1

ImA Rel 1
Rei —Iml 1 by a basis substitution
ImA Rel
/ / eir+ey di—er e+, r—e
ey, €1, €, €32, ... ) ) ) )

2 2i 2 2i

In turn, a matrix of real entries can be brought to the preceding form by means of
a similitude transformation over the reals. Deduce from it the similarity of A and ‘A
taking into account that if A has matrix ¢ with respect to basis ey,. . ., then ‘A will

have matrix ‘g with respect to the dual basis €7, ... and the equality
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1 a —b 1
—1 b a 1
1 o a —b 1 _
-1 b a
a b 1 1
—-b a 1 —1
a b 1 o 1
b a —1

This completes the proof of both real- and complex-valued cases.

E6.8

Obviously, arcwise connectedness is a kind of binary equivalence relation on a
topological space so that distinct components do not intersect, and the space is a
disjunctive union of the components. These components may be not closed, as
appears from the following example (Gelbaum and Olmsted 1964). Find arcwise
connected components of a planar set

T:={(x,y) : x>0, y=sin(l/x)} U{(x,y): x=0,-1<y<1}.

The same example shows the failure of the converse of the lemma in sec-
tion H6.8. (Why?)
We can prove this lemma in three steps as follows.

(1) A real segment is connected. Let us assume that [0,1] = U,UU,, where U; are
open in [0,1] and do not intersect and U is nonempty. U, is a disjunctive union of
intervals. The endpoints of the intervals, which are internal for [0,1], belong to Us,.
Hence, there are no such points. (Why?) Therefore, U; = [0,1] and U, is empty.

(2) A continuous image of a connected space is connected. (Why?)

(3) Readers must formulate and complete this part by themselves.

Thus, we will show that symmetric operators in GL(n,R) [and self-adjoint ones
in GL(n,C)] with positive eigenvalues form an arcwise connected subset if we
present an arc in this subset connecting its arbitrary element with the identity

d

operator. Based on a diagonal presentation S = U 'oDoU, D = ,

a desired arc is
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() :=U"o olU, telo,1].
t+ (1 —1)d,

With a similar technique, using the spectral theorem for orthogonal (resp.
unitary) operators, prove that the unitary groups are connected and the orthogonal
groups cannot have more than two connected components.® To be precise, the
subsets of the orthogonal group consisting, respectively, of the operators that

8 The unitary spectral theorem states that a unitary n X n-matrix is diagonalizable in a proper
orthonormal basis in C” and that its eigenvalues are located on the unit circle in C. In turn, the
orthogonal spectral theorem claims that an orthogonal matrix has a block-diagonal form in an
appropriate orthonormal basis, with one- or two-dimensional blocks being, respectively, £1 and
cos) —sinf
sinf  cos@
block, which is a rotation by 180°, so that orthogonal matrices that preserve (invert) orientation
have spectral representations with no (resp. one) “—1" block.

The orthogonal spectral theorem is reduced to the unitary one using complexification. In turn,
the unitary spectral theorem may be proved by the following general method. Let a group G act on
a vector space L over a field F' by linear operators; that is, there is a group homomorphism (referred
to as a linear representation, or just representation for short) p: G — GL(L), so that the action g:
L — L (g=G) is equated to the linear operator p(g). A subspace K C L is called a G-invariant
subspace, or G-subspace, when gK C K, Vg=G. The representation is called irreducible if space
L does not have proper (not equal to ether {0} or itself) G-subspaces. The following claim is
evident.

Proposition 1 A finite-dimensional representation (dim L < oo) has a G-subspace K, irreducible
with respect to the representation g — p(g) k-

For two representations p;: G — GL(L;) (i = 1,2) a G-operator is a linear operator A: L; — L,

A: L] — L2
which makes the diagrams lg | g commutative, VgEG.
A: Ly — L,

Lemma 1 Kernels and images of G-operators are G-subspaces. (Why?)

An invertible G-operator is also called an equivalence of the two representations.

Lemma 2 If a basic field F is algebraically closed, then an equivalence of irreducible finite-
dimensional representations is defined uniquely, within proportionality.

Indeed, let A: Ly — Ly and B: L; — L, be equivalences. A polynomial y(1): =det (A — AB) has
aroot 1oEF. A G-operator A — A¢B is not invertible; therefore, it is zero, A = /,B. (Why?) QED.

Corollary If a basic field F is algebraically closed, then irreducible finite-dimensional
representations of Abelian groups are one-dimensional.

Indeed, consider the representation p: G — GL(L). The operators p(g) (§EG) are (auto-)
equivalences (why?), so they must be proportional to id;, that is, be homothetic transformations.
Hence, all subspaces of L are invariant, and therefore dim L = 1. QED.

So far, we have enumerated common results for all representations. A special result of unitary
representations [operators p(g), V¢EG are unitary] is as follows.

Proposition 2 For a unitary representation, the orthogonal complements to G-subspaces are
G-subspaces.

(Why?) Considering the self-representation [p(g) = g, V¢EG] of the cyclic group G generated
by a unitary operator U, and using this proposition in combination with the previous one and the
preceding corollary, we will be able to prove the spectral theorem for U by induction on the spatial
dimension.

rotations as ( ) Note that a pair of “—1” blocks is equivalent to a two-dimensional
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preserve orientation and those that invert it are arcwise connected. Using PD
conclude that GL(n,C) are connected and GL(n,R) cannot have more than two
connected components. Finalize the description of the connected components of GL
(n,R) (and orthogonal groups) by showing that these groups are not connected. For
this, consider a continuous map (which is in fact a group homomorphism) M — det
M. If GL(n,R) were connected, so would the image of this map be (why?); but it is
not!

E6.9

On the proof of necessity in section H6.9.

n=2:

Use of SVD for factorization as described in section H6.9. A group homomorphism

M +— det M onto Z(2) = {1, —1, *} (see section E6.8) shows that SO(n) is a

subgroup of index two in O(n) for any n; hence, for any fixed orientation-reversing

operator, say a diagonal (with respect to the standard coordinate orthobasis) opera-
-1

torR = . (which geometrically corresponds to the reflection in

1
the coordinate hyperplane spanned on the second.,. .., nth axes), we have O(n) =
R 0 SO(n) = SO(n) o R. This yields an equivalent form of SVDasA = FoXoDo
Y o G, where D is diagonal (still with nonnegative diagonal elements, but we will
not use that), F,G € SO(n) and each of X, Y is either R or the identity operator.
Obviously, X o D o Y also is a diagonal operator, and we will denote it by D.

D commutes with any rotations if A does. Indeed, for a rotational operator T
we have

T'oAoT=A = FoT 'oDoToG=FoDogG,

and therefore T"' o D o T = D. (Furnish the details.)

D is a dilatation. Indeed, a straightforward computation shows that a diagonal
cosp —singp
sinp  cosp
if the diagonal elements are equal.

operator commutes with ( ), where ¢ # 0, 7 mod 27 if and only
n2>3:

A retains IT" invariant if A commutes with 7. We have for x€IT* Ax = A(Tx) = T
(Ax), and so AXEIT" because the fixed set of T is exactly IT*.
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A is a dilatation if it retains every one-dimensional subspace invariant. For two
vectors x,yER” we have, Ax = A, x,Ay = A, yand A(x + y) = Ay (x + y); thus
for any linearly independent x and y we derive A, = A, = 4,. QED. (We leave it
to the reader to fill in the details.)

E6.10

On the proof of the facts about ker A and im A for a normal operator A. Using
Lemma 1 from section E6.3 or its Hermitian analog we have

kerA =(imA*)* = [im(A* 0 A)]* = [im(A 0 A*)]* = (imA)* = ker A*,
imA =(kerA)" =imA"*.

On the characterization of the normal operator via commutativity of PD factors.

Sufficiency. Both PD forms are brought by the same factors in different orders:
A = F o § = § o F. Hence, by virtue of the uniqueness of §; and S5, S| = S = S,,
and using explicit formulas in section P62 A"0 A = 812 = 522 =AocA". QED.

Necessity. By virtue of the explicit formula in section P6.2"" and Lemma 1 in
section E6.3 or its Hermitian analog, for any linear operator A, its PD factor §; acts
as a zero operator on ker A and maps its orthogonal complement im A" isomorphi-
cally onto itself; therefore, F'; has to map im A" onto im A, and since it is an
orthogonal (unitary) operator, it will also map their orthogonal complements onto
one another, ker A onto ker A" Similarly, S, acts as a zero operator on ker A" and
maps its orthogonal complement im A isomorphically onto itself; therefore, F', has
to map ker A onto ker A”, and since it is an orthogonal (unitary) operator, it will also
map their orthogonal complements onto one another, im A" onto im A. Thus, both
F and F, map ker A onto ker A" and im A" onto im A.

Hence, for a normal operator A, S (= S,) maps a subspace im A isomorphically
onto itself, and F| and F, retain subspaces ker A (= ker S;) and im A (= im )
invariant. Apply now the uniqueness of an orthogonal (unitary) factor for a nonde-
generate operator (section P6.2**) to show that §; commutes with F; and F,.

Alternatively, readers can prove the commutativity of PD factors by a short
deduction using that §; = S,.

On the proof of the spectral theorem for normal operators.

Necessity. Prove the following simple lemma.

Lemma The total eigenspace corresponding to the same eigenvalue of a linear
operator is an invariant subspace for any linear operator commuting with that one.

Decompose the space into an orthogonal sum of the eigenspaces corresponding
to the distinct eigenvalues of the PD factor S; (= S,). Each summand is invariant for
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F, (= F,), and we are able to apply the orthogonal (unitary) spectral theorem for
that summand. This will yield the desired representation of the diagonal blocks,
and, obviously, the modulus and phase factors of the eigenvalues of A will be equal
to the corresponding eigenvalues of S; and F.

Eé6.11

On the proof of the equalities IA o Bl = Il B o A Il = llAll with orthogonal (unitary)
B.WehavellAo Bl < llAll-1 = llAlland Al = Ao Bo B 'l < IlAo Bl -1 =
IlA o B Il. The second equality can be proved similarly.

On the computation of the normal operator’s norm. It is clear that llAI Il < lIAll
for the restriction of A to any subspace L. If the space is decomposed into an
orthogonal sum of invariant subspaces L;, then for any vector x we have x = > x;

(YEL;, Vi) and (IAx)/Ix)? = (JJAx?)/(XIx/?). Hence, the inverse inequality A

< max ||A|, ||* immediately follows from an elementary lemma.
1

Lemma Ifa,,...,a,, bs,..., b, > 0, then min (a;/b;) < Ya,/y'h; < max (a;/b,), and
these are strict inequalities unless a,/b; = ... = ap/b,.

Prove this lemma.

A proof of the facts that for a linear operator on a two-dimensional Euclidean
(Hermitian) space that either is diagonalizable but not in an orthogonal basis or has
one eigendirection only, the norm is greater than the maximal modulus of its
eigenvalue and IIA "Il < A", Vn = 2,3,.... Consider the PD A = F o §;. We may
assume that §; # 0 (otherwise the claim that is being proved is trivial), and so S; has
distinct eigenvalues u; > pp (> 0). Indeed, if S, is proportional to the identity
operator, then A has a common eigenspace with Fy; since the spatial dimension is
two and F; has an eigenvector, F; is diagonalizable and, as it is an orthogonal
(unitary) operator, it is diagonalizable in an orthogonal basis; but A is diagonalizable
in the same basis, which contradicts the assumption. Let M, be the eigenspaces
corresponding to y; (i = 1,2). M; cannot be an eigenspace of A, as otherwise it
would also be an eigenspace of F';, so both M; are eigenspaces of F'{, so both M; are
eigenspaces of A, which contradicts the assumption. (The same argument shows that
M, is not an eigenspace of A if y, > 0, but we do not utilize this fact in this proof.)
Now, (1) for any vector x IS;x| = |Ax| and (2) the value of IS x| achieves its maximum
on {x: Ixl = 1} ifand only if x&M,. Thus, since M| is not an eigenspace of A, for unit
vectors e; and e, such that e;& M, and e belongs to an eigenspace of A, lIAll =
l|Ael > |Ael = 1]l, where / is the corresponding eigenvalue of A. Since Fie &M,
(as M is not an eigenspace of F';), for any unit vector e and n = 2,3,... we have

|A"e| = |(F10S810...0F08)e|"<|S1e1]" = ||All",

and therefore IIA”Il = max 1A"el < llAll", which finalizes the proof. (Furnish all
details.)
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Completing the Solution

S6.3

Proof of Lemma 1. We have, taking into account the nondegeneracy of the inner
(scalar) product, <Wx,y> = 0, Vy < xE ker W ; in turn, <x,/Wy > =0,Vy < x L
im ‘W, which yields the orthogonal decomposition R” = im ‘W P ker W.” and,
swapping ‘W and W and taking into account the equality ‘(‘W) = W,'? yields the
dual orthogonal decomposition R” = im W € ker ‘W.

The equalities for the ranks follow from the preceding decompositions by virtue
of equalitiestk A = dimim A = dim dom A — dim ker A (for any linear operators
on finite-dimensional spaces). QED.

In this proof, the equality rk ‘W = rk W was derived without employing matrix representations
of linear operators. Therefore, the equality of matrix row and column ranks was not used. This
makes it possible to derive that equality from the equality rk ‘W = rk W because for the by-
coordinate inner (scalar) product in R” and R”, the matrices for W and ‘W with respect to the
coordinate bases are transposed with each other. (We leave it to the reader to complete the
details.)"!

Proof of Lemma 2. (ii) = (i) is trivial.

(i) = (iii). Let, for an orthobasis ey,. .. of im ‘W, Wey,. . . be an orthobasis of im
W. We must verify that ‘WWe; = e,, Vi, or, in other words, that < ‘WWe,e; > = J;;.
But we have

<IWW€l',€j> = <W€,’,W€j> = 51]
QED.
(iii) = (ii). Let ey,. .. be an orthobasis of im ‘W. We must verify that Wey,. . . is
an orthobasis of im W. But, assuming (iii), we have

<W€,’,W€j> = <ZWW€,', €j> = 5’]

QED.

Taking into account that a subspace im ‘W coincides with its closure, due to the finite
dimensionality.

19 Which holds due to the finite dimensionality also.

' A similar proof of the equality of row and column ranks is valid for the matrices over any field
and is generalized for wider classes of rings. (Which ones?) A different proof is discussed in the
problem group “A Property of Orthogonal Matrices” (section ES.11).


http://dx.doi.org/10.1007/978-0-8176-8406-8_8

Completing the Solution 77

S6.7

The proof is completed taking into account the similarity between the matrices

A1 0 A0 -0

and . - .. S (They are similar since an operator
: . o1 R
0 -~ 0 4 0 1 A

defined by one of them using an ordered basis ey,. . .,e,, has the second one as its
matrix with respect to the same basis in the inverse order e,,,. . .,e;.)

S56.8

On the proof of the lemma.

(1). Endpoints of the intervals, which are internal for [0,1], enter U, with their
neighborhoods. On the other hand, these endpoints are limits for internal points
of those intervals, and therefore U, intersects with U;.

(2). A continuous image of a connected space is connected because a map between
topological spaces is continuous if and only if preimages of any open sets
themselves are open sets. (Provide the details.)

(3). Any arc in a topological space is connected (as proved in the previous step). But
if a disconnected topological space U,UU, (where U; are nonintersecting non-
empty open subsets) were arcwise connected, then an arc y between two points
x;€U; (i = 1,2) would be disconnected (because it can be decomposed into two
sets im y N U; and im y N U, open in )). (Fill in the details.)

On the number of connected components of the orthogonal and unitary groups.
A diagonal matrix D of diagonal elements on the unit circle is connected with the
identity matrix by an arc ¢ — D(¢) entirely contained in U(n). Indeed, a complex
number ¢'# is connected with 1 by an arc of the unit circle £ — * '~? (+€[0,1]).
This yields an arc between an arbitrary unitary operator and E as t—C~! o D(¢) o C,
and thus U(n) is connected. Similarly, the orthogonal spectral theorem provides

1
arcs between arbitrary orthogonal operators and one of E = or

, entirely contained in O(#n). [Furnish the details using the fact
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that a multiplication by the second of these matrices maps the arcs in SO
(n) = {T€O0(n): det T = 1} onto the arcs in {TEO0(n): det T = —1} and vice
versa.] Hence, O(n) may have at most two connected components; actually it has
exactly two (and these two operators belong to different components, as follows
from the second step in the foregoing proof of the lemma applied to a continuous
map “det” (taking the determinant) on the topological space O(n).

S6.9

A description of the linear operators on R” commuting with SO(n) using arguments of
analysis. If a linear operator A commutes with SO(n), then a quadratic form f(x) =
(Ax,x) on R" (where (.,.) is the scalar product) is invariant with respect to SO(n):

(A(Tx), Tx) = (T(Ax), Tx) = (Ax,x), VT € SO(n)

[in other words, f is constant on any orbit of SO(n)]. The orbits are concentric
hyperspheres with their centers at the origin (the regular orbits) and the origin itself
(a singular orbit), so that the orbits in a general position are n — 1-dimensional.
Let us pick a subvariety of R” having a complementary dimension equal to 1 that
intersects with each orbit; a rectilinear ray with the vertex at the origin satisfies
these conditions. It is a manifold with a boundary, and fis analytic on it including
the boundary. Using the uniqueness of a Taylor-series expansion of f at the origin
and the fact that f is homogeneous of degree two, we deduce that on the ray
f) = 2-(x,x), A = const. (We could arrive at the same result without analyticity
and Taylor-series expansions using the homogeneity of fand (., .).) The preceding
equality with the same A will hold everywhere because of the invariance of f and
(., .y with respect to SO(n): f(Tx) = fix) = 2-{x,x) = 2-(Tx,Tx), VT € SO(n).

Using a symmetric linear operator (symmetrization) S(B) = % (‘B + B), we
have (Bx,x) = (S(B)x,x) for any linear operator B. Applying the symmetric
operator spectral theorem and taking into account the fact that (., .) is nondegener-
ate, we will obtain that S(B) = 0 (i.e., B is skew-symmetric) if (Bx, x) equals zero
identically. Thus we have established the skew symmetry of B = A — AE. By the
skew-symmetric operator spectral theorem, A has the following block-matrix
representation with respect to an appropriate orthobasis (which is a Darboux
basis for B; see section H10.27, in the problem group “One-Parameter Groups of

A
—H A

Linear Transformations” below): A = 4 P;k
— A
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Now we must prove that there are no two-dimensional blocks for n > 3. If any such
block exists, then y; # 0. Denote e, the ith element of our basis ¢; = (0,...,0, 1,
i

0,...,0) . Defining a rotation T so that Te, = e3, Tez = —e;, and Te; = ¢,
Vi # 2,3, we will obtain A(Te) = Ae; — wes, T(Aey) = Jey — pie;, and
therefore A o T £ T o A, which finalizes the proof. (We leave it to the reader to
fill in the details.)

A similar method could be applied to many other situations. For example, such a
method makes it possible to prove a nontrivial theorem used in elasticity theory. Let
us consider a vector space S, of all symmetric bilinear (or, equivalently, quadratic)
forms on the Euclidean space R” (n > 2), which we will not distinguish from their
matrices with respect to the standard coordinate orthobasis. S, is a Euclidean
space, as a subspace of the space of all n X n-matrices with a scalar product
(U,Vy =tr (U o V)=7Y;;— 1. . ,U;V; [which for symmetric matrices looks
like tr (U o V)]. The scalar product is O(n)-similitude-invariant:
(U,Vy=(T"'oUoT,T"'oVoT), VT €0(n), and also, S, is O(n)-similitude
invariant: 7' o U o T="T o U o T € S, YTEO0(n), YUES,. We will call
symmetric linear operators on S,, Hooke’ s operators, as in the elasticity theory these
operators are related to elastic materials and are employed for the formulation of
Hooke’s law. [Hooke’s operators form a /2 N(N + 1)-dimensional vector space,
where N = dim S, = Y n(n + 1).12] We also say that a Hooke’s operator H is
isotropic if it commutes with the O(n)-similitude action, i.e., T~ ' o (HU)oT =H
(T"'oUoT),VT € O(n), YVUES,.

Theorem A Hooke’s operator is isotropic if and only if there exist real numbers A
and p such that"

HU =) -twU-E+2u-U, YU € S,

(Landau and Lifshitz (1987). Therefore, for any n > 2 the isotropic operators
form a two-dimensional subspace in the AN(N + 1)-dimensional space of all
Hooke’s operators.

Proof of theorem.

Sufficiency. A linear operator defined by the preceding equation evidently
commutes with the similitude action of any linear operator, and its symmetry is
verified directly:

(HU,V) = J.-ttU - (E,V) +2u- (U, V) = i - ttU - trV + 2 - (U, V).

121n the most frequently encountered case, n = 3, the space of Hooke’s operators has a dimension
of 21.

31n the elasticity theory, A and u are referred to as Lamé constants.
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Necessity. We will proceed using arguments that are similar to the arguments used
previously in the analytical proof. For an isotropic Hooke’s operator H, let us
consider the following quadratic form on S,,: F(U) = % (HU, U)."* H produces the
gradient of F, HU = V F(U); hence, we must prove that

F(U) = 1A~ (tU)* + u- (U, U), YU €S, (4,u = const). *)
F is invariant with respect to the O(n)-similitude action on S,,:

tr([H(T ' oUoT)]o (T oUoT))=t([T"" o (HU)oT]o (T"'oUoT))
=t(T"' o (HU)oUoT) =tr((HU) o U)

[in other words, F(U) is constant on any orbit of this action], and the same is true
of tr U and (U, U). Therefore, it is sufficient to establish (*) for all U of a subset of S,
intersecting with each orbit (perhaps several times). Let us take for that subset a
vector subspace of S, having the least possible dimension N — dim O(n) = % n
(n + 1) = Yan(n — 1) = n. By the spectral theorem for symmetric matrices, any O
(n)-similitude orbit in S, contains a diagonal matrix, which is determined within
arbitrary permutations of the diagonal elements; thus, the subspace D, C S,
consisting of all diagonal matrices satisfies our conditions, and we need only
establish (*) for UED,,.

F(U) is a polynomial of degree two in the U entries, so that for UED,, it is a

polynomial of degree two in the diagonal elements w;,. . ., w,. Since F is invariant
with respect to the permutations of w;, it is a polynomial in the set of elementary
symmetric polynomials a{(wy,. .., ®,),. .., 6,(®,. .., ®,) (by the symmetric poly-
nomial theorem).

In the preceding formulation, o4,. .., 0, may be substituted by any symmetric
polynomials p(wy,. . ., @,),. . ., pu(®1,. . ., ,) of degrees 1,. . ., n, respectively, such
that the expression of each p, via gy,. . ., g, contains a term proportional to g, with a

nonzero coefficient of proportionality. (Why?)

The polynomials p, = ¥ ;" have the required form; the term of p proportional
to g is (— 1)k71k~ak. To establish that, readers can proceed by the same method as in
section S1.1, from the “Jacobi Identities and Related Combinatorial Formulas™

"“In the elasticity theory, F is referred to as the Helmholtz potential (or free) energy.
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problemsgroup above (in section S1.1, this method was applied in a special case
k=n)."

In fact, 7 must depend only on py, p,; and F(U) = Y2 4 - [p1(wy,. . ., ©,)] 24 u-
pa@y,. .., @) (4,10 = const) if py and p, are homogeneous since F(U) is homoge-
neous of degree two.

We have tr U* = > ol (Ut =Uo...0U;, k=1,...,n), which is evident
for UED,, and putting p; = tr U'in F=%2 -p?+u-p» yields (*), which
completes the proof. (Furnish all the details.)

We leave it to the reader to prove the corollaries as formulated below that are
important for the elasticity theory. S, is an orthogonal sum of two subspaces
consisting, respectively, of matrices with zero traces and dilatations, S, = R, @@ *
C,:U=R+C(C=(rUn)ER=U-C).° Any isotropic Hooke’s operator
has R, and C, as its eigenspaces, with the eigenvalues, respectively, 2u and #nK,
where K = A + 2u/n."” Thus, an isotropic Hooke’s operator is invertible if and
only if u and K are distinct from zero, and in this case, the inverse operator can be
determined by the formula H~'S = ﬁ[S — L (trS)E]. H~ " maps a diagonal matrix

!5 An explicit determination of coefficients of proportionality is unnecessary; to prove their
distinctness from zero, one can proceed as follows. A map P: (wy,. .., ®,) — & @j..., Y. ®")
is a composition of Vieta’s map V: (wy,. . ., ®,) — (01,. . ., 6,) and amap S: (a1,. . ., 6,) — O @;,. . .,
> ;). The Jacobi matrix S« is polynomial and triangular, with constant diagonal elements equal
to the desired coefficients. The Jacobi matrix P is a composition of matrices Vi and S«. P is
nondegenerate for (and only for; why?) distinct wy,. .., w,, and hence S« is nondegenerate for
distinct wy,. . ., ,; but since the diagonal elements of S« are constant, they are distinct from zero.
QED. (We leave it to the reader to fill in the details.) Also, we have determined the critical set of
Vieta’s map (the set of all critical, or singular, points of V, i.e., the points that Vx degenerates). (We
leave it to the reader to formulate this result. A different proof of this result uses the explicit form
of the Jacobian of Vieta’s maps, detV, = det(a,-,l (01,...,0,..., wn)) = [ (w; — ), that can

1

be derived using section S1.4 from the “Jacobi Identities and Related Combinatorial Formulas”
problem group. In addition, readers familiar with elements of complex analysis can prove the
foregoing result using the implicit function theorem’s inversion, which states that a bijective
holomorphic map U — V), where U, V are open sets in C", is biholomorphic (< nonsingular), and
the facts about polynomials with complex coefficients — that a polynomial of degree n has exactly
n complex roots and all roots of the polynomial with the leading coefficient equal to one will
remain bounded when all coefficients remain bounded. Furthermore, a point (®y,. .., ®,) with
distinct complex coordinates @; is in an open polydisk f = D; x ...x D,, where D; are disjoint
open disks in C with centers w;, respectively. U intersects at most once with any orbit of the group
of all permutations of coordinates (the symmetric group) S,; hence, the restriction V|, is injective.
Next, V(W) are open for open W: if for oEWthe point ¢ = (03,. . ., 6,) = V(w) does not possess a
neighborhood in C" every point of which has a preimage in W, then we can find a convergent
sequence 0™ — ' so that the points ¢ = V() do not have preimages in W and ¢ — o as
v — o0; but since Aw’ = w for an appropriate transformation AES,,, Ao — o, and so Ao EW
for all sufficiently large v; however — contrary to the assumption — Aw™ (along with ») are
preimages of 6. Thus, U is bijectively mapped onto an open set V = V(). We leave it to
interested reader to fill in the details.)

'®In the elasticity theory, R and C are related to the shear tensor and the compression tensor,
respectively.

"7 In this connection, y is also called the shear modulus and K the bulk elastic modulus.
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S = 1 onto U :% 1 , where

E— 2n*ukK o= nK—2u nl
T n(n—1)K+2w T n(n—1)K+2u — n(n—1(n—1))K+2u *

via andoarei:(lﬂﬂ[fw, u:ﬁ, K=

'® Expressions of A, y, and K

m. ' For positive u
and K, o lies between —1 and (n — 1)71, taking these boundary values for K = 0
and u = 0, respectively.”® Also for positive ¢ and K [more exactly, for a positive n
(n — DK + 2u], 7 is positive if and only if o is positive.?! Interested readers will
find a further development and discussions of related aspects in Landau and Lifshitz

(1987) and references therein.

S6.10

On the characterization of the normal operator via commutativity of PD factors.
Necessity. We must prove the commutativity of S; (= S;) with F; and F, on ker A
and im A. On ker A it is evident, and on im A it follows from equalities of the PD
factors, as Silim 4 = Salim 4 and Filiy 4 = Falim a4, for a nondegenerate normal
operator Al;,, 4. (We leave it to the reader to furnish the details.)

On the proof of the spectral theorem for normal operators. A proof of the lemma
from section E6.10. Let X commute with ¥ and L be the total eigenspace of X
corresponding to an eigenvalue 4. For x€L, X(Yx) = Y(Xx) = Y(ix) = AYx, and
therefore YxEL since L is the total eigenspace corresponding to A.

S6.11

A proof of lemma from section E6.11. Assume that a;/b; < ... < a,/b,. Sum the
inequalities

"¥1n the elasticity theory, these parameters are called, respectively, Young’s modulus and the
Poisson coefficient.

191n elasticity-theoretic considerations, A, u, K, and have the dimensionality of pressure (energy
per unit volume) and ¢ is dimensionless.

2OValues of ¢ close to (n — 1)~! (occurring for p/K < 1) are characteristic for rubber and
materials with a similar elastic behavior.

2! The positiveness of ¢ is usual for natural materials; a material having ¢ < 0 would thicken
under the axial extension!
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a, a, a,
%:hl = a Sﬁbl, %:hzgaz Sébz, ey Z—:hpgap :F:bp’

and then divide all by by + ... + b,,. The resulting inequalities will be strict unless

all of a;/b; are equal.
Establishing the equality IAll = IA"ll using duality.

diagram,

—1

2 ) (GAQ) = (A, ) AT,

or,A*;v_Dfl oBoD. .
IDxI" = 1xl = 11D o A"o D™'I" = 1IA"]l. Indeed,

||D o A* oD"H* = max |(DoA* oD’l)x*

|*
b =1

= max |(DoA*)x|" = max |A*x| = ||A"|
x|=1 x|=1

|X*|* _ ‘D—]x*

= |xf|* = r‘n‘ax |x* (x)] (: max |1c*(x)\/|x\> . Considering an orthogonal
x|=1 X

. . . . 1
sum x = ae + X', where e is a unit vector collinear with D™ 'x,

U = 029 = |y e

which has the maximal value ID_%x*I (obtained when X' = 0).
| | * = Iln‘ax [x*(x)| = 1D o A"o D™'I" = IIAll. A deduction similar to the previous one shows
x|=1

that [x*| * = mas [x* ()] = "0l < "1™ lxl, Vx, and therefore I(x"o A) xl < "1 - 14x < 1x"1" - Al
x|=1

- IxI; hence, Ix*o A" < T lIAll, so 1D o Ao D7 < lIAll. The inverse inequality can be proved
as follows. Let x be a unit vector such that |Ax] = llAll, and let e be a unit vector collinear with Ax
and f = De. We have IfI" = 1 and If(Ax)| = I{e, Ax)| = |Axl = llAll; therefore, denoting the opera-
torD o A"o D' as B, we have

BII" = [IBI[" - |fT" - [x| = [Bf|" - || > |(Bf)x| = [f(Ax)| = [|A]|

Readers familiar with infinite-dimensional Euclidean (Hermitian) spaces (usually referred to as
Hilbert spaces) can modify the foregoing proof to make it valid for continuous linear operators on
these spaces. In this case, “sup” cannot be substituted by “max” because a unit vector x such that |
Axl = lIAll may not exist, but in any case there exists a sequence of unit vectors x,, such that |
Ax,| — llAllas n — oo, so we can take unit vectors e, collinear with Ax,, respectively. If the space
is complete, then the duality mapping D defined similarly to the one defined in section H6.11
brings an algebraic and a topological isomorphism between this and the adjoint space, as stated by
the Riesz theorem.?> An incomplete space can be completed with respect to the Euclidean
(Hermitian) metric that will not affect the adjoint space. [To prove this statement, we need to
prove that a continuous linear functional f is uniquely continuously extendable to the completed

22 The adjoint space is defined as a space of all continuous linear functionals, which for a finite-
dimensional space is the same as the space of all linear functionals.
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domain and that this extension has the same norm as f. Let a sequence x,, in the source space
converge to a point of the completion. f{x,) is a Cauchy (fundamental) sequence because |f(x) — f
I < lIfll-lx — yl. Clearly, defining f,(x) = lim f(x,) when x = lim x, is the only option for a
continuous extension of f to the completion of the space, and this definition yields a continuous
linear functional on the completion that has the same norm as f.] We leave it to the interested
reader to fill in the details.

Also for a finite- or infinite-dimensional vector space with a non-Euclidean (non-Hermitian)
norm, the preceding arguments show that if A is a continuous linear operator, an operator X —xo
A in the adjoint space is continuous and possesses the same norm as A. Indeed, by the Hahn-
Banach theorem the linear functionals f,, of the unit norm defined on the one-dimensional
subspaces spanned, respectively, on Ax,, [so that |f,(Ax,)| — llAll as n — oo] are extendable to
the whole space as continuous linear functionals of the unit norm.



2 X 2 Matrices That Are Roots of Unity

Problems

P7.0

Preliminaries. As readers know, a polynomial equation of degree n has at most
n roots (considering multiplicity) in a number field containing its coefficients. How
many roots does a polynomial equation have in a matrix ring? First, how many roots
of degree n of 1 = E, that is, matrices X, such that X"=X o ... 0 X, = E, are there?
And how would one enumerate them? These and related questions that can be
answered given a relatively modest level of knowledge on the reader’s part are
discussed in this problem group. That is, we will characterize the roots of E in a ring
of 2 x 2 real-valued matrices (sections P7.l**, P7.2**, P7.3**, P7.4**, and P7.5**)
and show some applications to other mathematical topics: matrix norm estimation
(sections P7.6",P7.7" ", and 7.8""") and spectral analysis of three-diagonal Jacobi
matrices (sections P7.9" and P7.10™").

In what follows, we will often not distinguish between linear operators and their
matrices with respect to a fixed basis.

iy

p7.1

Obviously, n orthogonal operators on the Euclidean plane R*

cos 0 —sin 0 "
Ro_(sinl) cos())’ 0=0;=2nk/n, k=0,....,n—1,
which are rotations by angles 0, are roots of degree n of E. Prove that for odd 7 no
other orthogonal roots of E exist. Does a similar statement also hold for even n?

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 85
DOI 10.1007/978-0-8176-8406-8_7, © Springer Science+Business Media, LLC 2013
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Fig. 1 Projection makes
rotations irregular X2+ y2cos? =1

y'=ycos ¢

12 12 _
X'“+y'“=1 X' =X

tg 0’=y’/x'=y cos ¢/x=tg 6- cos ¢

B

p7.2

Matrices similar to roots of degree n of E also are such roots. Prove that any root of
E in a ring of linear operators on a Euclidean (complex Hermitian) space is similar
to an orthogonal (resp. unitary) root, or, which is the same thing, is itself orthogonal
(resp. unitary) with respect to an appropriate Euclidean (resp. Hermitian) quadratic

form (in other words, an inner, or scalar, product).

Rotations, relative to some scalar product on a plane, look like “irregular rotations” with
respect to a different scalar product. This corresponds to the following geometrical picture: when a
point rotates in a plane in the Euclidean space R?, its projection onto a nonparallel plane in the
same space will rotate in an “irregular” way (Fig. 1). In practical terms, such situations are
encountered in computerized tomography (CT) when radiographs and reconstruction are applied
in different (nonparallel) planes.'

B

pP7.3

Prove that a real-valued 2 x 2 matrix with nonreal eigenvalues of modulus 1 is
orthogonal with respect to some scalar products in R%. SAow that for a fixed matrix
all these products are proportional to one another.

! A short glossary (including radiograph) and literature references related to CT are in section P5.0
(the “Dynamical System with a Strange Attractor” problem group above). The use of different
planes for raying and for reconstruction can be imposed by equipment restrictions (Robinson and
Roytvarf 2001).
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sk

pP7.4

Describe minimal polynomials of the roots of an odd degree n of E in a ring of
2 x 2 matrices with real entries. Derive from the preceding task the following
characterization of the set of these roots: geometrically, it is a disjoint (or discon-
nected) union of one single point and (n — 1)/2 hyperboloids of two sheets
. o . .

(m the space Ri,ﬁ,y,(s = { (V g ) }), this single point corresponds to Ry = E|
and n — 1 vertices of those sheets correspond to RH'A” k=1,...,n— 1;2 similitude
transformations A — C~' o A o C, with the orientation-preserving linear operators
C, transpose elements inside the hyperboloids’ sheets, whereas transformations
with the orientation-reversing C transpose the sheets of each hyperboloid.’

kok

P7.5

Make for even degree n descriptions analogous to those given in section P7.4""
for odd n.

seskesk

P7.6

This and the next two problems are addressed to readers familiar with normed
vector spaces. A Euclidean or Hermitian space is normed since the triangle
inequality Ix 4+ yl < Ixl 4 Iyl follows from the Cauchy-Schwarz-Bunyakovskii
inequality | (x, y)|* < (x,x) - (y,y). (These inequalities are discussed in more detail
in the “Convexity and Related Classic Inequalities” problem group below). The
norm of linear operator A in a normed vector space is a nonnegative number
defined, with respect to the norm |-l in the source space, as

Al = sup |Ax|/]x| = sup |Ax]

|x]=1

2 The property of being a rotation and the locations of sheet vertices are related to a scalar product.
An observer connected to a different scalar product might refer to different roots of E as rotations
and, in just the same way, different points of the sheets as their vertices.

? Readers preferring “scientific” terminology may reformulate this claim as follows: the group GL
(2,R) acts by similitude transformations on the space of linear operators on R?; the roots of degree
n of E form an invariant subset; for odd #, the hyperboloids coincide with all regular orbits (one to
one), and a single point forms a singular orbit. GL(2,R) consists of two connected components of
orientation-preserving and orientation-reversing operators (problem P6.8"""); thus, the similitude
transformations realized by the elements of the first (second) component preserve (as a whole)
(resp. transpose) the sheets.
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(which is equivalent to the equation ||A|| = inf{C>0: |Ax| < C|x|, Vx }; verify
this equivalence). Verify that, in fact, this definition makes the vector space of
linear operators (matrices) normed (with the norm I-Il). In particular, the operator’s
norm is continuous: llA,ll — llAll as A,, — A. (Prove this continuity using the finite
dimensionality of the space of operators). Next, since |Axl < llAll-lxl, Vx, we have
A o B Il < lIAlI-IIBIl for any two linear operators A, B. (Prove this last inequality.
Also see section H6.11 in the “Polar and Singular Value Decomposition Theorems”
problem group above). From this continuity, roots of £ cannot have norms less than
1 (using the operator’s norm defined with respect to any norm in the source vector
space; why?). Deduce from these that linear operators that are orthogonal with
respect to some scalar product cannot have norms less than 1 (using the operator’s
norm defined with respect to any norm in the source vector space). However, a root
of E (orientation-preserving or -reversing) can have its norm arbitrarily large;
give examples to show this is true.

Sskesk

pP7.7

According to the previous problem, a linear operator’s properties of having a norm
equal to 1 and having it greater than 1 are not similitude-invariant. Also, the property
of having a norm less than 1 is not similitude-invariant (give examples). If llAll < 1
(using the operator’s norm defined with respect to any norm in the source vector
space), lim A" =0 in the operator’s space. (Prove.) Therefore, sequences of

n—0o00
iterations A”x starting from any x tend to zero (and vice versa). And obviously,
lim A" = 0 = lim B" = 0 for any operator B similar to A, regardless of B’s norm.

n—oo n—oo

Express the property  lim A" = 0” in terms of A’s eigenvalues.* Also, sAow that this
n—oo

property is equivalent to lIBIl < 1 for some linear operator B similar to A.

sfesiesk

pP7.8

Prove Gelfand’s formula for a linear operator on a finite-dimensional normed
vector space: lim </ ||A?| = max< )M|. >
n—0o0 A

A € Spec

*The eigenvalues are similitude-invariant; moreover, the numbers of eigenvalues located inside
and outside the unit disk in C, and the eigenvalues themselves that lie on the unit circle, are
topological invariants (Arnol’d 1975, 1978).

3 The inequality lim {/[[A"]] < ||A|| becomes an equality for a normal operator on a Euclidean
n—oo
space (since in this case [|A]| = rsna)i ) |4]) but may be strict for a nonnormal one (see section
LESpec(A
P6.11"", the “Polar and Singular Value Decomposition Theorems” problem group above). For

an infinite-dimensional version of Gelfand’s formula see Belitskii and Lubich (1984) and
references therein.
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ki

pP7.9

Find the eigenvalues of the n X n matrix . Derive from it the

0 1
1 0
n
inequality x;x 4 . .. + X, 1%, < cos; % - 0 7 (Vxy,. .., x,€R) (which is exact, in the
=1

sense that cos ;7 cannot be replaced by a smaller factor that would depend only on ).

n n
Fstablish the identities [] cos*Z = 27" and [] coss % = 27"\/n + 1,
k=1 k=1

2n+1 2
Yn=1,2,....
L

P7.10

0 —1

1 0 .
Prove that all eigenvalues of the n X n matrix (entries not

.0 1

—1 1 0

filled with numbers or dots are zeros) belong to the set {2 cosZ, ..., 2cos @,

n
—2} . Derive from it the inequality x;x; + ...+ X, 1%, — X,x; < cos?- Zx,z

i=1
(Vx1,. .., x,€R). Show that this matrix really has an eigenvalue of —2 if and only
if n is odd; this eigenvalue is simple, and the corresponding eigenspace is spanned
on the vector (1,—1,1, —1,...,1).

One can prove that 2 cos % really is the eigenvalue (of multiplicity 2, with a two-dimensional
eigenspace) with the help of the well-known Frobenius-Perron theorem about matrices with
nonnegative entries. (This theorem states that if 4 > 0 is the maximal absolute value of an
eigenvalue, then 1 is an eigenvalue and, in addition, possesses a nonnegative eigenvector.®
Apply this theorem to a matrix from Sect. P7.9*%* substituting n—1 for n.) Thus, the preceding

5Very often the Frobenius-Perron theorem is formulated with an extra condition producing such
implications that A is a simple (nonmultiple) eigenvalue, all elements of the corresponding
eigenvector are positive, —1 is not an eigenvalue, and so on. (The matrix from section P7.9""
does not satisfy that extra condition since — A is an eigenvalue together with A, but this matrix has
n distinct, simple eigenvalues). The Frobenius-Perron theorem and its generalizations are
connected with Markov chains, the theory of groups, and the theory of graphs. These theorems
are widely applied to stochastic processes, differential equations, functional analysis, convex
analysis, theory of games, mathematical economics, and other areas. Readers will find further
discussions of the Frobenius-Perron theorem with generalizations and related subjects in
Gantmacher (1967), Bellman (1960), Beckenbach and Bellman (1961), Horn and Johnson
(1986), Belitskii and Lubich (1984), and multiple references therein.
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inequality is exact. We leave it to interested readers to determine the remaining eigenvalues, their
multiplicities, and all eigenspaces. (This may require some advanced technical elements as
discussed in section E12.30, the “Least-Squares and Chebyshev Systems” problem group below).

Hint
H7.1

The orientation-preserving and orientation-reversing elements of the orthogonal
(for a fixed scalar product) group in R? are, respectively, R, and

sin 0  cos 0
Qp: = (cos 0 —sin 0). All Qg are square roots of E and, hence, roots of any
even degree of E. (They are not roots of any odd degree of E; why?) At the same

time, for any 7, all Ry that are roots of degree n of E are Rgrkz; prove it.

H7.2

(C'oAo(C)"=C"0A" o C=E when A" = E. To prove the inversion,
show, for the root of E, that root subspaces in the complex case and the
complexified root subspaces in the real case have (complex) dimension 1.
Therefore, the Jordan canonical form of the root of E will be unitary (resp.
orthogonal) with respect to the coordinate scalar product and to the Jordan basis
eq,. .. (that is, <€l‘, €j> = (S,:,‘).

H7.3

The orthogonality of a real-valued 2 x 2 matrix, of nonreal eigenvalues of modulus
1, with respect to some scalar product is proved by arguments similar to those in
section H7.2. To prove the second statement, use a simultaneous diagonalization of
two quadratic forms and the fact that a linear operator having matrix K in some
basis is orthogonal with respect to a bilinear form having matrix M in the same basis
if and only if 'K e M o K = M;.

H7.4 and H7.5

The minimal polynomial of a root of degree n of E in a ring of 2 x 2 real-valued
matrices should divide x" —1 and have real coefficients and degree of at most
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2 (because it divides the characteristic polynomial). Therefore, which could it be?
(Warning: cases of odd and even n differ slightly).

H7.6

(A). The continuity of an operator’s norms can be proved as follows. The space
of the linear operators on a finite-dimensional space itself is finite-
dimensional; thus, the norm is a convex function in a whole finite-dimensional
space; therefore, it is continuous (which is discussed in the “Convexity and
Related Classic Inequalities” problem group below).’

7For anorm v = ||, the balls B, ;: = {v < k} are homothetic convex sets, symmetric relative to the
origin and containing oe with a coefficient o > 0 for any vector e. (In a finite-dimensional space,
by virtue of the norms’ continuity, they are closed sets. Why?) Conversely, let a set H possess the
aforementioned properties of convexity, symmetry, etc. For any basis e;, e,,... H contains an
“octahedron” K that is the convex hull of a set { fe;, —fe, fea, —fes, ...} for some f§ > 0. (Why?)
In turn, K contains an open neighborhood of the origin. Therefore, H contains o (0 < o < 1) in
its interior, o C int H. [Indeed, oH + (1 — «)H C int H, while (1 — a)H contains a neighbor-
hood of the origin. How does this help?] Also, the closure H coincides with the intersection (1) oH.
oa>1
(If x € H, x + ¢H intersects with H for all ¢ > 0, so that x € H + ¢H, then C oH for & > 1 when
e<1—olIf x¢ﬁ , a spherical neighborhood of x, does not intersect with H, then xgéocﬁ for some
o > 1; provide a figure!) Lastly, a function defined as

v=vy(x) :=inf{k>0:x € kH}

is a norm and B,; = kH . (The inclusion kH + kxH C (k1 +k2)ﬁ provides the triangle
inequality; why?) The norms’ continuity implies a topological equivalence of any norm vy,
v, in a finite-dimensional space, which means that sup v;(x)<oco, sup vy(x)<oo. (Another
v2(x)=1 vi(x)=1
formulation is C1v(x) < vo(x) < Covi(x), Vx (0 < C; < C, < 00). In particular, any two Euclid-
ean norms in a finite-dimensional space are bound by such an inequality (note: this can be proved
using much simpler means; how?). In fact, for any norm v, there exists a Euclidean norm v, that
satisfies this inequality with C,/C; < y/n, where n is the spatial dimension [Jordan’s theorem
(Schmidt 1980; Hérmander 1983)]. Geometrically, the equivalence means that oB,; C B,; C
PB, 1 forsome 0 < o < f§ < co. (In particular, the balls of all norms in a finite-dimensional space
are bounded sets; why?) Indeed, define for a norm v a polyhedron K contained in B, , as above.
Since v is a continuous function, it has a minimum on the boundary 0K (as this is a compact set).
This minimum is positive. (Why?) Therefore, K C B, ; C oK for some o > 1 (why?), so that
norms v and vk are equivalent. Since the norms’ equivalence is obviously a kind of equivalence
relation, this implies the equivalence of all norms. QED. Lastly, a function vo(x) := max x|

where x; are coordinates with respect to some fixed basis, is a norm. Therefore, from the norms’
equivalence we obtain the following statement: a sequence {x"} in a finite-dimensional space
tends to zero when x"” — 0 for some norm. (From the norms’ continuity, x™ — 0 = [ x| — 0
for any norm).
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(B). From the inequality for the norm of a composition we have, for R = E 1 "

L=[EIl=lIR"l < [IRII",

so that lIRIl > 1.

Show that the roots of E form an everywhere dense subset of the set of
orthogonal linear operators on a Euclidean plane R?. Generalize this result
proving a similar statement for a Euclidean space R"; this can be achieved
using the orthogonal spectral theorem over the real numbers (see footnote in
section E6.8).

o

From (A) — (C), norms of orthogonal linear operators on a Euclidean space
cannot be less than 1. (Why?) At the same time, the distant points of the
hyperboloids from sections P7.4™" and P7.5"" correspond to roots of E with large

norms. Here are some of those roots of norms greater than or equal to N: Ry,

_N-1 -1
= <](\)[ 201(;]5 o ), On = (1(\; NO ) (The norms are not less than N as ’R]'\’,_’kx’

= N, |Qy xI = N for some xeR?of I x| = 1, which ones? Also, readers can find the
norms’ exact values).

H7.7

An orthogonal root of E, R in the ring of linear operators on the Euclidean plane R* has
a (Euclidean) norm value of 1. However, according to section P7.6***, a similar
operator C ~!o R o Ccanhave an arbitrary norm N > 1. Hence, IIN ~IRIl < 1, whereas
IC™" o N'R) o Cll = 1. Also, || %R || <1, ||C~" o (A£R) o C||>1for0 < & < N
— 1. Next, the property nlirgo A" =0 is equivalent to the following statement: all

eigenvalues of A are located inside an (open) unit disk in X. Prove the foregoing
statement and the last claim of section P7.7""" using Jordan’s canonical form.

H7.8

For eigenvector x in the complexification of the vector space corresponding to
eigenvalue A, lA"xl = I1AI"-Ixl, so IA”Il > 12" and IA”Il /" > |]I. Establish the inverse
inequality using Jordan’s canonical form.
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H7.9

The answer is: 2 cos %: k=1,...,n. To calculate the characteristic polynomial,
apply the usual reduction to a triangular form:

x(4) = det = det -1

When the characteristic equation y(1) = 0 is solved using an approach from the
theory of continued fractions, 2 x 2 matrices with eigenvalues cos % + isin%
arise. (Does this tell the reader something?)

Next, the inequality holds because it is equivalent to the statement that the
maximal eigenvalue of the quadratic form on its left-hand side is equal cos-Z-

- n+1°
The first trigonometric identity from section P7.9™" is obtained with the help of the relation

“determinant = the product of all eigenvalues,” as applied to the matrix from section P7.9" for
even n. The second identity can be obtained by a similar application to another three-diagonal
matrix. (Which one?)

H7.10

Denoting the matrix from section P7.10"" as B, we have

1 =1 [ 1 -1
1 A
o R N N
-1 | | ~1 1

where Aisthe (n — 1) x (n — 1) matrix from the previous problem section P7.9".
A direct computation brings, for eigenvalue / of B and the corresponding eigen-
vector ‘(xq,. . .,X,),
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X2 X1 X —Xn
G-a| =] o | G-af =] o |
Xn 1 Xn—1 Xn
J— 1 p— 1
X2 — X = AXp, —X| + Xp—1 = AXy.

Matrix A is symmetric with respect to the reflection in a secondary diagonal and,
hence, is permutable with a linear transformation 7: R"~' — R"~! transposing the
coordinates, which are equally spaced with respect to the ends. Therefore, T
preserves eigenspaces of A, and in addition, applying a linear operator E + T to
the pair of the preceding matrix equations, we obtain that either / is an eigenvalue

X2 Xn X1 Xn—1
ofAor| : | =—| : and : = - . |. (Fill in the details). In the
Fn X2 Xn—1 Xy
first case apply section P7.9"" to make a decision concerning . In the second case,
an inductive computation of the relationship among x; using the pair of preceding
scalar equations yields all possible values 4 = +2. Eigenvalue —2 will exist and

eigenvalue 2 will not exist. (Furnish the details).

Readers familiar with the Frobenius-Perron theorem may show that 2cos’ really is an
eigenvalue of B (of multiplicity 2, with the root subspace that actually is an eigenspace since B is
asymmetric matrix). From this theorem we conclude that, the eigenvector ‘(xs.....x,)

X2 X2
corresponding to an eigenvalue 4 = 2 cosZ is nonnegative and the equality T| @ | = —
Xn Xn
is impossible because this eigenvalue has the maximal absolute value of all eigenvalues of A and
X2 x2
all eigenvalues of A are distinct and, hence, simple. Consequently, T| : | =] : as T
Xn Xn

preserves both eigenspaces of A and Euclidean norms and x, = x,. Now a direct verification
shows that e; = (0, x,,.. ., x,,) is an eigenvector of B corresponding to the eigenvalue . = 2 cos®
Similarly, B has an eigenvector e, = ‘(xy.. . ., x,_,0) (with the same x,,. . .,x,_;) corresponding to
this eigenvalue. We have x; # 0 and x,, # 0 (why?), so that vectors ey, e, are linearly independent.
An eigenvector e = (X', x5, ..., X _1,X,) of B with X'y = 0 is proportional to e;, and if X'y # 0,
thene — (x'; /x; )e; is proportional to e, (why?), so that the eigenspace corresponding to A = 2 cos
is spanned on ey, e,.

A proper modification of the preceding arguments using the description of eigenspaces of the
matrix from section P7.9"" (see section E12.30 in the “Least Squares and Chebyshev Systems”
problem group) allows us to establish that the eigenvalues of B are 4, = 2 cos ¢, k = 1,.. ., [%}

([ denotes the integral part of a number), where ¢, = (2 k — 1)n/n, which have eigenvectors ’

2 2 20
are at least double if £ < [n/2]; so these are double, whereas the eigenvalue —2 corresponding to

(sin'ﬂ sin®2t, ..., sin((n — %)(,00),’(008 2 cos?2, ... cos((n — %)90,\)) Hence, the eigenvalues
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k= % (which exists if and only if # is odd) is simple (nonmultiple). [Also, we can see once again
that the eigenspace corresponding to —2 is spanned on (1,—1,1,—1,...,1).] Interested readers may
fill in the details.

Eigenvalues and eigenvectors of multiple three-diagonal and related matrices can be found

proceeding by the foregoing method. For example, readers can establish that the n x n matrix T

0 1 1
= ! (entries not filled with numbers or dots are zeros) has the eigenvalues
o1
1 1 0
T, = 2 cos (2nk/n), k = 0,. .., [1/2], and

e 15 = 2 is simple and its eigenspace is spanned on ‘(1,. . .,1);

e Fork=1,...[(n— 1)2], 7, is double and its eigenspace is spanned on ‘(sin(mtk/n),. . ., sin
(2n — Dmk/n)) and ‘(cos(mk/n),. .., cos((2n — 1)mk/n));

* 1,5 (existing for even n) is simple and its eigenspace is spanned on ‘(1,—1,...,1, —1).

This description makes it possible to formulate inequalities similar to those in sections P7.9™
and P7.10"". The first of them is quite simple, x1x, + ... + x,0; < foz (it can immediately be
deduced from the Cauchy-Schwarz-Bunyakovskii inequality), but the second one much more
interesting:

XX+ < c0s(27'L/n)~§:x,-2 when x;+...+x,=0;

it follows from the fact that the quadratic form x;x, 4 ... + x,x;, as restricted to the orthogonal
complement of ‘(1,...,1), has a maximal eigenvalue of cos (27/n) with respect to the quadratic
form Zx,»z. Readers should be able to write out the third, fourth, ... inequalities from this list by
themselves.
The preceding description also makes it possible to compare two difference linear operators on R”, defined

-2 1 1 -2 1

1 -2 1 1 -2 1
by the matrices AV = 42 and A® =p2.

1 -2 1 1 -2 1

1 1 -2 1 -2
These operators are uniform grid digitalizations of the one-dimensional Laplace operators
A = d*/df* in spaces of functions of r€[0,/] using the digitalization order » and the spacing
h = I/n. We have AP = 74T — 2E) and A® = h™%(A — 2E), where A is the matrix from
section P7.9"". The spectral properties of these operators prove to be quite different! To be more
specific:

o A@ig negative definite; AW is negative semidefinite, with the kernel spanned on '(1,...,1);

*  Arranging nonzero eigenvalues by their magnitudes (—4,"V < =1L, < ... —1,® < —1,®

<, =AYerkin? — 1, and — AP Ukl — 1 as kin — 0;
o All eigenvalues 1, are simple; o' is simple; 4, with k > 0 are double (except for the

eigenvalue of the maximal magnitude, /1,,/2(1), which exists for even n).}

8 Similar claims were first proved by J.L. Lagrange in the 1750s.



96 2 x 2 Matrices That Are Roots of Unity

That is, 4V = —4 h~%sin®(nk/n) and have the same eigenspaces as Ty, and u® = —4
h’zsinz(nk/Z(n + 1)) and have the same eigenspaces as the eigenvalues of matrix A, which are
spanned on vectors ‘(sin(nk/(n + 1)), ..., sin(znk/(n + 1))), respectively. (We leave it to the
interested reader to furnish all details).

Readers experienced in the theory of ordinary linear differential equations know that the
Sturm-Liouville boundary eigenvalue problems using operators A defined above have different
solutions for the spaces of functions on 7€[0,/] in the following two cases: (1) having arbitrary
equal values at both endpoints (periodic boundary condition) and (2) having zero values at both
endpoints (homogeneous boundary condition of the first kind). In the first case, A has the
eigenvalues — (27k/l)* (k = 0,1,...), simple for k = 0 and double for k > 0 [the eigenspaces are
spanned on sin(2wkt/l) and cos(27kt/l)]; in the second case it has the eigenvalues — (nk/l)2
(k = 1,2,...), all of which are simple [the eigenspaces are spanned on sin(rrkt/l)].9 Thus, difference
operators A" and A® correspond to digitalizations of A under different boundary conditions —
respectively, the periodic condition and the homogeneous condition of the first kind.

oo 01 0 cee O O
o oo ol o R 5]
AW is a special case of a symmetric matrix of the form = ’ ’ ’ | [the
. . . . . n
Oy -+ O oy oo 0
oy [0%) N ) oy 0o
first row looks either like (1(),0(1,. < Ln—1)/25 X(n—1)/25 + +» (11) or (M(),O(l,. - X(n—2)/2, 0, A(n—2)/25+ + >

o) — respectively, for odd and even n, and the remaining rows are obtained by circular shifts of the
first row]. These matrices can be expressed by polynomials coE + ... 4 ¢,77in T of degrees smaller
than or equal to ¢ = [(n — 1)/2] with numerical coefficients ¢;; each coefficient can be determined
from an upper-triangular system of ¢ + 1 linear equations with, respectively, ay,. .., &, on their
right-hand sides. (Readers can explicitly determine the left-hand side of the system by induction on n
using Pascal-like triangles; the cases of even and odd » should be treated separately). Such matrices
having o;; > Oand ag + 2 Y o; = 1 are used to digitize symmetric blur operators. Blur is inevitably
i>0
caused by several factors that are inherent in every physical system. For example, in X-ray
(tomographic) technology the main causes of blur stem from the scintillator, the optics and the
CCD, X-ray dispersions, and the finite size of the focal spot; there are some secondary causes of blur
as well. Blurring makes reconstruction difficult because it rounds edges and corners and practically
removes small geometrical details such as toothed surfaces: mathematically, the value of 2 Y o; may
i>0
be comparable with . Accurate reconstruction requires deblurring the data, i.e., removing the
impact of blurring. Deblurring (deconvolution) consists of inversion of the blur operator. As one is
able to prove, in general (when2 ) «; is comparable with o), the minimal modulus of the digital blur
>0

operator’s eigenvalue on the orthogonal complement to its kernel tends to zero as a digitalization
order n — oo. Because of that, unlimited increasing of this order raises noncontrollable artifacts,
which makes common inversion algorithms entirely impractical for deblurring. This problem and its
solution using the Tikhonov-Phillips regularization will be discussed in the “Method of Steepest
Descent and Deblurring” problem group in volume 2 of this book.

° In fact, all differential operators of the second order that are symmetric with respect to a properly
weighted integral scalar product in the space of functions have similar spectral properties.
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Explanation
E7.1

Qp cannot be the roots of an odd degree of E since det Q) = (—1)". Next, the

a :ﬁ’) = V@& + 1% - Racunpja) @b € R form a field

matrices of the form < b

(also, the map (Z

of complex numbers) — see section H6.9 (the “Polar and Singular Value Decompo-
sition Theorems” problem group above). A polynomial equation of degree n has at
most n roots in a field; thus, there are at most n roots of degree n of E that have the

a —b
form (b a)'

_; ) —a + bi gives an isomorphism of this field onto the field

E7.2

The (complexified) root subspaces of a root of E cannot have a (complex)
dimension greater than 1 for topological reasons. Indeed, for a Jordan box of size

am mim—] (’; > im—z

A1
k>1J = ( 21 ) we will have J" = m - (;ﬂ) =

so that for some vector x (for example, which?) J”'x grows as mkil, whereas J?'x

= x, VgeZ. QED.

E7.3

Let a linear operator be orthogonal with respect to two symmetric bilinear forms,
one of which is positive definite (a scalar product). By the theorem about simulta-
neous diagonalization of two quadratic forms (in other words, the spectral theorem
of symmetric linear operators), there is an orthogonal basis for both of them and one
of them has the identity matrix, , with respect to this basis. Matrices of the operator
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and second form in that basis, K and A respectively (A is diagonal), satisfy the
equations

'KoK=E, 'KoAoK=A.

From the first equation K = Kil, so that the second means that K commutes
with A. K is a rotation (otherwise it would have the eigenvalues +1; see sec-
tion H7.1 above); therefore, the proof can be completed by reference to the fact that
the rotation and diagonal matrices in R commute if and only if the first is + E or
the second is proportional to E (section E6.9, the “Polar and Singular Value
Decomposition Theorems” problem group above).

E7.4 and E7.5

The minimal polynomials of roots of odd degrees n of E in a ring of 2 x 2 real-
valued matrices are either u(x) = x —1 or u(x) =x*> —2cos{x+1, k= 1,...,
n — 1. For any even n we will have all of the above, as well as two extra
possibilities: u(x) = x +1, ux) = X2 —1. For uw(x) = x £1 the corresponding
roots are £+ E. If deg u = 2, then u will coincide with the characteristic polyno-
mial; therefore, in the terms of matrix elements

p(x) =x* —2cos0ix+1 & a+35=2cosl, (oc—cos@’kf)z—&—ﬂy:—sinze’,:;
u(x) =2 — 1 & a+6=0, 4py=1.

The first group of these equations corresponds to a hyperboloid of two sheets Hf
in a hyperplane {a 4+ =2cos 0,'(’} of Ri" $.y.0» and the second group corresponds to a
hyperboloid of one sheet H' in a hyperplane {o + 6 = 0} of the same space. Verify
that for the vertices of the sheets of H we have o = § = cos 0}, f = —y + sin 0,
which corresponds to the matrices Ry, and on the neck (striction) circle of H' we
have « = —5, f = 7, «* + > = 1, which corresponds to the matrices Qp.'"" The
points of H% and H' correspond to operators similar to Ry and Qy (according to

10 The correspondence of a point of a hyperboloid to an orthogonal operator and the location of the
neck (striction) circle on this hyperboloid are connected to a scalar product. An observer using a
different scalar product might refer to different linear operators as orthogonal and, similarly, to a
different neck ellipse on the hyperboloid as the circle.
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section P7.2**).11 Next, orientation-preserving and —reversing components of GL(n,
R) give connected similitude orbits (according to section P6.8***); therefore, the
sheets of Hi should coincide with those orbits. (Why?) Lastly, H' is covered twice
by the similitude action of GL(n,R), just as it is covered by the orbit of each
component, which is clear from the multiplications

cosf sin6 0 1 cosf) —sinf sin20  cos20

(—sin@ cos9)0(1 0>o(sin0 cos0>:<c0520 —sin29>
sinf  cosf 0 1 sinf  cosf

:(COS0 —sin9>o<1 O>O<COSH —sin@)'

[Complete the proof using the polar decomposition (see the problem group
“Polar and Singular Value Decomposition Theorems™)].

E7.7

For an eigenvector x in the complexification of the vector space, corresponding to
an eigenvalue A, lAxl = |1I-lxl, so A”x does not tend to zero if | A1 > 1. On the other

om mim—l (’;l ) ;Lm—2

hand, the Jordan box’s powers J” = am a1 (7;1) Jm-2

tend to zero for | A | < 1. (Why?) Therefore, A" — 0 if all its eigenvalues are of

moduli less than 1. Changing a Jordan basis in a root subspace e, ez,..., ei—eq,
A1
ges, ..., e le; substitutes the corresponding Jordan box as o1
L€
— VA . A norm of the last matrix (defined with respect to any fixed

norm in the source vector space) equals | 4 | + O(e); therefore, it is less than 1 for
I A1 < 1 and small &, which completes the solution of section P7.77",

"' Eigenvalues are similitude-invariant. Actually, eigenvalues lying on a unit circle in C are
topologically invariant (Arnol’d 1975, 1978).
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E7.8

A Jordan box of size k has the form J = AE + N, where N is nilpotent of degree &,
N* = 0. By the binomial formula,

e e (1)@ = o0

Because of this, for the norm |x| := max |x;|, with the coordinates taken with
l

respect to the Jordan basis, [A"x| < max [A"- O(n*"") - |x|. Hence, [|A"|| <
A € Spec(A)

max( : |)v\"~0(nk’l) , and similar inequalities, with appropriate functions
A € Spec(A

O(n*™1), will hold for all norms in the linear operators’ space. (Why?) Extracting

the root we come to the inequality </ ||A"|| < max( )|i| (14 0(1)), which
A € Spec(A

completes the solution of section P7.8""". (Find and fill the gap in our arguments).

E7.9

Verify that polynomials in 4 with integral coefficients py(1) = A* + ..., gu(A), of
greatest common divisor 1, which are the numerator and denominator of a fraction

Z igjg =)— ;I_I; (of k stories on the right-hand side), can be taken as, respectively,

the first and second components of a planar vector (Z k) = M"( !
k

0)’ where a matrix

is M= <T _01 > . Next, it is easy to see that p, = y. (Why?) Therefore, the

characteristic equation is p, = 0; in other words, the vector M" ( 1) lies on the

0
ordinate axis. On the other hand, M maps this axis onto the abscissa axis, that is,
the positive semiaxis of the ordinate onto the negative semiaxis of the abscissa.
Derive from this that M"*! = kE. But since det M = 1, we have k = +1; hence, M
may have only eigenvalues pu, = cos%j: isin%, using one of k =1,..., n
(k =0, n + 1 are excluded as M # +E). Finally, M has y,,(n) = u*> — 2u+ 1 as
its characteristic polynomial, so 2 = p,+p_, and these must be included for all
k =1,..., n since the matrix in section P7.9"" cannot have multiple eigenvalues

(verify), completing the proof.
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. 0 -1 1 0 0 -1 0 -1 . .
Since (1 0 ) (0> = (1> and (1 0 ) < 1> = ( 0 ), the determinant of the two-diagonal

matrix from section P7.9"" will be equal to zero for odd 7 and to (—1)" ™4 *2 for even n, yielding
n
the trigonometric identities [] cos 22% =27",Vn = 1,2,.... [Fill in all details; a different proof
k=1

may be obtained using the Chebyshev polynomials, discussed in the “Least Squares and
Chebyshev Systems” problem group below; also, see an elementary proof in the special case
n = 7 in Venkataraman (1971) or the issue of Trigg (1967) in Russian (1975): Tpurr, Y. 3agaun c
nstomuHkoit. [Tox pen. B.M. Anekceesa (Alexeev V.M., editor). “MIP” Press, Moscow.]
Next, we find that the eigenvalues of a three-diagonal n X n matrix
-2 1

B ] ) ) _ ki km .
A— o are /Jy =2cos;Tr —2 = —4sin";

k=1,...,n. (This matrix

-2 1
1 -2
results from the uniform grid digitalization of the operator d*/df?). Also, an induction on n

shows that (? _01> (é) = (n: 1) (n=0,1,..), so det A =(=1)"-(n + 1). Thus,

n
identities [] coszfﬁ =2"V/n+1,Vn = 1,2,.. ., can be proved. (Furnish all details; a different
k=1

proof may be obtained using the Chebyshev polynomials, discussed in the “Least Squares and
Chebyshev Systems” problem group below).

Completing the Solution

S§7.2
0
. m(m—1)...(m—k+2) ;mfk+1
For x = O we have J"x = ( (k=1)! ; ), the magnitude of the
*
1

first component of which grows as m* ' [more precisely, as m*~'/(k — 1)!] for
large m (as 1Al = 1).

S7.3

The results of the problem sections P7.3™ and P7.4™" show that positive definite quadratic
forms in R? form an algebraic variety, which is a cylinder over a sheet of a hyperboloid of two
sheets [a Cartesian product of this sheet and positive semiaxis (0,00)]. The same may be
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. . . . (x . .
verified directly because the entries of matrix (y )27 ) with a determinant equal to one are

bound by the equation determining a hyperboloid of two sheets, xz — y2 = 1, and, finally, the
desired sheet is selected using the Sylvester criterion: x,z > 0. In turn, the problem sec-
tion P7.4™" can be solved using this result and the result of section p7.3".

S7.4 and S7.5

Denote the similitude action of a linear operator T by Az, AzX = T~ ' o X o T, and
the set {A7X: T€S} by AsX. A proof of the theorem stating that the sheets of the
hyperboloid Hi coincide with the orientation-preserving and orientation-reversing
similitude orbits Agz+(, r)Rer and Agr-(,r)Re;, respectively, can be provided as
follows. We have the representation of this hyperboloid as a union of connected
subsets,

H; = AcrLimp)Rer = AcrL+(nr)Ror U AgL-(nr)Ror

and, on the other hand, its sheets are connected components; this proves the
necessity because any connected subset is contained in some component. QED.

Perhaps readers will better understand this theorem when they consider the
following statement:

* The commutativity identities Ry o R, o Re_l =R,, QpoR,0 Q;‘:’R¢ =R_,
(these show when a similitude transformation remains invariant or substitutes
one sheet for another),

_ -1 X
¢ The commutativity identity (g S) o <Z ab) o (XO y91> = (fb 2 )

s

t
¢ The arc t— a B (5) b (t€[0,1]) connects the matrices (Z :) and
a

()b
) w0
a Ly =0

and then we employ the polar decomposition. (The reader is encourage to complete
the proof).
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Turning to the hyperboloids H', the commutativity identities for Qy = (O | )

1 0
in section E7.4 and E7.5 show, taking into account thatH! = AGL(n,r) Qo (by virtue of
section E7.2'%) and using the polar decomposition, that

H' = Agr+ (nr)Q0 = AgL-(nr)Qo - If now XeH' and AzX = Qy, then we have,
depending on the sign of det 7, T o GLi(n,R) = GLi(n,R) orT o GLi(n,R)
= GL™(n,R),"* which yields Agr=r)X = Agr=(nr)Qo Or, respectively, Agr+(,r)
X = Agr+(nr)Qo, and, in any case, H! = AgL+(nR)X = AGL-(nr)X- QED.

S7.7

The binomial coefficients (7:

that all entries of J” for a Jordan box J corresponding to an eigenvalue 4 of 1Al < 1
decrease exponentially as m — oo.

) of bounded k grow at polynomial rates on m, so

S7.8

The “gap” consists in the necessity of using, for nonreal eigenvalues, either
complexified Jordan boxes in the complexified root subspaces or Jordan boxes
over reals, which, however, does not affect the final result. (We leave it to the reader
to fill in the details).

'2Because all matrices corresponding to points of H' have the same Jordan canonical form.
(Which exactly?)

13 As an exercise, the reader can find explicitly all matrices T such that A7Qy = Qy to verify that
these matrices are proportional to each other (for any fixed ) and to determine the sign of det T (as
a function of 0).
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S7.9

The polynomials py, g, defined by the formula <f] k > = M- < (1)) satisfy a matrix
k

equation (z k) :M<Z kl) , equivalent to the system of scalar recursion
k k-1

equations.
p-1=0, po =1, Pry1 = Pk — Pr_1, 9k = Pk—1-

[Complete the details and show, by induction, that both polynomials p;(4) and
qi(A) have leading coefficients equal to 1.] From those equations,

- 1 1 1
L. Sy . .

-t 1

qk Di-1 Pi—1/qi—1 Ry A— :

P

The relative primality of pi(4) and gi(4) (in the ring Z[1]) may be verified as

follows. The equalities PE) =y ! , Pe=1) — gkt ! together give
qk 0 i1 0

Pk Pk—1\ _ ask—1 1 1 k=1 A1
(qk (]k1>M (M<0> O)M O<1 0)

14 Similarly, for a linear recursive sequence [a sequence po,pi,. . . satisfying a relation of the form
Pism = f(Pi>- - -sPiem—1), for any natural k, with a linear function of m variables f] the recursion
D+ A e Pik+m—1
. ) . " 1 0 -+ 0 "
relation may be written as a matrix system : = . . . : . These
Di+1 1 0 Pk

are discrete analogs of linear autonomous ordinary differential equations (which are written as

linear systems using the same, within a permutation of the rows, matrices). (Which matrix

corresponds to the Fibonacci sequence?) The characteristic equation for the matrix of the system

is " = ™" + ... + ., and a single proper direction corresponds to any eigenvalue. (Why?)

Explicit formulas for the elements of recursive sequences may be obtained using the Jordan

canonical forms of these matrices. Specifically, if all eigenvalues yj.,...,u, are simple, then
m

these elements are sums of geometric progressions: py = Y a;u*. (a; are found using “initial”
i=1

elements po,...,p,—1, Or any other m consecutive elements of the sequence. Write out the

corresponding system of equations on g; and verify its unique solvability. Derive explicit formulas

for the Fibonacci numbers). Readers will find further discussion of the subject in Arnol’d (1975).

A similar approach provides a complete algebraic description of the continued fractions.
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which yields pegi_1 — peo1qr = det(zk ZH ) = —1. (What follows from this
k k—1

equality? Fill in the details).

Lastly, x(4) :%'%-...‘%:pl 'Z_T""'pfjl = pn. QED. (We leave it to the

reader to fill in the details).

The matrix from section P7.9" is diagonalizable (since it is symmetric) and has
all its eigenvalues simple (nonmultiple): indeed, for an eigenvector ‘(xy,. .., x,,)
corresponding to 4 we have x, = Ax(, x; + x3 = xp, ..., X,_2 + X, = Ax,_{, and
a short computation shows by induction that all of these vectors are proportional to
each other.

0

Furthermore, forak x kmatrix A= | 1 0 . | we have

(—1)" detA = det(—A) = 7(0) = px(0)

k
= first component of vector 0 -l !
= P 1 o) \o)

which is zero for k = 2n + 1; for k = 2n, the first trigonometric identity in
section P7.9"" is obtained equating the determinant to the product of the
eigenvalues, taking into account some elementary trigonometric relations.
(We leave it to the reader to fill in the details).

The second trigonometric identity in section P7.9" may be established by
similar computations with y(2) = det (—A). (Find it!)



A Property of Orthogonal Matrices

Problems

sk

P8.0

Preliminaries. Readers likely recall the following elementary geometric statement:

Theorem 1 If the sides of an angle o in a Euclidean plane are orthogonal to the
sides of an angle 3, then o. = f or o + f = 180°; in other words, |cos | = |cos fi|.
The same rule ties the angles: o = (I1, I1')between planes 11, 11" in a Euclidean
space R® defined as an angle between straight lines in I1, II' orthogonal to TINIT,
and B = S(A,A'), between the normals to T1, IU, respectively.

We may reformulate the foregoing theorem in a different way. Consider
the orthogonal projection P: R® — II (P | g = En, ker P = A). Define a function
on the set of all polygons in IT' [or, if you wish, all squarable (also called
Jordan-measurable) bounded subsets of I1'], which may be called an area projec-
tion factor

SHKH’H/(S) = %P(‘(S:S)‘)) .

Actually this factor is the same for all S, that is, Ky ryy = |cos o| (because, in fact,
K is equal to the determinant of a map P | v : IT' — IT calculated with
respect to the orthogonal bases of IT, IT'). Considering an orthogonal projection L
= Egs — P : R?> — A yields for a length projection factor Ky y/(S): = %
(defined for measurable bounded subsets S C A’) that K, o = [cos f|. Thus,
Theorem 1 states that Ky r = Kp A’ (Fig. 1).

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 107
DOI 10.1007/978-0-8176-8406-8_8, © Springer Science+Business Media, LLC 2013
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Fig. 1 Equality of projection

factors ANag—> |
—
IT >
e
b p
o

Let us formulate the following generalization:

Theorem 2 Let R" =TI P II' =A@ A’ be orthogonal decompositions of
a Euclidean space such that T1, TI' are hyperplanes (resp. A, A’ are straight
lines). Then Ky = Kaa (Where the usual area is substituted by the n —
1-dimensional area).

Theorem 2 is evident when IT = IT’, and for IT # IT' it can be reduced (how?) to
Theorem 1 by considering a two-dimensional plane A + A’, which is the orthogo-
nal complement to IT N IT'. But, alternatively, we can prove this geometric theorem
if we understand its algebraic meaning. Assume for a moment that IT, I1" are not
orthogonal [< IT' NkerP =0 < ker (Plp) =0 ker(L1y) =04 A, A are
not orthogonal]. Consider an orthogonal linear operator A mapping an orthonormal
basis ey,. . .,e, with ey,. . .,e,_; €Il and e, €A onto a basis with Ae,,. .., Ae,_ EIT
and Ae, €A’ Let¢ = (@j)ij =1, .., n be the matrix of this operator with respect to the
basis ey,...,e,. Theorem 2 states that the element a,,, of this matrix by absolute
value is equal to its cofactor,

which is true since the matrix is orthogonal (¢ = gfl). On the other hand, if IT, IT'
are orthogonal, then A, A’ are orthogonal also, hence, K =0 = Kp a, com-
pleting the proof of Theorem 2. We recommend that readers work out the details of
this proof, although in what follows we will present a generalization that can require
knowledge of more sophisticated techniques! The suggested generalization of
Theorem 2 is as follows.

Theorem 3

» In geometrical language: Let R" =TI P I =AP A" be orthogonal
decompositions of a Euclidean space such that dim IT = dim I1' (and so
dim A =dim A’). Then Kn = Kan (for the k- and n-k-dimensional
areas, respectively, where dim Il = k and dim A = n — k).

 In algebraic language: Minors of an orthogonal matrix by absolute value are equal
to their cofactors.
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This theorem relates to an interaction of skew symmetry and orthogonality
features, i.e., properties of determinants and similar multilinear functions, and
Euclidean spaces (real vector spaces equipped with scalar products). We presume
readers are familiar with these features within the scope of a common university
course (see the section “Using the Stars on Problems” for details), and on this basis
we will develop the tools necessary to prove Theorem 3. In what follows, these
tools are introduced as a series of problems (sections PS.I***, PS.Z***, P8.3***,
P84, P85, P8.6 , P87, P88, P89, P8.10", P8.117, P8.127,
P8.13", P8.14"", P8.15 ", P8.16 ", and P8.18"""). Readers experienced in these
techniques may start proving Theorem 3 (see section P8.19"" for the refined
formulation) while skipping most of the other problems in this group. These tools
have multiple applications. For example, they allow us to extend a definition of the
angle between straight lines or between hyperplanes to k-dimensional planes of R”
for every 0 < k < n (section P8.17***) and to extend a definition of the vector
product of two vectors in R®> — to any number of vectors and multivectors in R”
(sections P8.20""" and P8.21"""). For more on the applications, consult Van der
Waerden (1971, 1967), Lang (1965), Kostrikin and Manin (1980), Armol’d (1989),

Warner (1983), Godbillon (1969), Schutz (1982), and Dubrovin et al. (1986).

kfesk

P8.1

Recall that a function or a map defined on a Cartesian product of vector spaces is
multilinear (if there are k factors, it is called “k-linear”) if it is linear on each
factor, while the arguments related to the remaining factors are fixed. Recall that a
multilinear function or map is referred to as skew-symmetric if it equals zero any
time when two elements of its multiargument input are equal. This definition is
equivalent (except for vector spaces over what kind of fields?) to the following
definition: the value of a function or map is multiplied by —1 when two elements of
its multiargument input are transposed with each other. Also recall that the skew-
symmetric, or exterior, k-power, A¥R”, of a finite-dimensional space R" Uis

* R whenk = 0;
e fork > 0, a vector space linearly generated by the elements of a Cartesian power

k
(R"" = R" x ... x R";. The generators are denoted by x; A ...A X or A X;.

=1
They are not linearly independentbecause they must obey linear relations of two
kinds: (1) multilinearity, [...A(ox;+px")A ] =a(...AX;A )+

! Readers experienced in abstract algebra know that exterior products and other multilinearity-
related techniques are developed in algebra for free modules over associative—commutative
unitary rings. However, here we do not need such a level of generality.
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k
Bl AX A Yo, BER, VI = 1,.. ., k, and (2) skew symmetry, '/\1 x; = 0if
x; = x; for some i # j (or, equivalently, a transposition x; = x; multiplies the
generator by —1; prove this equivalence).

In more technical terms, A* R" is a quotient space of a continuum-dimensional vector space
over R whose basis elements correspond to the points of (R")* over its subspace linearly generated

by all elements of the forms (...,x,...,x,...) and  (...,ox+ By, ...)—o(...,x,..0)
i J m m

—B(.y..) U<i<k, 1<m<k,a, fER, x, yeR"). Establish the universality property of

/\k

0% = AR . ,
the map t ¢ it is multilinear, skew-symmetric, and such that for any
(1. ey x) — _/\lx,-
i=

multilinear skew-symmetric map (R")* — L there exists a unique linear map A* R” — L making
k
(Rn)k i} /\kR"
the diagram N 1 commutative.
L

sksksk

pP8.2

Prove the following key technical statement about exterior powers.

Lemma For linear combinations y1 = opxp + ...+ dp,
Vi = WXy + .o+ Ok,

V1 /\.../\yk:det(ocij) X1 AN oA X

skeskesk

P8.3

Recall that skew-symmetric, or exterior, k-forms in R" are k-linear skew-
symmetric functions (R")* — R. These forms are naturally identified with linear
functionals on A* R". To be exact, any such functional, f, determines a composition

(R")* X AR L R, which is an exterior k-form. Thus, there is a map fr—f o Af
defined on the vector space (A* R™)" % to the vector space of exterior k-forms in R”.
(It is a linear map; why?) Verify the invertibility of this map (thus, it is a linear
isomorphism).

2 Recall that the dual space L” for a vector space L is a vector space of all linear functionals in L.
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At this point, readers can familiarize themselves with exterior forms, analyzing
the following special cases.

e Exterior O-forms are multiplications by scalars: o—a* : {/\ORn —R—R
profp
(@eR).
» Exterior 1-forms are linear functionals.
» Exterior n-forms in R" are proportional to each other. (Prove using sec-
tion P8.2""".) In linear algebra these forms are known as determinants and in
geometry as oriented volumes. (Explain why the n-forms are identified with

those objects.)

Stk

P8.4

Prove that dim AFR” = (Z) and, specifically, for an ordered basis ej,. . .,e, in R”,

(k) elements e; A...Ae;, (1 <ip <...<ip<n) form a basis of AR R™

Therefore, AKX R" =0 for k >n, A" R"= A° R"=R, A" ! R"= Al R"
= R” and, generally, AFR" 2 A" R", Yk = 0,...,n. [The isomorphism A*R”
=~ A"FR™ defined such that ey N Nej—Ee AN Ney, (g, . iy} = {1,
s b i < oo <l iggq < ... <, for an ordered orthobasis ey,...e, in a
Euclidean space R", is referred to as a “star” isomorphism. It is discussed in
more detail below.]

ksksk

P8.5

Show that x;A...Ax; equals zero if and only if x; are linearly dependent. Also,
establish the invertibility of the statement in section pg.2" """ VIA LAY = XA
...Axx # 0 only if all of y; belong to the subspace of R” generated by x,. . .,x;.

shesksk

P8.6

Determine the situations where any linear combinations of the generators
X1A...AX; (in other words, all elements of the vector space Ak R™) themselves
are some generators y;A. .. Ayy.
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Sheskesk

P8.7

The Grassmannian variety of the k-dimensional vector subspaces of R”, in short,
the k-Grassmannian G(n,k), is the set of these subspaces.3 Let IT"€G(n,k).
According to section P8.2""", the map A” restricted to a set of the bases of IT*
defines a straight line in AXR”". (Work out the details.) Therefore, we have defined
a map from G(n,k) to the space of straight lines in A R”, which is denoted P(A*
R").* According to section P8.5" ", it is always an injective map (that is, it does not
paste points of A* R” together). The result of section P8.6" determines the
situations where this map is surjective [surjectivity is the quality whereby all points
of P(A* R") have preimages].

An example: G(4,2) is mapped onto a quadric in RP> (Julius Pliicker’s theorem).

sesiesk

P8.8
Recall that the skew-symmetric, or exterior, algebra of R" is a formal direct sum
AR" := Y PAFR", (Usually, AFR™ are referred to as homogeneous, of degree k,

k=0
components of AR".) It is a 2"-dimensional vector space, but in addition, it is

equipped with an extra bilinear operation (AR") x (AR") 2 AR” which is called an
exterior multiplication. “A” may be set on a fixed basis of AR" and then extended
to all of AR” by bilinearity. Fulfilling this program, for a fixed basis

{1}U{e,‘1 AN...Nej : k=1,...,n, 1§i1<...<ik§n},

we will define

IANL=1, 1A(eyA...Ney):= (e N...Ney) A
=ei, A Nep, (e A Ne) Aei, Ao Ae ) =ei Al Aeg,,

Show the independence of this definition from the initial basis, that is, that
(I A A X) A (gt A A X)) =X A A X, Y, € R

Establish the skew commutativity X Ax' = (=¥ X' Axf (FeAF R", X'eA'R").
Exterior multiplication is an associative operation, so it causes m-linear exterior

multiplications (AR")" L AR for all m = 0,1,2,. .. such that

3 Supplied with determinate topological and manifold structures, which we will not consider.

“Readers familiar with projective geometry know that P(A*R™) is referred to as a projectivization
of the vector space A* R".
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ky km ki Ak,
ANXi ) AN.oOA A\ Xi | = N Xi.
i=1 i=kp—1+1 i=1

Obviously, AR" as a ring is generated by its component of degree 1, A' R”,

- k
namely, the map (MR 5 AFR” coincides with (R")* 55 AR"  defined in
section P8.17"".

shesiesk

P8.9

The space of all exterior forms in R" is defined as

n

(/\Rn)* _ (zn:@/\kRn> o Z@(AkRny.
k=0

k=0

Vector spaces (AR™)" and AR™ have equal dimensions of 2. We want to define
those spaces in such a way that will enable us to operate with the elements of AR"*
as if they were exterior forms in R”. In other words, our aim is to have an exterior
multiplication of the exterior forms. The aim is to preserve the homogeneity degree,
so that the elements of AR™ are k-forms. To do this, let us fix dual ordered bases
€1y - wCns €], ..., ¢ in R" and R, respectively [e] (¢;) = J;]. We stipulate by our
definition that the pairs {1}, {1} and {e; A...Ae,: 1<ii<...<ix<n},

{e?‘ A Ne 1<ii< ...<ik§n} form dual bases in, respectively, AY R”,
1 U3
ACR™ and A*R", A*R™ (k = 1,..., n):

&AL NE (e AL Ney): = 5}{:::::,{1 _ {1 when i, = j,, V.v: 1,....k,
1 T 0 otherwise .

After that, a linear action of the elements of A* R”" on A* R” is defined by
bilinearity. Prove that this definition of (AR")" 2 AR™ actually does not depend
on a source basis ey,. . .,e,,. To be more exact, describe this construction in invariant
terms proving that

1. The elements of A'R™ act on A'R" in exactly the same way as they act on R"
when they are considered as elements of R"";

2. The exterior product of the elements of A* R™ and A' R™ is calculated by
the rule
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k I . k I
" N (X1, X)) = ZSlgn(U) "W (x6(1)7~--7x0(k)) " (xa(k+1)7-~~axa(k+l))7
a
where the sum is taken over all permutations of the set 1,..., k + [ such that

o)< ...<ogk)andaok + 1) < ... < alk + ).

Write out a similar formula for an arbitrary number of exterior cofactors. Also,

prove that for xy,..., ;€R", x},...,x; e R" (k = 1,..., n),
XA A XE (X, xg) = det (x?(xj))ijzl,...,k'
[In other words, for dual ordered bases ey,...,e,, €j,...,e, in R” and [R"*,

respectively, and x; = Y x;ie; € R" (i = 1,..., k < n), we have efnl AN A e;‘nk X

(x1,...,x;) = det (xmi:f)iJ:I , -] Establish the skew commutativity Ao’ =
(D" o' Ae* (*EAF R™, o'E A R™).

Readers experienced in abstract algebra have already noticed that we have defined a homoge-
neous (degree-preserving) isomorphism AR" = (AR")". [The preservation means that A* R™*
are mapped onto (A* R™)", ¥k = 0,.. ., n.] Such an isomorphism is not unique, but the preceding
one is commonly accepted and has important advantages. Another way of establishing such an
isomorphism is by extracting it from functorial isomorphisms of tensor powers ) FR™
(®* R™". This yields isomorphisms A* R™ 22 (A* R")" differing from ours by scalar factors
(k")™!, respectively. (Geometrically, these correspond to the volumes of simplexes, while ours
correspond to the volumes of parallelepipeds.) A detailed discussion of this and related topics is
beyond the scope of our problem book. Interested readers should consult advanced literature in
abstract algebra.

skeskesk

P8.10

An exterior n-form Q with fixed first k arguments becomes an n — k-form. (Gener-
ally, an exterior k + [-form with fixed k arguments becomes an /-form for the rest of
our argument.) That is, let xy,. .., x; € R". If they are linearly dependent, then this
n — k-form is zero. If not, complement them to an ordered basis xy,..., x,. Let
x%,...,x" be the dual basis in R"". We then have Q = o~ xi A ... Ax* with 2€R.
Fixing the arguments x,,. . ., X yields, according to section P8.9""", the n — k-form
o - Xp g N A x;, which is, within proportionality, the Euclidean (n — k-dimen-
sional) area of the orthogonal projection onto the orthogonal complement to a
(k-dimensional) plane spanned on xi,. .., x;. Instead, we may, in accordance with
section P8.3***, fix the “k-dimensional argument” x; A. . . Axy, as is clearly shown in
this diagram:

N k .
(X1,...,x%) = A x €AR"
i=1 L /\an E)R
X X .
/\nfk

(Rn)ﬂ*k AN AR
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Using linearity, we will obtain an n — k-form from an n-form Q by fixing any
element of AXR” as the “k-dimensional argument.” Therefore, we have defined a
so-called insertion operator

/\kRn N /\nfkRn*
Io: X - Q=0 X, ..
=~
k n—k

By this definition, I is a linear operator. When is it an isomorphism?

P8.117

For a finite-dimensional space L, dim L = dim L. However, there is no “canonical”
isomorphism between those spaces. You might, for instance, define an isomorphism
L =~ L using any pair of bases in L, L", respectively. But usually, it is defined in a

more invariant way, namely, using a nondegenerate bilinear form L x L 2 field.

The following linear maps are connected to any fixed bilinear form ®:
* *

D'y : {5 : q)(Lv e D'y : {i : (D(L', ) 3 (When do they coincide?)

Prove that if one of the connected linear maps is an isomorphism, then both of

them are isomorphisms, and this is a necessary and sufficient condition in order for

a bilinear form to be nondegenerate.

In what follows we will deal with isomorhisms (dualities) L LA L* connected to
scalar products (bilinear symmetric positive definite forms) in L. Check that if an

. . D ., . . .

isomorphism L — L* is connected to a scalar product in L, then for any orthobasis
(with respect to this product) ey,. . ., the basis Dey,. .. in L" is dual: Dee)) = 6.
Show that, conversely, for a pair of dual bases ey,. . ., e}, ... inL, L”, respectively, an

isomorphism L 2>L*, for which De; = e7, ..., is connected to a scalar product for
which ey,. .. is an orthobasis. (Geometrically speaking, De, for a unit vector e, is a
length of an orthogonal projection onto a straight line in L spanned on e and
oriented by it; in other words, De is a linear functional whose 1-set is the affine

hyperplane orthogonal to e at its end.) Also, check that for the isomorphism L s
connected to a scalar product ® in L, a dual form @ in L" defined as ®"(x", y): =

3 A linear map L 2. 1* defines the bilinear forms @', (x,y) := Dx(y), @"p(x,y) := Dy(x). Readers
experienced in abstract algebra know that the correspondences D—®'p,, ®—D'¢ and D—®"p,
d—D"g define two pairs of functorial isomorphisms Hom (L,L") = L" @ L between vector
spaces of linear operators L — L and bilinear forms in L.
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o (D, D_ly*) is a scalar product, and the orthonormality of a basis e, ... with
respect to @ is equivalent to the orthonormality of Dey,. .. with respect to ®".

So that readers may feel comfortable with ®", we suggest using it to solve the
following simple problem: find the distance from the origin to an affine plane
(a translation of a vector subspace) of codimension m in a Euclidean space. Let
this plane (denote it M) be an intersection of m hyperplanes (x,a;) = b;,i = 1,...,m.
The orthogonal complement L (spanned on ay,. . .,a,,) passing through the origin is a
subspace of the Euclidean space and therefore is itself a Euclidean space. Consider
the Gram matrix G = ((a”aj)) relating to the scalar product in L and
its inverse G~ ! = (g"j)i’, — 1....n thus, the squared distance solving this problem
is'bG~'b =" g'b;b; (for m = 1, the distance is 1bl/lal). Indeed, define the duality

ij

iv=1,...,m

L2 L* connected to the scalar product in L and the dual scalar product () in L".
The required distance is Ivl = IDvI", where v is the radius vector of the point of
the intersection of M and L. Decomposing Dv with respect to the dual basis aj,. . .
(ai(a;) = 0;;) we evidently have Dv = (v,.) = > bia;. Now prove the following
lemma.

Lemma The Gram matrix relating to the scalar product ()" in L" is G~ " with respect
to the basis aj,. . ..

Hence, IDvI"? = 'bG~'b. QED. [A clarification of this proof is attained by
moving the tedious calculations (unavoidable for any proof of this claim) to the
lemma!]

P8.12"

Let us extend the duality R” ZR™ t0a duality A R” "2 AR™ so just as for an

{/\D (lﬁl e,-)] (1, %)

Euclidean (k-dimensional) area of the orthogonal projection of xi,...x;-sided
(k-dimensional) parallelogram onto a (k-dimensional) plane spanned on ey,. . ..e;.

k k s
Thus, we are seeking A D (_/\ e,-) = _/\1 e}, and according to section P8.11 ”, AND
i=

i=1

orthobasis ey,. . .,e, and xy,. .., xy € R”, would be the

k k
</\1 ei) = '/\1 De;. Show that the extension is unique, as there exists a unique
i= i=
isomorphism A R” "2 AR™ such that AD(AFR™ = AFR™ (k = 0,..., n), AD is
the identity operator on A°R”, AD = D on A'R", and A D (A xk") = A [AD(x4)]
1 1

(x% € AMR). Using the identification of AR" and (AR")" (as defined in sec-
tion P8.9"), sfiow that the isomorphism A R"“3 (AR")* will be a duality
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(connected to a scalar product) in AR” if D is a duality in R”; also saow that
{1}ufei, A...Ney, tk=1,...,n, 1<i;<...<ix <n}will be an orthobasis in
AR" when ey,. .. is an orthobasis in R". Therefore, | x;A...Ax; | will equal the
Euclidean (k- dimensional) area of the xi,....x;-sided (k-dimensional) parallelo-
gram. (Prove.)

Hence, by the (multidimensional) Pythagorean theorem, the squared (k-dimen-
sional) area of a (k-dimensional) parallelogram in a Euclidean space of dimension
n > k equals the sum of squared (k-dimensional) areas of orthogonal projections of
this parallelogram onto all k-dimensional coordinate planes — for any fixed orthog-
onal coordinate system. For (k-dimensional) squares (the parallelograms whose
sides are formed by orthogonal unit vectors) this result can be reformulated as
follows: Vk = 1,.. ., n, the sum of all squared k¥ x k minors contained in any fixed

set of k rows (or columns) of an orthogonal n x n matrix equals 1.

We will now prove the well-known Lagrange identity (Zx,-z) . (Zy,-z) - (Zx,-y,-)z =Yi<j
(xiy; — x_,—y,-)2 using this result. The Cauchy-Schwarz-Bunyakovskii (CSB) inequality enables
one to define angles between vectors in a Euclidean space so that cos<C(x,y) = (x,y)/(|x||y])
({.,.) denotes the scalar product). Thus, for the vectors x = (xy,. .., x,) and y = (yy,. .., y,) in R”
equipped with a scalar product (x,y) = > x;y; we have

(007) - (00 = () = WP = e = P (1 cos’scx, )

21012 w2

= |xl7ly1” - sin”<(x, y)

= the squared area of a parallelogram with the sides x, y

= the sum of squared areas of its orthogonal projections onto the coordinate planes

= Z (xiy./' - Xj)'i)z‘

(In section P9.11"", the “Convexity and Related Classical Inequalities” problem group, we
discuss a proof of Lagrange’s identity using properties of determinants and not referring to the
CSB inequality.)

Recall that the (k-dimensional) area of a union of a finite number of (k-dimen-
sional) parallelograms intersecting with each other at most by their boundaries is
defined as the sum of their areas, and the area of any other squarable (or Jordan-
measurable) set S as the common limit for areas of S,/ and S,”, which are unions of
the preceding form and such that S,/ C S C S,”, Vg and area(S,”) — area(S,)
— 0 as ¢ — o0. Prove the foregoing claim about the sum of squared (k-dimen-
sional) areas of orthogonal projections for arbitrary squarable planar (i.e., not
extending beyond some k-dimensional plane) set.

P8.13"

The next step consists in considering oriented Euclidean spaces. As readers know,
we can orient the plane R? by specifying the first and second of given basis vectors.
(Obviously, the orientation may be established by choosing the clockwise or
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counterclockwise direction for the shorter of the two rotations between these
vectors.) Two ordered bases define the same or opposite orientations of the plane,
depending on the direction of the rotation from the first to the second basis vector of
those bases. Hence, the bases defining the same (opposite) orientations on R? are
bound by linear transformations of positive (resp. negative) determinants. (Work
out the details.) Similarly, we will orient R"” by ordering any fixed basis. The
orientation is in fact an equivalence class of bases bound by linear transformations
having positive determinants. Therefore, a vector space may have two orientations
opposite to one another.’

From section P8.3""" above we know that the totality of all exterior n-forms in
R" is a one-dimensional space, that is, geometrically, a straight line. Specifying the
direction, formally, by choosing one of the two connected components after
deleting the origin creates an orientation on a straight line. We can establish a
correspondence between two parts of the punctured straight line (A" R™"\{0} and
the equivalence classes of bases in R". Therefore, a nonzero exterior n-form in R"
defines the orientation of this space. The oriented (n-dimensional) Euclidean
volume is an exterior n-form Q" (we usually drop the upper index n) in a Euclidean
space R" equal to 1 on an orienting orthobasis (i.e., the basis that has been selected to
define the orientation). (Put less formally, Q is the volume of an n-dimensional unit
cube with properly numbered edge vectors.) Show that for an orienting orthobasis

er,...inR", Q=ef A...Ae), wheree],. .. is the dual basis in R"™, so (by virtue of
section P8.9°), for xy...., x, € R", Q(xy,. .., x,) = det (j)ij = 1, . Where o
n
are coefficients with respect to this basis, x; = > oe; (i = 1,..., n).
j=1
el
P8.14

. . . . . D
Consider an oriented Euclidean space R". Let the isomorphism R” = R"™ be

. . *3 AD .
connected to the scalar product, as in section P8.117", and AR"= AR™ its

extension, as in section P8.12"". Furthermore, let Q be the oriented Euclidean

volume and A R” Io AR™ the corresponding isomorphism, as in section P8.10""".
For purposes of clarity, in what follows we will keep to the notations D, I instead of
AD, Ig, respectively. The Hodge star operator (or just “star” for short) is a
common name of the two linear automorphisms

x:=I1"oD:AR" — AR", x:=Dol ' : AR — AR™,

6 Readers preferring more developed terminology may say that orienting R" is choosing one of two
connected components of the linear group GL(1,R) (see section P6.8"" in the “Polar and Singular
Value Decomposition Theorems” problem group above).
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By this definition, D and I conjugate the star operator: * = DoxoD~! = Io
* o I~!. The star operator maps homogeneous elements to homogeneous elements
of complementary degree: *(A* R™ = A" % R”, *(AF R™) = A"* R™
(k = 0,..., n). Prove this by translating the defining formulas into the following
form: DX = 1y Q = *1y Q (XEAR"), where 1xQ = In(X) (see section P8.10"").

P8.15°"

The claim of section P8.14™"" can be refined as follows: for a k-dimensional vector

subspace I, the star operator A R” = AR” maps its exterior k-power AT onto the
exterior n — k-power of the orthogonal complement to IT, *(ATT) = A" *IT*.
Adding even more details, for an orienting orthobasis ey,. . . in R", an ordered subset
S C {1,...,n} and its ordered complement S’ = {1,..., n}]\S,

* (/\ ei) =sign(o) - A ¢,
ieS icS’

where ¢ is a permutation of {1,...,n} such that the elements of S appear after the
n n

elements of §’. Prove it. In particular, * A e; =1, x1 = A e;. Show that similar
i=

i=1

dual claims for A R"" also hold. (Therefore, * Q = 1,*1 = Q). Hence, the iterated
star operator is %2 = (—l)k(n_k)E/\k on A*. Prove that Q(xi,..., x,) =
* (XA AX) (X, .., x, € RY).

P8.16°""

. . . D . . .
Consider the isomorphism A R" = AR™ for an oriented Euclidean space R”, as in
ko k

section P8.14™", and the connected scalar product in AR", as in section P8.12
(extending the scalar product in R"). Denoting it by (), estab(ish the formula

«(X,Y)=(:X)AY=(xY)AX  (X,YEANR", k=0,...,n).
Also, prove the orthogonality of the star operator with respect to ():

(X, «Y) = (X,Y) (X, Y EAN'R", k=0,...,n).
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Skeskesk

P8.17

The methods of elementary geometry make it possible to define angles between
straight lines and angles between hyperplanes in Euclidean spaces. Let us now define
angles between k-dimensional planes of a Euclidean space R". For this, consider the
Euclidean space /\k[R", with the scalar product defined in section P8.12™", Also,
consider the embedding G(n,k) — P(A* R") defined in section P8.7""". Thus, the
angle between elements of G(n,k) may be defined as an angle between the straight
lines that are images of these elements in P(/\k R™). Obviously, this definition is
equivalent to the elementary-geometrical definition for k = 1 (when k-dimensional
planes are straight lines). Zstablish a similar equivalence for k = n — 1 (the
elementary-geometrical definition was discussed in section P8.0"").

Verify that the definition of angle o = (IL,IT') between k-dimensional planes IT,
IT" means, geometrically speaking, that for an orthobasis ej,...,e; of IT and the
orthogonal projection P of the space onto IT', |coso| is the k-dimensional
“nonoriented” area of the k-dimensional Pey,...,Pe;-sided parallelogram in IT'
(that is, is the k-dimensional area projection factor).

Carry out two or three numerical exercises as follows: given two k-dimensional
planes in R" (each defined by a system of n — k linear equations; say, take
k = 2, n = 4), calculate the angle. For example, find the angle between the planes
{(x,y,z,t)E[R4: x+y+z+t=0,x—z=0} and {(x,y,z,t)E[R4: X—y+z—t
=0,y — t = 0} (90° is an answer).

skeskesk

P8.18

Let R" = IT* & A"* be an orthogonal decomposition of an oriented Euclidean
space, with the summands oriented such that the concatenation of orienting bases of
IT* first and of A" * second produces an orienting basis of R". Prove that if the
restriction of a k-form w*€(Af R™" to IT* (more precisely, to the subspace A*
IT* € A* R™) coincides with the oriented Euclidean (k-dimensional) area in T,
then the restriction of an n — k-form *w*€(A" % R™" to A" * (that is, to the
subspace A" A"7F C A"* R") coincides with the oriented Euclidean (n —
k-dimensional) area in A" %, multiplied by (—1)*""%,

P8.19""

Now readers have all the necessary tools for proving Theorem 3 from section P8.0™".
Thus, show that the complementary minors M, M’ of an orthogonal matrix A are

A S .
equal by absolute values and :l'gg[‘: AA;, = detA - sign (J.l ! ) , where i} < ...
Lo

<py J1 < oo < Ji (pg1 < ovo <lpy Jrg1 < ... <Jy are indices of rows and
columns of M (resp. M").
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skeskesk

P8.20

Let us define a vector product in an oriented Euclidean space R" as a multilinear

skew-symmetric map [] (A“R”") L =2 kige by the formula
[xkl,. . ,xk”’]: = * lek".

Show that in a special case of n =3, m = 2, k; = k, = 1, this formula is
equivalent to the usual definition of a vector product in R*. To do so, prove for
X2, . X, € R”, and x1: = [xo,. . ., X,], that:

@) If x;,. .., x;, are coordinates of x; (i = 2,..., n) with respect to an orienting
orthobasis ey,.. .,e,, then the coordinates of x; are given by decomposing the
€1 €n
X211t Xop
symbolic determinant x; = det| . . with respect to its upper row.
Xnl " Xan

(i1) x; is orthogonal to x,,. . .,X,, and Ix;| is the (Euclidean n — 1-dimensional) area
of an x,,....x,-sided (n — 1-dimensional) parallelogram. If x,,...,x, are line-
arly independent (otherwise x; = 0), the direction of x; is such that x,. . .,x, is
an orienting basis of R”.

Prove for xi,..., x, € R” that the oriented Euclidean volume of the x;,...,
x,edged  (n-dimensional)  parallelepiped is the mixed product
Q(xlv s 7xn) = <X1, [Xz, s 7xl1]>‘

P8.21""

Prove for the double vector product in R” equalities similar to those known for R?
(the second of which is known as the Jacobi identity for Lie algebras):

[Xv [Y,ZH = <XaZ>Y_ <X7Y>Za
X, [Y,Z]| +[Z,X, Y]]+ [Y,[Z,X]] =0 (X,Y,Z€R").

(Warning: for n # 0,1,3, R" is not a Lie algebra with respect to the vector
product as X, YER" = [X,Y]€R" only when n = 0,1,3.)
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Hint
HS.1

For the sake of simplicity, letk = 2. If x A y + y A x = 0, Vx,y, then setting x =y
yields 2x A x = 0. Therefore, x A x = 0. (Over what fields does the implication not
apply to vector spaces?) Conversely, if x A x = 0, Vx, then

O=@+Y)A+y) =xAx+YyAYy+xAY+yAx=xAy+yAx=0.

Similar arguments are used for k > 2. Turning to the basic property of the map
Ak denote, respectively, P, Q, as an infinite-dimensional vector space spanned on a
basis indexed by the points of (R”), and its subspace generated by

<...,x_,...,gc,...> and (...,ox+By,...)—o(.,x,.. ) =B (-, y,...) (yER”,
i j m m m

wfER, 1 <m<k 1 <i<j<k).Let“C” be the inclusion map (R”)kgP.
Consider a multilinear skew-symmetric map F: (R")* — L. A map F is uniquely
extended to a linear map F: P — L. (Why?) Obviously, F= F o C.
For a multilinear skew-symmetric F we have an inclusion Q C kerd. (Why?)
Hence, F factors through the quotient map 7: P— P/Q = A*R™ F =yon.
(Why?) Thus,mo C = A, and @ is a desired linear map AFR" — LasF = po Ak,
The uniqueness of ¢ is evident. (Why?)

HS.2
Decomposing (Y'a %) A...A (Qagx;) by multilinearity and skew symmetry and
taking into account that det A = det ‘A yields the required solution.

H8.3

The invertibility of f—f o A%, which is a map on (A* R")" to the space of k-forms in
R", follows from the basic property of A* discussed in section P8.1""". Indeed, by
this property, an exterior k-form is represented by a composition f o A* with a
unique fE(A*F R™)". (Why?)
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H8.4

Applying section P8.2""" to the decomposition of the generators xjA...Ax;
confirms that the elements e; A...Ae;, (1 <1i; <...< i < n) jointly form a
sufficient generating set, so we must verify their linear independence. First, estab-
lish this independence for k = n, that is, prove that A" R" # {0}; to do this, use
section P8.3"" and the existence of nonzero determinants. Next, given a basis
ey, . .,e, of R", arrange, using the basic property of A¥ from section P8.1***, alinear
map A*R" — A" R" such that e; A. .. Ae is mapped onto e, A. .. Ae, and the rest
of e;, A...Ae; are mapped to zero. This proves the linear independence of all of
them. (Why?)

H8.5

k-1
If x; are linearly dependent, then, without loss of generality, x; = > ox;, SO
i=1

k—1 k—1
XIN o oAXE =X N\ .o N\ Xy /\ZO(,‘X,‘:ZOC,"X1 VANANS /\Xi:ZOZO.
i=1 i=1

The remaining claims in section P8.5" follow directly from section P8.4"" .

H8.6

The claims in section P8.5"" show that applying the Gram orthogonalization to the
set of vectors xy,. . .,x; leaves the linear generator x; A. . .Ax; unchanged, to within
proportionality. Hence, the dimension of the variety consisting of these generators
exceeds by 1 the dimension of the variety of the sets of k& orthonormal vectors
considered up to linear equivalence. Using this find the dimension of the

. . n
generators’ variety and compare your result to dim A*R” = ( A ) .

H8.7

The embedding G(n,k) — P(A* R") identifying k-dimensional subspaces of R”
with straight lines in AR is surjective only for k = 0, 1, n — 1, n.
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H8.8

To extend the equality (x; A ... Axg) A (a1 A - AXpay) = X1 A ... Axgyy from
given basis elements ey,. . . to all xy,. . ., set x; = Ya;¢; and decompose both sides by
the multilinearity of A*, A, and A using the Laplace formula for the decomposi-
tion of a determinant with respect to a set of its rows (or columns). Next, the skew-
commutativity formula holds for basis elements and is multilinear, so it holds
throughout AR".

H8.9

The desired formula for the exterior product of an arbitrary number of cofactors is
obtained by induction from the case of two cofactors and looks as follows:

/\wki<x1,...,xzki):Za:sign(a)-Hwki x0<zf:kj+l),...,xa<2k/_> ;

j<i

where the sum is taken over all permutations of the set 1,...Yk; such that

g (Z ki + 1) <...<0o (Z kj> , Vi. To prove this formula for two cofactors, first
J j<i

establish the right-hand side as an exterior k + /-form, that is, a k + [-linear skew-
symmetric function on (R”Y*™. For this, apply similar arguments as used to prove
the Laplace decomposition formula for determinants (see section E8.8). Next,
verify that the right-hand side is bilinear with respect to the forms ", o' and

coincides with the source definition for basis forms o = e,’-‘] A A e;i, o = e;l

A A e;, which will complete the proof. Next, we can establish the determinant

formula for x{ A ... Ax{(x1,...,x), verifying that this formula is k-linear and
skew-symmetric with respect to both xy,...,x; and x7, ..., x}, and that it is valid for
the basis elements ¢;,,...,¢€;, ej’.‘],...,e;fk () < oo <lgy 1 < oo < jp). (What

follows from that?) Finally, the skew-commutativity formula holds for basis
elements and is multilinear, so it holds throughout (A [R")*; alternatively, it can be
derived from the skew commutativity of the exterior product in AR". (Complete the
proof using this guidance.)
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H8.10

The linear operator Io: AR" — (A [R")* is an isomorphism if Q # 0 and otherwise
is the zero operator.

H8.11

. . . D .
Consider bilinear forms on a pair of vector spaces X x Y — field and the connected

x = O,. y — @(,y)
(xEX: D(x,y) = 0, VyeY} (X*: = {yEY: D(x,y) = 0, VxEX)) is referred to as the
left (resp. right) kernel of the form ®@. The form degenerates from the left (resp.
right) when Y * # 0 (resp.X = # 0). If the form does not degenerate from any
side, then it is referred to as nondegenerate. Verify that kerD'¢ = Y+, kerD"¢
= X' . We consider only the finite-dimensional spaces. Prove the following
claims:

. X Y* Y X*
linear maps D' : { - ),D”cp : { - . A subspace Y': =

1. dim X = dim Y if ® is nondegenerate.
2. (A generalization:) codimY'(= dim X — dim Y*) = codim X (= dim Y —
dim Xi).
From the second claim, dim X = dimY = dim Y * = dim X *, in particular, ® is nondegen-
erate if one of D', D" is, and only if both of them are isomorhisms. QED.
The same technique allows us to prove other statements that readers are familiar with! For an

orthogonal complement to a subspace U C X, U™ = {y€Y: ®(x,y) = 0, VxEU} [resp. to a
subspace V C Y, V*: = {xE€X: O(x,y) = 0, VyEV}] prove that

3. UNY*t =0=dim U* +dim U =dim ¥, VNX* = 0= dim V* + dim V = dim X, in particu-
lar, an orthogonal complement always has a complementary dimension when @ is nondegenerate.
(Warning: a subspace may have a nonzero intersection with its orthogonal complement if ® is not a
positive definite form!)

Also, considering a common identification of m X n matrices with bilinear forms X" x ¥" —
field, establish the equality of the matrices’ row and column ranks.

Next, let G be a Gram matrix with respect to the basis ay,...,

respect to the basis Daj, . .. (Da; = {a;, .)). For the coefficients of a7, . . . in the basis
Day,. .., af = ZcijDaj,, we will have equations 0, = Z c,-j<aj,ak>, or, in matrix
J J
form, E = C o G, so C = G~ '. Therefore, a Gram matrix with respect to the basis
a,...is'G'oGoG =G (Why?)
The rest of section P8.11°"" is more or less straightforward.
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HS8.12

Define AD(1): = 1 and, for a fixed (not necessarily orthonormal) basis ey,. .. in
k k

R”, AD(‘/\l e,-j) = '/\lDe,-,. k=1,...,n1<i <...<i<n),and extend it
J= j=

by multilinearity to all of AR". The permutability of AD and A can be deduced
using section P82""" from the linearity of the first and multilinearity of
the second. (Provide the details!) A bilinear form on AR”, to which AD is
connected, is a scalar product by virtue of section P8.11° . Considering

an orthobasis ej,... such that ey,...,e; belong to the (k-dimensional) plane
k
spanned on xy,. . .,x;, so that x; = > oe; (i = 1,..., k), and using section pPg.2 """
j=1
yields

‘)C] A... /\Xkl = ‘det (OC,:/')

= |eT/\...Ae,t(x1,...,xk)|,

which is the area of the xy,. . .,x; -sided parallelogram.

Proof of the claim about the sum of squared areas of orthogonal projections for
arbitrary squarable planar sets. Consider a planar set that is a union of
N k-dimensional parallelograms intersecting with each other at most by their
boundaries; let a,, v =1,..., N be their (k-dimensional) areas and b,; the
(k-dimensional) areas of their orthogonal projections onto the k-dimensional

coordinate planes using a fixed orthogonal coordinate system <i =1,..., (Z)) ;

i
to verify that a,a, = Y bbby, or [ > bf”- S b% = 3" byubyi, Yu,v. But since the
f \V 5 f i

area projection factor (section P8.0°) is the same for all k-dimensional
parallelograms in the same k-dimensional plane, b, and b, are proportional vectors,
b,la, = b,/a,, and so these equations are satisfied (this is simply the case of equality
in the CSB inequality). We leave it to the reader to work out the details and
finalize the proof.

2 2
we will prove that (Z av> =y <Z bv,) . Since a2 = Y b2, Vv, it is sufficient

H8.13

Follows directly from section P8.9""".
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H8.15

The first formula follows from the permutability of the duality D (= AD), with the
exterior product (section P8.12***), and the formula DX = 1:xQ) from sec-
tion P8.14""", The second formula (concerning #2) is multilinear and holds for an
orthobasis in A% R” (by virtue of the first formula), so it holds for all of AR
(Why?) (Because of the permutability of D with * and A, similar statements hold
for the star operator on AR™.) The third formula follows from the first, using the

claims of sections P8.13"" and P8.2***, as consideration of decompositions x; =

n
> ogeii = 1,..., n) gives
j=1

Q) =t (1), = et (1), = et (), P
n n
=x|det (o)., Aeil =% Ax

We can attain the same solution while avoiding computations by using
determinants:

k(XA AX) =Dk (X A AX,) = %D AL AX,) = E ok gy, @
=Qx1, ..., X,).

HS8.16

We have
# (X, Y) = #[DX(Y)] = #(1yDX) = #(1y1.x2) = *[1(x)ar 2] = (+X) AY

[by symmetry, this also equals (*Y) A X]. The orthogonality of * follows from
the equalities

«(X,Y) == (Y, X) = (+Y) A X,
« (35X, +Y) =(x x X) A Y = (=D)F"HX A xy = (+Y) A X.

(Because of the permutability of D with *, A and (), similar statements hold for
the star operator on AR™".)
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HS8.17

The equivalence, for k = n — 1, of the definitions of angles between hyperplanes,
namely, the elementary-geometrical definition, and the definition from sec-
tion P8.17""" follows from (1) a similar equivalence, for k = 1, (2) the orthogonal-
ity of the star operator (section P8.16"""), and (3) elementary-geometric Theorem 1
from section P8.0"". Provide the details.

H8.18

Let ey,... be an orienting orthobasis such that ey,...,e; € IT*. We have o =
e;N...Neg+... (the terms proportional to e; A...Ae; with {if,...i;} #+
{1,..., k} are not written). (Why?) According to section P8.15", * wf = (— l)k('“k>
€1 N...Ne,+ ... (the terms proportional to elk CAA ej.‘n with {igy1,. - in} #

{k + 1,..., n} are not written). This proves the required statement. (Why?)

H8.19

Let ey,... be an orienting orthobasis in R”. An orthogonal operator A has, with
respect to it, an orthogonal matrix ¢ = (%), = o,..., n- A€y,. .. is also an orthobasis
(orienting or not, depending on the sign det A). Considering the dual basis
(Aey)"...., the matrix elements are o; = (Ae;, e;) = (Ae;) (e;). Apply P8.18""
to an exterior k-form w = (Aejl)* AL A (Ae, )* and a k-dimensional plane IT
spanned on ¢;,, ..., €;,.

H8.20

Complementary minors for the first row are the coefficients of decomposition of
XoA...Ax, with respect to the orthobasis {e;, A... A e,ﬂ 1< < <y <n}

in A" 'R". (Why?) Hence, the coefficients of x; = * /\ x; with respect to the basis

e1,. . .,e, are cofactors of those elements (why?), Wthh completes the proof of claim
(i). The orthogonality of [x»,...,x,] to the hyperplane IT"~ ! spanned on Xx»,. . .,x,
follows from section P8.15""". The vector product’s modulus and the mixed product
can be found by inconvenient elementary computations with determinants. On the
other hand, we have aimed at equipping the reader with a powerful technique of
skew symmetry and making it accessible. A theory is a good one if it requires
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tiresome computations when established, but never while being applied! Therefore,
readers are invited to use the tools provided with the claims in sections P8.l4**4,

P8.15, and P8.16 .

H8.21

Since both sides of the first equality being proved are bilinear and skew-symmetric
with respect to Y, Z, we may restrict ourselves to the orthogonal unit vectors Y, Z.
Consider an orienting orthobasis ey,... such that e, | =Y, e, = Z. Because of
linearity, with respect to X as well, we may consider X an element of the same basis,
X = e;. Now evaluate [X, [Y,Z]]. The second formula (the Jacobi identity) is a
formal implication of the first one. (Provide the details.)

Explanation

ES8.1

Answering the first question “why?” from section HS8.1, prove, for a vector space
X (of any, perhaps infinite, dimension) and a subset T = {x;,...} C X, that an

arbitrary map to a vector space T g, Y is uniquely extended to a linear map X — Y if
and only if T is a basis (a linearly independent, linearly generating X set). The reader
may argue as follows: As is known, a subset I' C X X Y containing pairs (x,y) for
Vx€X is a graph of a map X — Y if and only if (x,y), (x,))) € T = y = )/, Vx€X,
Vy,y'€Y. Let T be a basis of X. Consider the subset I" of the Cartesian product
X X Y consisting of the elements (X ox;, > o,f(x;)) for all linear combinations
x = Yox; € X. Show that I" is the graph of a map X — Y if and only if (0,
€l = y =0, Vy, and in this case, the map is linear. But since y = Yo,f
(x;) # 0, we have Ya;x; # 0 only if some coefficients o; # 0. Thus, f possesses a
unique (why?) linear extension X — Y. Now let T be linearly dependent, and let
N
> ox; =0 be a nontrivial linear relation among its elements. Show that for a
i=1
vector space Y of dimension N, with a basis {yy,...yy}, a map

fla) = { 0 otherwise not extended to a linear map X — Y. If T is linearly

independent but has a span X’ # X, then T is extended to a basis of X, but not

uniquely, so amap T ER Y is extended to a linear map X — Y (by the first part of this
proof), but not uniquely. This completes the proof.
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E84

We can prove that A" R” # {0} as follows. A" R" = {0} < (A" R")" = {0}.
According to section P8.3***, all exterior n-forms in R” would be zero, which
does not hold as there exist nonzero determinants. (Which one, for example?)
Next, a required linear map A* R” — A" R" is arranged, given a basis

er,..¢, in R" in the following manner. Consider embedding

nyk ! n\n Ao

{ (R") - (R") .. Taking a composition (R”)k =
(—xla-"7xk) = (xla'-'axkvek+la"-7en

A"R” yields a k-linear skew-symmetric map, so, by the basic property of A* from

section P8.1" ", there is a unique linear map A*R" — A"R" such that A" o 1 = ® o
AF. We have

CI)(eil/\.../\eik):efl/\.../\eikAek+1/\.../\en

_Jen...Ne, if {il,...7ik}:{l,...,k},
o 0 otherwise,

which completes the proof.

E8.6

We do not expect the reader to look for the dimensions of orthogonal groups using
the theory of Lie groups and algebras. We suggest calculating the dimension of the
variety of the sets of £ orthonormal vectors considered up to linear equivalence
using a much easier technique. A unit vector e, €R" has n — 1 linearly independent
infinitesimal variations. (Why?) In turn, a unit vector e,, orthogonal to e, has
n — 2 linearly independent infinitesimal variations, and so on. Therefore, a set of k
orthonormal vectors has (n — 1) + ... + (n — k) linearly independent infinitesi-
mal variations, which equals the dimension of the variety of these sets. Considering
them up to linear equivalence decreases the dimension by the dimension of the
variety of orthonormal bases of a k-dimensional plane, which, by the same argu-
ment, is equal to (k — 1) 4+ ... + 1. Finally, the dimension of the generators’
variety is

(n= D)4t (=] = [(k=1)+ ...+ 1] +1=k(n—k) + L.

Comparing this to dim A" R”, verify that (Z) =k(n—k)+1 for k=0, 1,

n

n — 1, n, and make a rough estimate as (k

>>>k(nk) when 1 < k< n.
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n
k
1, n — 1, n. Prove this elementary number-theoretic statement, and provide a
geometric explanation of the equalities for k = 1, n — 1. (Once you encounter
the difficulties in this explanation for k = n — 1, return to it after solving Problem
P8.15"" below.)

The complete answer is that ( ) >(n — k) + 1, except for the equalities for k = 0,

E8.8

The Laplace decomposition formula for determinants states that forany k = 1,.. .,

n — 1, selected row indices 1 < i; < ... < iy < n,
det (a); =y,
. . Aiyj, - iy Aigrjesr 0 Qi
. I Iy
= Z sign| . © ) det det
1<ji<<je<n Ju.o e
Qigjy 0 Qigy [ T i,
In this formula, i, < ... < i, and (iy,..., i,) = {1,..., n}, and the same

convention is retained with respect to ji,. . .,j,. A similar formula holds for selected

column indices. Readers are likely familiar with the Laplace formula in the special

case where k = 1 (or, equivalently, where k = n — 1). For arbitrary 1 < k < n

— 1 it can be proved as follows. The right-hand side is n-linear with respect to the
aj;

columns : (j = L,...,n). It is also skew-symmetric. Indeed, let ay = a,

Qpj
Vi = 1,...,n (j < j"). The terms on the right-hand side are equal to zero if both ;'
and j” appear in one of the two liSts ji,. .. Jit1»- - -jn» and they are mutually
annihilable if j/, /” appear in different lists. (Why?) Thus, the right-hand side is an
exterior n-form, so it is a determinant. Which determinant? Readers can specify it
using a fixed set of n columns (why?), say, the columns of the identity matrix. On
this set, the right-hand side turns into 1, which completes the proof.

E8.11

Proofs of the claims from section H8.11.

Claim 1. Embeddings x2e Y, y 22 x show that dim X = dim Y as
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dim X < dim Y* = dim Y < dim X* = dim X.

Claim 2. A function (X/Y+) x (Y/X1) 2, field given by Ox+Yt y+XH) =0
(x,y)is a well-defined nondegenerate bilinear form (why?), so claim 2 follows from
claim 1.

Claim 3. Consider bilinear forms U x (Y/U*) % field, (X/V*) x V 2 field given
by, respectively, @' (u, y + U") : = O(u,y), ®"(x + V*, v) : = ®(x,v) and apply
claim 1.

The equality of the matrix row and column ranks follow from claim 2, as they
are, respectively, codim Y and codim X*. (Why?)

E8.12

The permutability of AD and A is derived as follows. Inserting the decompositions

n
xi =y aye; (i =1,..., k)into Ax; we have
j=1 '

k
= Z det (aii) l,‘:17,,_,{< AD (m/ll ejm)

1<ji<.<jkr<n

det (oc,-j) i

1<ji<..<jk<n

n n
=N (Z “iiD%') =AD (Z O‘ijej) = N\Dx;.

E8.19

Keeping to the notations of section H8.19, we have w» =M - ¢/ A ... A¢; on AMIL

(Why?) According to section P8.18, x w = (fl)k(”fk)sign o-M-e; N...Nej

Tk+1

_ 1 -~ n .
on AYIT*, where o) = (i ; ) . On the other hand, we have, in
T A
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o= (—=D""Pdet A signa, - (Ae): A...A

accordance with section P8.15, i

*
X 1 n
(Ae) ;- where oy = | i ) Hence,
Jn

J1

M = (Ae); A...A(Ae)] (ei,,---sei,)

Jk+1

— (—1)k<"_k) det A - sign oy - % a)(e,m, ... ,ein),
so M’ = det A - sign g, - sign o, - M, which completes the proof, as

. . . 1 . _ . i
signoy - signo, = signoy ! - signo, = sign (67 '02) = sign <j1 j" >
Lo

E8.20

The mixed product of any xi,. .., x, € R” can be calculated as follows:

for, b, ) = (o) A = (21" (0 A AT A )
= *(xl /\.../\xn) = Q(xl,...,xn).

In particular, for x;: = [x,.. . ., x,,] we have
|X1|2 = <X1, X1> = <X1, [Xz, e ,Xn]> = Q(xl, . ,x,,).
On the other hand, because of the orthogonality x;: = [x5,. . ., X,,] L X5,. .., X,,, We
have, expressing the (n — 1-dimensional) Euclidean area on IT"~' by the formula

from section P8.12,

[x1] A oAX] = Qx, . X),

SO x| = A AX| = Qxy,...,x,) , QED. Also, the equality Iyl =
Ix, A...Ax,l can be obtained avoiding geometrical arguments, using section P8.12
and the orthogonality of *:

[X2 Ao Ax | =% (Ao AX) | =X ]-
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Readers who still prefer a more conventional way of calculating may proceed as
follows:

X11 X1in
Q(xq,...,x,) = det
Xn1 s Xpn
X21 e X2i ot Xop
n
i—1
= (—1) X1i det
i=1 —~
Xn1l R O .Y T ]
—~ 2
X21 cee Xi ottt Xop
n n
. 2
:E det| = E 2=l
i=1 - i=1
Xpl e Xnio o-e- X

Also, those readers may provide similar elementary computation of the mixed
product.

E8.21

Restricting ourselves to X, Y, Z as prescribed in section H8.21 brings
[X, [Y,Z]] = *[e,‘ A *(en_] A €n)] = *(ei ANer N .. A e,,_z),
which equals zero if i¢{n — 1,n}, that is, when X # Y and X # Z. In this case, the

right-hand side of the formula being proved also equals zero, as (X,Y) = (X,Z)
= 0. If X equals Y or Z, say, X = Y, then

s(eiNer A News) =x(=1)"e;A...Neyy = —e, = —1-Z=—(X,Y)Z

(and similarly for X = Z). QED.

Completing the Solution

S8.1

Keeping to the notations of section HS.1, a map ¢: P/Q — L may be defined in a
unique manner, namely, as @(p+Q) = F o n '(p+ Q). The correctness of the
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definition (insensitivity to the selection of p€ p+ Q) is provided by the inclusion
QC kerF. The linearity of ¢ is evident. (We leave it to the reader to work out the

details.)

The uniqueness of ¢ provides the uniqueness, within a unique isomorphism, of the
definition of A* R” using its basic property described in section P8.1""". (Indeed, consider
L = AFR"™)

Turning to the central auxiliary statement in section E8.1, readers will easily
verify the following statement:

A relation on a pair of vector spaces I' C X x Y closed with respect to the
summations ((x,y),'y) € T' = (x + X, y + Y)EL: Vx, ¥YEX, Vy, YEY) is a
graph of amap X — Y if and only if (0,y) € I = y = 0, Vye€Y. [With this, the
map will be linear if, in addition, I is closed with respect to multiplications by
scalars: (x,y) € I’ = (ax, a y)el’, VxEX, VyEY, Voc.7]

S8.6

Proof of the elementary number-theoretic claim from section E6.8. Consider a
polynomial of degree k in n:

(Z) k(n—k)—1

0, k=0,
=9 (n—k+1)...n
k!

pr(n):

—k(n—k)—1, k=1,2,... .

For k = 0 and k = 1, py(n) equals zero identically, and, since py(n) = p,_(n)
for natural n, n = k +1 and n = k are roots of p for any k. Therefore, we must
establish that p(n) > 0 for 1 < k < n — 1. Do this by induction on k by deriving
from the inductive hypothesis an inequality p;/(n) > 0 for 1 < k < n — 1, which
will make it possible to complete the proof. (Why?)

"The closure, with respect to multiplications by rational scalars, follows from the closure with
respect to summations (why?), but for real scalars it does not. (Provide examples.)
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Following this plan, estimate the derivative from below:

P'k(n)—j,{(n_k;!l) n] i

z(k!)1lzk:(n—k—}—l)...(n—/k\—ki)...n] —k

i=1

(n—k+1)...(n—1) _(n—1
o (k—1)! k (k—1>_k

(the hat means that the corresponding term is missing). Now note that (k — 1)
(n—k +1>kforl <k<n-—1,andso

pi>(3 1) = (= D=0 =1 =piaa = 1),

For k — 1 =1, p;_1(n — 1) equals zero identically (for all n). For k — 1 >1,
Pi—1(n — 1) =0 under n = k +1 and becomes positive for n > k +1 (by the
inductive hypothesis). In all cases, p;_1(n — 1) > 0for 1 < k < n — 1, so pi/(n)
> 0. QED.

S8.11

A different proof of the equality of the row and column ranks was discussed
in the “Polar and Singular Value Decomposition Theorems” problem group
(section S6.3).

Also, readers must answer the following question, which arises in connection
with claim 3 from section H8.11. As we have shown, the orthogonal (with respect to
a nondegenerate bilinear form) complement to a subspace must have a complemen-
tary dimension: dim U + dim U* = dim X. Given this, does the equality U + U™
= X also hold?

S8.17

The proof of equivalence of the two definitions for angles between hyperplanes, as
discussed in section H8.17, can be done as follows. The angle between hyperplanes
I1,, I1,, defined via the isomorphism G(n,n — 1) = P(/\"*I[R"), equals, by virtue
of section P8.16" ", the angle between properly oriented normals to IT;, I,
respectively, which is defined via the isomorphism G(n,1) = P(A ! R™ =
P(R™ = RP". The angle between the normals, in turn, equals the angle between
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them defined in the usual way (using, for example, the tools of elementary
geometry). This last angle equals the “elementary-geometrical” angle between II;
and II,, which may be immediately verified applying Theorem 1 from sec-
tion P8.0"" for a two-dimensional plane orthogonal to IT;NII,. (Work out the
details, paying attention to the orientations of the normals. Also, we leave it to
the reader to complete a case of parallel I1;, I1,.)

Also, readers may prove the foregoing equivalence using the following
arguments. For the element of oriented Euclidean volume Q, isomorphism Ig
(defined in section P8.10°") maps A" 'R” onto R™. But since Io =Dox"!
(section P8.14™"™) and since the star operator preserves the scalar product on the
exterior algebra (section P8.16 ), I maps the scalar product in A"~ 'R” to the
scalar product in R”", dual with the scalar product in R”. Therefore, we need only
verify that the “elementary-geometrical” angle between I1; and IT, is the same, as
the angle between the straight lines determined by I1; and I, in the space of linear
functionals R™"; precisely this is done by applying Theorem 1 from section P8.0""
to a two-dimensional plane orthogonal to IT;NII,. (Complete the proof.)



Convexity and Related Classic Inequalities

Problems

PI9.0

Preliminaries. Concepts of convexity and related techniques are widely used in
various branches of mathematics and applications, such as functional analysis
(Dunford and Schwartz 1957; Hille and Phillips 1957; Yosida 1965; Edwards
1965; Riesz and Nagy 1972; Rudin 1973; Nirenberg 1974; Kolmogorov and
Fomin 1976; Reed and Simon 1972; Bourbaki 1981; Krein et al. 1972; Kirillov
and Gvishiani 1988; Lubich 1988), calculus of variations and mathematical physics
(Ekeland and Temam 1976; Arnol’d 1989; Polya and Szego 1951), geometry
(Hilbert and Cohn-Vossen 1932; Burago and Zalgaller 1980), number theory
(Cassels 1959, 1978; Schmidt 1980), game theory (von Neumann and Morgenstern
1953; Luce and Raiffa 1957; Moulin 1981), optimization and other computational
methods and convex programming (Collatz 1964; Krasnoselskii et al. 1969; Céa
1971; Kantorovich and Akilov 1972; Balakrishnan 1976; Aubin and Ekeland 1984),
integral geometry (tomography) (Gelfand et al. 1959-1962; Helgason 1980, 1984;
Herman et al. 1987; Gardner 1995), and many others. In addition, there is a vast
literature on the fundamental topics in convexity and related inequalities; interested
readers may refer to Beckenbach and Bellman (1961), Hardy et al. (1934), Marcus
and Minc (1964), Leichtweiss (1980), Rockafellar (1970), Kutateladze and
Rubinov (1976), and the multiple references therein.

In this problem group, we will focus mainly on the basic elements of the theory
of convex functions, which can be taught to readers with limited experience
(sections P9.1°, P9.2°, P9.3", P9.4", P9.6", P9.7"", P9.8", P9.9", P9.21", P9.22",
P9.23,P9.24"",P9.27""", and P9.28"""). The remaining problems in this group are
directed toward specific applications such as convex and linear programming
(section P9.5*), the hierarchy of power means (sections P9.10™, P9.12", and
P9.14**), geometric inequalities (sections P9.137, P9.16™", and P9.17), the Holder
and Minkowski inequalities (sections P9.15" and P9.18""), Young’s inequality and
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the Legendre transform (sections P9. 19" and P9.20**), and functions on metric and
normed vector spaces (sections P9.25***, P9.26***, P9.29***, and P9.30***). The
necessary introductory material is provided in these sections. (The reader will find
additional references, definitions, and tools related to problems in these sections in
the “Hint” section of the book.) A specially added section (P9.117") discusses the
widely known Cauchy-Schwarz-Bunyakovskii inequality and Lagrange-type

identities in connection with the hierarchy of the power means.

s

PI.1

Recall that a real-valued function of one or many real variables, f(x), is referred to
as convex if it satisfies the so-called Jensen inequality

flooe+ (1 —a)y) <of (x) + (1 = 2)f (y),  Vae(0,1), Vx,y.

Natural domains for convex functions are convex sets, which are the subsets of
(real) vector spaces containing, together with points x and y, the line segment that
connects them, {ax + (1 — o) y: 0 < o < 1}. Throughout this section we consider
convex functions defined on convex domains. Transfate the definition of a convex
function into the language of geometry (Fig. 1). Verify that affine transforms

Fig. 1 The graph of a convex
function
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(combinations of linear transforms and translations) of domains affect neither their
convexity nor the convexity of the functions on them. Also, verify that affine
transformations of the range of values that do not change its orientation do not
affect the convexity of the functions.

A concave function is defined by the Jensen inequality using an inverted sign.
Hence, f(x) is convex if and only if —f(x) is concave, and, obviously, linear
functions are both convex and concave (prove the inverse statement). Provide
more examples of convex and concave functions. Show that linear combinations
with positive coefficients of convex (concave) functions on a common domain are
convex (resp. concave). Therefore, adding a linear function does not affect convex-
ity (concavity).

Prove that pointwise limits of convex (concave) functions on a common domain,
if they exist, are convex (resp. concave). Similarly, prove that pointwise
supremums (infimums) of convex (resp. concave) functions on a common domain,
uniformly bounded above (resp. below) on any element, are convex (resp. concave).

For convex functions f, g (say, of one variable), can any statements be made
about the convexity or concavity of functions (1) fg, (2) 1/g (out of {g = 0}), 3) f/,
@™ [ ! (for continuous monotonic f), or (6) f o g, provided that f does not
decrease as well?

Since f(x) is convex if and only if —f(x) is concave, those functions have similar
properties. (The definitions of convex and concave functions in some literature
sources are transposed.) Therefore, in what follows we will discuss only convex
functions.

E

P9.2

Verify that a whole vector space and all its vector and affine subspaces are convex
sets. Show that the closure and the interior (if nonempty) of a convex set itself is
convex. Convex sets may be bounded or unbounded; they may be open, closed, or
not open and not closed. (Provide examples.) Can a convex set be disconnected?
Verify that intersections of convex sets themselves are convex sets. Prove that a
convex set in a finite-dimensional space lies in a proper subspace or has a nonempty
interior. Fnumerate all types of convex sets on a straight line (real axis).

E3

P9.3

Following sources such as Kutateladze and Rubinov (1976), we will define an
epigraph of a function f: D — R as a set of the points in D x R lying above or on
the graph of £, epi(f): = {(x,y): XED, y > f(x)}. Which property of the set epi(f) is
equivalent to the convexity of a function f defined on a convex set?
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5

P94

Prove, for a convex function, a more general form of the Jensen inequality

f Zoc,»x,» SZoqf(xi) (n:1,2,...; 0<a; <1, Vi foi:l).

i=1 i=1

[The usual related terminology is as follows: «; are referred to as relative
weights, and the sums Y ox; are called weighted (arithmetic) means, weighted
centers of gravity, or convex linear combinations.]

sk

P9.5

Obviously, any subset M of a vector space is contained in a convex subset (the space
itself), but is there a minimal convex subset containing M, a so-called convex hull
of M? Show that the convex hull exists, is unique, and is an intersection of the
convex sets containing M. In particular, the convex hull of M is always contained in
the same affine subspace (or another convex subset) as M. Determine whether the
convex hull of a closed subset is closed. Prove that the convex hull of M coincides
with the set of weighted means of all points of M:

conv(M) = Z ox: 0<a, <1, o.>0 forafinite number of x, Z o, =1
xeM

We will use the definition of a polyhedron in R” as a nonempty bounded set that
is a closure of its interior, with the piecewise hyperplanar boundary being a union
of polyhedrons of dimension n — 1 (faces) that intersect along polyhedrons of
dimensions < n — 2 (edges) that intersect along polyhedrons of dimensions <
n — 3 (edges), and so on (up to the level of vertices).! Show that a bounded set
with a nonempty interior, which is a finite intersection of closed half-spaces, is a
polyhedron; the aforementioned set is referred to as a convex polyhedron.

Show that a convex polyhedron is a convex hull of its vertices and that
the convex hull of any polyhedron coincides with the convex hull of the set of its
vertices.

Show that a k-dimensional face of a polyhedron contains k£ + 1 vertices that are
not contained in a plane of a smaller dimension.

! This definition allows disconnected polyhedrons and unions of polyhedrons intersecting along
edges of codimensions greater than one. Examples are polyhedrons with a common vertex and
polyhedrons obtained by partitioning faces (with the corresponding partition and addition of edges
of all dimensions) into smaller ones, which would count as different.
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Prove that the convex hull of a finite set is a convex polyhedron with vertices that
are some points of this set. (Which points exactly?) Therefore, the convex hull of a
polyhedron M is a convex polyhedron with vertices that are some vertices of M.

Show that if the maximum of a convex function is achieved at some internal
point of its domain, then this function has a constant value.

Prove the “Fundamental theorem of convex programming”: The maximum of a
convex function on any polyhedron M within this function’s domain is achieved at
a vertex of conv(M).

Derive from it the “Fundamental theorem of linear programming”: The maxi-
mum and minimum of a linear function on a polyhedron M are achieved at some
vertices of conv(M).

(See the corresponding Hint for additional definitions or tools related to certain
problems in this section.)

E

PI9.6

We say that a function /2 D — R on a convex domain D allows a weight a(<(0,1)
if f obeys the Jensen inequality with relative weights o, 1 — . Prove that the set
of all allowed weights is always either empty or everywhere dense in [0,1] and
contains all rational numbers of this segment so that f will satisfy the Jensen
inequality with arbitrary rational weights:

n n
. Pi Di,
(3] < 32
i=1 1 i=1 1

<n:17277 XIEDapanz€§Za0§&§1a VI, &:1>
qi qi

Show that a function that is continuous on a convex domain and that allows any
weights is convex; in other words, the set of the allowed weights is all of (0,1).

Looking ahead, the continuity of a function on an open domain in a finite-
dimensional space is necessary for convexity. Can the continuity of this function
be derived from the fact that it allows weights (and omitted in the formulation of the
last claim), or can you give examples of nonconvex functions that allow weights?

2 Proving these claims, obvious for planar polygons, requires more sophisticated methods for
dimensions greater than two. Working on this problem will help the reader in learning those
methods because most real-life problems are of high dimensions.
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sk

P9.7

Establish for a continuous convex function f: D — R on a convex domain D the
Jensen inequality in the following general form:

f Jxmdr < Jf(X(t))da
0 0

for an integrable function X: [0,1] — D; specifically, for a countable set of relative

[o.¢]
weights {o;} (o; > 0, > o; =1) and a bounded sequence {x;} C D, this will
i=1

look like

f ZOC,‘X,’ SZO(,f(X,)
i=1 i=1

(Try to find a proof that is valid in both univariate and multivariate cases.
Readers with limited experience in multivariate analysismay restrict themselves

to a function of one variable.)
Readers familiar with elements of probability theory may establish the Jensen inequality in an
even more general form:

7| [xan <if(X)du

Q

for an integrable function X: Q — D on a space Q with a probability measure dj.

sk

PI9.8

A hyperplane P in a vector space is referred to as a hyperplane of support for
a subset M of this space at a point aEM if a=P and M is located in a closed half-
space bounded by P. Prove that epi(f) for a convex function of one variable has
straight lines of support at the points of the graph of f. [At the points (x, f(x)),
corresponding to internal x, the lines of support are nonvertical (nonparallel to the

ordinate axes); why?]

An extension of this result to the multivariate case is far from trivial (this problem is formulated
in section P9.27"* below). However, if the function f is differentiable, then the existence of
hyperplanes of support can be proved quite simply for any number of variables (in the next section
readers are invited to do so).
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Conversely, prove that a function f defined on a convex set will be convex if
epi(f) has hyperplanes of support at the points (x, f(x)) corresponding to internal x.
(A proof may be provided that handles the multivariate case by a slight modification
of the univariate one. Therefore, readers with limited experience may restrict
themselves to a function of one variable, but more advanced readers should try to
find a proof that is valid for a multivariate case.)

Willf be convex if the support condition is weakened to a local support, which
means that there is a neighborhood U(x) for any x, such that epi(f | ;) has a
hyperplane of support at (x, f{x))?

&

P9.9

Prove that a differentiable function f: D — R on an open convex domain is convex
if and only if the tangent hyperplanes to the graph are hyperplanes of support for
epi(f). Analytically, f (x) > f(xo) +f",, (x — Xo0), Vx,xo, wheref", is the differential
at xo [a linear functional on the tangent hyperplane; in univariate cases,f’, (x — xo)is
equal to a product of the derivative at xy and the increment x — xg].

Based on the foregoing discussion, derive the claim that a convex function
achieves its global minimum at every critical point (the internal points x, such that
o =0).

Also, prove that a twice-differentiable function on the same domain is convex if
and only if it has its second differentials (symmetric bilinear forms on the
corresponding tangent hyperplanes) positive semidefinite at all points,
1" (x = x0,x — x0) >0, Vx,xo. [In the univariate case, f”, (x —xo,x—xo) is
equal to a product of the second derivative at xy and the squared increment x — xg.]

(Proofs may be provided that handle the multivariate case by a slight modifica-
tion of the univariate one.)

P9.10""

1
Prove that a positive function X: [0,1] — (0,00), integrable with power ¢, [ [X()]?
0

dt<o0, is integrable with any power between ¢ and 0; also,

1 q 1 P

|ora ) < | [ecwpa

0 0

when it is integrable with powers p < g. Derive from this the hierarchy of the
weighted power means
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1/ 1/
() "< ()" (pa#t0p<a 4>0, 0<m <1, Vi > m=1).

(For p,q = —1,1,2, these are referred to as harmonic, arithmetic, and quadratic
means, respectively.) Determine the cases of equalities in these inequalities.

P9.11°°

We discuss here several important identities and inequalities associated with the
inequality between arithmetic and quadratic means from section P9.10"". Being
written as n>_x7 > (3 x;)* (using equal weights of x;), the inequality between
arithmetic and quadratic means is a special case of the CSB inequality (Z xlz)
(>Xyh) > (Y xy:)?. . [In turn, this famous CSB inequality is a special case of
the Holder inequality (section P9.15"") that has important applications in func-
tional analysis.] The reader should know a common proof of this inequality in
its geometric form: for two vectors x, y in a Euclidean space, lxI*lyl* > (x, y>2
because the difference between the right- and left-hand sides is proportional to the

discriminant of a nonnegative quadratic trinomial in 7, (x + ty, x + ty).
Following Beckenbach and Bellman (1961), generalize this solution. The positive definiteness
of a scalar product yields for any #4,. . .., the following inequalities:

O§<tl€1+---+lnen7 tlel+---+tnen>
(er;er) ... (er en) n
=(t ... t)

<€n7el> <()m€n> ty

meaning that the Gram matrix (<e;,e;>);; — 1,...,. is positive semidefinite. (For linearly indepen-

dent ey,...,e,, this is positive definiteness). The positiveness of the corner minors including the

CSB inequality (for 2 x 2 minors) follows from Sylvester’s criterion. (Complete the details.)
Also, we may obtain this inequality by the following short calculation:

0 < alyl =yl = 2y — 2l [yl (v, y) = 2l ¥l (lly] = (v, 3))-

Readers who have worked with the book of Arnol’d (1975) know the following
nice proof of the CSB inequality: we may consider only a two-dimensional
Euclidean plane (why?); in turn, for dimension two this inequality becomes
(¥ +23) (v} +¥3) = (v + X2y2)% , which is verified directly. (Complete the
details.) Another proof utilizes a minimization of the quadratic form in x, y using
differential calculus. Lastly, the CSB inequality may be proved using Lagrange’s
method, which consists of a representation of the difference between the right- and
left-hand sides by a linear combination of monomials of even powers with positive
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coefficients, which obviously is a nonnegative function. In our special case, this
.. 2 L.
representation is 7 3" x? — (3 x;)° = 3 (x — x;)”, which is easy to prove:

3= () a7 %)
— ;det()j ?) =3 (W —x) =Y (6 —x)"

ij i

Prove the complete Lagrange identity (Y 22)(X37) — (Caw) =
> (xiyj — xjy,«)z. In fact, there is a Lagrange-type identity for any nonnegative

homogeneous power form. Interested readers will find this theorem and some other
generalizations of the above Lagrange identity in Beckenbach and Bellman (1961),
Hardy et al. (1934), and Polya and Szeg6 (1964). One of the generalizations was
discussed in section P3.2”" (“A Combinatorial Algorithm in Multiexponential
Analysis” problem group above):

2%
X X 0 when n <k,
. . _ 2 .
det : : _ _ T (u—x,) otherwise,
Zxk n 1<ip<.<ixr<n 0<pu<v<k
1
or, completely,
2% k
2% SR 0 when n <k,
det : : = X I1 ) (xi,yi, — )c,-“y,-v)2 otherwise.
fo(yf . Zy[zk <ipp<.<ix<n <u<v<

Advanced readers may have encountered this determinant used for a different
purpose in interpolation theory while performing a least-squares fitting of data
{0} = 1, n (x; # x; for i # j) with a polynomial of degree k [k = 1
corresponds to the rectilinear fitting; for k = n — 1 the Lagrange interpolating
polynomial ¢(x) is obtained]. The nonnegativity of this determinant, including
the positiveness for n > k, may be established using other techniques discussed
in the “Least Squares and Chebyshev Systems” problem group.

P9.12"

Include the weighted geometric mean fo" x>00<o<1,Vi;Ya;,=1)asa
mean of power zero in the hierarchy from section P9.10"" by establishing the limit

lation i W)= T
relation.  lim (3 ) I1x


http://dx.doi.org/10.1007/978-0-8176-8406-8_3
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Fig. 2 To the formulation of B
the Erdos-Mordell inequality

And thus we have (Zoc,-xf)l/pz [1x¥, ¥p >0 and (Zuixf)l/pg [Tx,
Vp < 0. For p = 1, this is the widely known Cauchy inequality between arithme-
tic and geometric means.

P9.13™

The famous Erdos-Mordell geometric inequality states that given a point O inside
a triangle ABC and denoting R, R,, R3 as the lengths of segments OA, OB, and OC,
respectively, and &y, h,, h3 as the heights at vertex O of triangles OBC, OAC, and
OAB, respectively (Fig. 2), 2Y°h; < Y R;, with equalities for and only for the equilat-
eral triangle and the point at its center. The history, several nice geometric proofs of
this inequality by various mathematicians (L.J. Mordell, D.F. Barrow, D.K.
Kazarinoff, L. Bankoff, G.R. Veldkamp, H.H. Eggleston, H. Bralant, Z.A. Skopetz),
and a discussion of related topics can be found in Kazarinoff (1961), Chentzov et al.
(1970), and references therein. Some of these mathematicians actually proved a
stronger inequality 2)/; < Y'R; (with the same cases of equalities), where /1, [, /3 are
bisectors at vertex O of triangles OBC, OAC, and OAB, respectively. Verify that,
denoting by 71, 2, 73 the halves of angles <AOB, <BOC, <COA, respectively, this
stronger inequality may be written in algebraic form as

) Z?i:n7

)

3 3
;COS% - H (Ri, R (i1 1)mouz) < COS% ' ;Rn R>0, 0<y;<

(SRR

where H(x,y) is the harmonic mean, H(x,y) = 2/t + yh.
F. T6th suggested a natural generalization of the Erdés-Mordell inequality for a

convex n-angle: ) h; < cos%- > R; (n > 3, with equalities for and only for the
i=1 i=1
perfect polygon and the point at its center) (Toth 1948); this generalization holds for
the stronger inequality as well (Florian 1958; Lenhard 1961; Leuenberger 1962;
Vogler 1966). Let us attempt to sharpen of the foregoing Erdés-Mordell-Téth-
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Florian-Lenhard-Leuenberger-Vogler inequality (briefly, the FErdos-Mordell
inequality) for arbitrary n > 3 by replacing harmonic means with the geometric
ones (in accordance with section P9.12"):

n n
> 008y \/RiR(imoan < €OST- Y Ry, R>0,0<y, <5y =m,  (+¥)
P P

or, with a substitution of variables x; = Ril/ 2,
n n
2 ,
D oy  Xik(iptmoan < COSE- > 7, 0<y <5y = (%)
i=1 i=1

Prove the inequality (***) for n = 3 and investigate the cases of equality.
[In doing this readers will also establish the stronger Erdos-Mordell inequality
(*).] Could the inequality (**) itself be strengthened by substituting power means
of positive powers for the geometric mean?

Try to answer whether (**%) holds true for any n > 3. (If yes, the reader will
also establish Toth’s generalization of the Erdos-Mordell inequality.)

P9.14™

We define for nonnegative-element vectors X = (x,...) the weighted power
means

y
MAX)—M,,(X»“,...):—{(Z“"xf") Do p A0 (g cycr, Y1),

JJES otherwise

In the continuous version, the integral power means are defined for functions X:
[0,1] — [0,00] integrable with any powers (readers preferring not to deal with
functions with infinite values may consider them bounded from zero and infinity):

1 1/p
(f [X(t)}”a’t) when p # 0,
My(x):={ \0

1
exp (f log X (1) dt) otherwise.
0

From sections P9.10"" and P9.12" we have the monotonicity of M »(X) on p. Find
the limits lim M,(X)and lim M,(X) for the vectors X = (xy,...) and for the
p—o0 p——00

functions X: [0,1] — [0,00].
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Readers familiar with elements of probability theory may do the same for the
integral power means

1/p
| XPdu when p # 0,
M,(X,dy): = °

exp| [logXdu | otherwise,
o

defined for the continuous function, integrable with any powers, X: Q — [0,00] on
a topological space Q with a probability measure du.

P9.15™

Derive from the Cauchy inequality the Holder inequality: for a (rectangular) nonnegative-
element matrix (x;) and relative weights o; (0 < o; < 1, Yo, = 1),

%
S < (z) |
i i J

J

with equalities if and only if the matrix (x;;) has some of its rows equal to zero or has all its rows
proportional. Also, we may have an integral form of this inequality. For this, multiply both sides by
At and distribute (A4¢)* among the factors on the right-hand side. Then, considering the sums as
integral ones, pass on to the limit. This will result, for integrable nonnegative functions X;:
[0,1] — [0,00), in the integrability of a product of their o;-powers, and the desired inequality

b %

b
[TTmra<TT | [xa) .

a

with equalities if and only if some of the functions X; are zero almost everywhere
(up to a set of zero volume) or all of them are proportional almost everywhere.

(Advanced readers may substitute a measure space for a rectilinear segment [a,b].)
Work out the details of this construction. The case that is most widely used is the case of two
functions; it is commonly written as

b b Up /p 1/q

1 1
[|X(Z)Y(t)|dt§ [|X(z)\”dt [|Y(z)|"dz <p>1, —+—:1).,
. . . P 9
a a a

or, in discrete form, > xy; < (Z xf)l/p (Z yf)l/q (x;,yi>0) . Specifically, p =g =2
corresponds to the CSB inequality.
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P9.16™

Inequalities may be used to solve problems instead of more awkward analytical
techniques. Let us consider as an example a simple problem of determining the
distance from the origin of a Euclidean space to an affine hyperplane P (a subspace
of codimension one shifted from the origin). The usual solution to this problem uses
linear algebra or differential calculus (we may consider it as a Lagrange minimiza-
tion problem — minimization of the values of a positive definite quadratic form on a
hyperplane). At the same time, the CSB inequality provides a solution in a much

easier way. Verify that!

The effectiveness of the CSB inequality-based technique in this and related problems stems
from a deep connection of that inequality to the Euclidean metric. Verify the equivalence for the
Euclidean metric of the triangular inequality lx + yl < Ixl + Iyl to the CSB inequality.

P9.17

Let us pose the following problem. Given a planar polygon P (a closed set in R*
bounded by a closed finite-sided polygonal line, not necessarily connected, free
of self-intersections), determine a point )cm(P)ER2 with a minimal value m(P)
of summed squared distances from the sides (or their extensions), and determine
m(P) itself. A similar problem arises for polyhedrons in R". Provide a complete
solution where you perform the following steps:

o " Zstablish the unique existence of x,,(P) for the polygons (polyhedrons). [Warn-
ing: generally, x,,(P) lacks ties with the center of gravity, though it is invariant
with respect to orthogonal linear transforms and parallel translations 7: R” — R™:
T(x,,(P)) = x,,(T(P)).] Does the same hold for any polyhedral-shaped bodies
obtained by combining finite unions and intersections of closed half-spaces?’

« " Provide a numerically realizable algorithm for the determination of m(P) and
X(P), given a polygon (polyhedron) P.

« " Prove the inclusion Xn(P) € int P for the triangles (simplexes). Does it hold
for any convex polygons (polyhedrons)?

o Find explicitly a function f(P) of a polyhedron of dimension n, which is
determined with (n — 1-dimensional) areas of all its faces Ay,..., Ay (k is a
number of the faces) and its (n-dimensional) volume V, and is such that m(P) >
f(P) for any polyhedrons P and m(P) = f(P) for the simplexes (whenk =n + 1).

Provide examples, not simplexes, of m(P) = f(P) and examples of m(P) > f(P).

Find an appropriate method that requires no modifications for extensions to
n>2andk >n 4+ 1!

3 For advanced readers, the proper name for these shapes is n-dimensional submanifolds with
piecewise-planar boundaries.
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P9.18™

Keeping the notations of section P9.14"", the Holder inequality (P9.15"") is

ZMO(X,», a,...) §M0<ZX,», ocl,...> (X; = (xij, x2,-..))-

The extension to any weighted power mean is referred to as the Minkowski
inequality. For nonnegative (positive, for p < 0) vectors of equal dimensions X;
this inequality states that

ZMP(Xj, ocl,...) <(>)M, (ZXJ" ocl,...> when p<l1(resp. p>1),
J J

or (for p # 0)

1/p N\ U/p
Z (Z oc,xZ) <(>) (Z o (Zx,j> ) when p<1(resp. p>1),

J

with equalities achieved if and only if matrix (x;) has all its rows proportional.
Actually, we may simplify this inequality by eliminating variables that are not
essential for it. Note that o; are not weights in the usual sense, as they may obviously
be multiplied all together by any positive factor without violating the inequality.
Therefore, if the inequality holds for any o; > 0 with Y'o;; > 0, one may get rid of

them by substitution of variables. Making the substitution x,j|—>oci1 /p x;; reduces the
preceding inequality to

1/p P\ /P
Z (in) g(z)(Z <Zx,j) > when p<1 (respectively, p>1).

J i

Explain the geometrical meaning of this inequality for a two-element set of
indices j and p = 2. Derive the Minkowski inequality including the cases of
equalities from the Holder inequality. Also, establish three integral forms of the
Minkowski inequality by inserting Au, or Av, or both Au and Av simultaneously in
proper places on both sides of the inequality and passing on to the limits in the
obtained integral sums:

b 1/p b 1/p

S { [eorad) <[ Sl ad

J J

X —

a
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Fig. 3 To the formulation
of the young’s inequality

d 1/p d Y
J(ZIXMI”) dv<(2) Z J\X,-(v)|dv :
d /b p b /d P\ P
J J|X(M7V)|pdu dv<(>) J J|X(u,v)| av | du|

c a a c

when p < 1 (respectively, p > 1). (Advanced readers may substitute measure
spaces for line segments [a,b], [c,d].)

P9.19°

Fstablish Young’s inequality: for a function ¢(x) continuous and strictly growing
on {x > 0}, with ¢(0) = 0,

a b
ab < JQD(X) dx + J<p71(y)dy (¢! is inverse to ¢; a,b>0),
0 0

with the equality achieved if and only if b = ¢(a) (Fig. 3).
A famous special case of Young’s inequality corresponds to ¢ = x”

P bl 1 1
dbSa—-i-— (a,b>0; p>1; —+—:1>,
P q P q
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with equality when @” = b?. [ Verify that also, this is a special case of the Cauchy
inequality (section P9.12").] Establish this inequality in a different way that makes
it possible to establish the accompanying inequality

P pa 11
abZa—+— (a,b>0; p<l,p #0; —+—:1),
P q p q

with the same cases of equality. Derive from these two inequalities a special case of
the Holder inequality (section P9.15"") and the accompanying one:

1/p 1/q
leyIS(Z)(lep) <Zqu) ’ xi?.YiZOa p>1 (xi7yi>07 p<lap7é0)v
1 1

1

—+-=1,
P 9
with equality when vectors x, y are proportional (in particular, if one of them is
ZEero).

Establish another known special case of Young’s inequality,

ab<aloga—a+eé" (a>1, b>0),

and determine the equality conditions.

P9.20"

The source of Young’s inequality is the Legendre transform. A convex function is
called strictly convex when the Jensen inequality for it is strict (equality is achieved
only for equal x;). (Provide geometric formulations.) The Legendre image of a
strictly convex function of one variable f(x) is a function of a new variable g(p)
defined as follows: given a number p, let us consider a straight line y = px in R* and
take a point x = x(p) of the maximal distance, in the vertical direction, from this
line to the graph of f (Fig. 4). Show that x(p) is unique if it exists.

Analytically, x(p) is a maximum point of a function F(x, p) = px — f(x) with
respect to x, keeping p fixed. Derive from this the generalized Young inequality

px<f(x)+g(p), Vp,x (g(p) is the Legendre image of f(x)).

Prove the convexity of the function g(p).

Verify that for a differentiable f, x(p) is defined by an equation f'(x) = p, that is,
geometrically, a tangent to the graph of f at a point (x(p), f{x(p))) is parallel to the
line y = px.

Calculate the Legendre image of f = kx”. Show that in this case f(x(p)) = g(p).
For which k is fequal to its Legendre image in the sense that substituting p for x in f

(x) yields g(p)?
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Fig. 4 Legendre image y

. 9(p) >0
AX(P)) f=mmmmmmm 2 ,

x(p)

fxX(p)) fmmmm e e == 2 ‘
] g(p) <0

x(p)

Prove that for a function f(x) = Igo dx with ¢(x) defined as in section P9.19™",
0
p
the Legendre image is g(p) = fgo’l dp . Therefore, Young’s inequality (sec-
0

tion P9.19™) is a special case of the generalized Young inequality.
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The Legendre transform in these examples4 is an involution: if g(p) is the
Legendre image of f(x), then the Legendre image of g(p) once again is f(x). Prove

the same for any strictly convex differentiable function.

Legendre images of convex, but not strictly convex, functions are defined in the same way as
above since the nonuniqueness of x(p) in this case still allows us to define a valid g(p). (Why?) For
instance, the Legendre image of a linear function is a function on a one-point domain. (Prove.)
What is the Legendre image of a continuous piecewise linear function (the graph of this function is
a broken line)? Verify the involution property. Legendre images are defined for concave functions
by substituting the minimum of F(p,x) for its maximum. Moreover, Legendre images are defined
for inflected functions, though this leads to cusped multifunctions: calculate the Legendre image
of y = x*. The involution property remains even in this case! (Advanced readers might have
guessed that this property’s source is the projective duality, as one can prove that the functions’
duality by Legendre is equivalent to the projective duality of their graphs. Interested readers will
find a discussion of the singularities, the multivariate version, and multiple applications of the
Legendre transform and far-reaching developments in Courant and Hilbert (1953-1962), Arnol’d
(1978, 1989, 2002), Arnol’d et al. (1982, 1985), and references therein.)

P9.21"

Carrying out a further study of convex functions, prove the following technical
lemma.

Lemma Let f(0) = 0, f be bounded above in a neighborhood D of x = 0 and have
a property flox) > af(x), Yo > 1, Vx with ax€D. Then x — 0, filx) > 0= f
x) — 0.

[Proving this lemma is achievable even for readers with very limited experience,
but since it holds for multivariate functions and for functions on infinite-
dimensional domains (in normed spaces) as well, more experienced readers should
be sure to provide a dimension-independent proof.]

P9.22"

Establish continuity of convex functions of one variable at the internal points of
their domains. What can be stated about their behavior at the endpoints? (See
Fig.5.)

“The first example is a special case of the second one.
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Fig. 5 Possible boundary /h
behaviour of a convex
function H
[ J
*
P9.23

A function of one variable defined to the right (left) side of a point x( (including x,

itself) is referred to as a right (resp. left) side differentiable at that point if there

exists a right-side derivative f', (xg) := hlimo h=Y[f (xo + h) — f(x0)] (resp. left-side
—+

derivative f'_(xg) := hlimo h='[f(xo + h) — f(x0)]). A function that has both one-

sided derivatives at all internal points is called one-sided differentiable. Estab(ish
the one-sided differentiability of convex functions. (What can be stated about their
behavior at endpoints?) Deduce from this a differentiability of a convex function,
except at most at a countable number of points.

Skesksk

P9.24

Show that epi(f) is a closed set for a continuous function f. Actually, closure of epi
(f) is equivalent to a weaker condition than continuity. A real-valued function (on
some topological space D) is referred to as lower (upper) semicontinuous at x,&D
if for any ¢ > 0, fix) — flxg) > —¢ [resp. fix) — fxg) < ¢] for neighboring points x.
Prove that epi(f) is closed (in the topology of D x R) if and only if f is lower
semicontinuous.

Obviously, lower plus upper semicontinuities equal continuity. Provide simple
examples of discontinuous lower (or upper) continuous functions.

P9.25"""

The famous Hahn-Banach theorem, usually taught to second- to third-year
students, states, in one of its geometrical versions, that a closed convex set has
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hyperplanes of support at all its face points.” Using this theorem, sfow that the
epigraph of a continuous convex function has hyperplanes of support at the points
of its graph. (This claim holds, including the convex functions on infinite-

dimensional domains, as long as the Hahn-Banach theorem holds.)

The Hahn-Banach theorem in its complete geometric version states that a closed convex set is
separated from a point outside it by a closed hyperplane. One of the implications is a definition of
closed convex sets as intersections of closed half-spaces (determined by the hyperplanes of
support). For a nonconvex set this intersection, taken over all hyperplanes of support, coincides
with the set’s convex hull, as discussed in section P9.5". (The same result may also be obtained
using the Minkowski duality technique discussed in sections H9.5 and E9.5.) This theorem finds
practical application for image reconstruction in computerized tomography (see section P5.0 in
the problem group “A Dynamical System with a Strange Attractor” and references therein).
Consider a planar compactly supported binary distribution f{x,y) (this means that the function fis
defined on a plane, has only values 0 and 1, and has value 1 only on some compact set); we obtain
such a distribution by extending the density of a homogeneous compact planar body by zero
values at the external points. The Radon image of f consists of the set of integrals of this
distribution calculated along a “radiation beam” — all possible affine straight lines. (Obviously,
the value of each integral equals the length of the chord in the body cut out by the corresponding
line.) The task of tomography is a reconstruction of the distribution f based on its Radon image.
In real life a finite distribution {f;} as relating to the cells of a fixed finite partition of a bounded
planar region is reconstructed, and the “beam” is quantized by a finite number of rays, but even
after that, the numbers of both unknowns and of equations remain huge. However, these numbers
can be significantly reduced — to a set of the pixels related to the convex hull of the f°s support
(f’s nonzero set) for unknowns and a set of the rays intersecting with that hull for equations.
These smaller subsets can be determined directly from the Radon image by the Hahn-Banach
theorem; that is, we can determine the lines of support for {f # 0} as straight lines / such that the
preceding integrals are zero for all lines I’ lying on one side of [ and nonzero for /' lines lying on
the opposite side of /. The described reduction in the number of unknowns and equations using
the convex hull significantly increases the stability of the reconstruction algorithms. The same is
true also for the reconstruction of nonbinary distributions (corresponding to inhomogeneous
bodies), the three-dimensional reconstruction, etc. (Herman et al. 1987; Robinson and
Roytvarf 2001).

P9.26"""

A function is referred to as locally bounded below (above) when it is bounded
below (resp. above) in a neighborhood of any point. Prove that boundedness above
of a convex function in a neighborhood of some internal point of its domain implies

(i) Upper semicontinuity at this point;
(ii)) Lower semicontinuity at this point.

5In an infinite-dimensional case, the hyperplanes of support are required to be closed.
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Therefore, a convex function locally bounded above in the interior of its domain
is continuous there. Readers should try to provide a dimension-independent proof,
as claims (i) and (ii) actually hold at least for the convex functions on any normed
vector spaces.

Will similar results hold when the point is not internal?

The inversion of claim (i) is trivial for any convex and nonconvex functions (and
the points do not have to be internal). The inversion of claim (ii) is not trivial, but
for convex functions it is a true statement as stated in

Gelfand’s lemma. For a convex function, lower semicontinuity in the interior of its
domain implies local boundedness above in the interior.

Prove this statement. Prove that the gelfand’s lemma holds also for any complete
metric vector space [a vector space supplied with a distance function (metric) so that
with respect to it the summation of vectors and multiplication of vectors by scalars
become continuous operations, and the space is complete in the Cauchy sense].

P9.27°

Show that a convex function f on a finite-dimensional (convex) domain is continu-
ous in the interior of the domain. Derive from it that epi(f) has hyperplanes of
support at the points (x, f(x)) corresponding to internal points x.

P9.28"""

Prove that a univariate function f: (a,b) — R allowing weights (as defined in

section P9.6") and at some point discontinuous is unbounded above in any interval
(c.d) € (ab).

P9.29""

A real-valued function on a vector space, that is subadditive, fix + y) < flx) +f(y),
and strongly positive homogeneous, flox) = lal fix) («€R), is referred to as a
convex functional, or seminorm. Examples: absolute values of the linear
functionals, the norms. Show the following claims:

» Convex functionals are nonnegative-valued functions and f{0) = 0;

e Zero sets of convex functionals are vector subspaces (in general, not
hyperplanes);

¢ Convex functionals are convex functions.
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Establish that convex functionals (specifically, the norms) on finite-dimensional
spaces are continuous. (This claim does not hold for infinite dimensions: as advanced
readers probably know, there are discontinuous linear functionals on any infinite-
dimensional metric vector spaces,® so taking absolute values of those functionals
creates discontinuous convex functionals with everywhere dense zero sets.)

P9.30°""

Verify that a pointwise supremum of convex functionals uniformly bounded on any
vector is a convex functional. Prove that for continuous convex functionals this
supremum itself is continuous.” Provide arguments actually proving the continuity
of the supremum of continuous convex functions. Be sure to use arguments that are
valid for a Banach (complete normed vector) space.

Hint

H9.1

Geometrically, a function f: D — R on a convex domain D is convex when for x,y
€D, the segment {(z,£(2)):z = ax + (1 — 2)y,0 < o < 1} of its graph is not found
above the line segment in D x R connecting the points (x, fix)), (v, ).

S Actually, there are discontinuous linear functionals on any topological vector space (a vector
space over either the real or the complex field of scalars supplied with a topology so that with
respect to it the summation of vectors and multiplication of them by scalars become continuous
operations) possessing a base of neighborhoods of zero of a cardinality not exceeding the algebraic
dimension of the space. Indeed, following sources such as Kirillov and Gvishiani (1988), let U +—
ey be an injective map on this base to any fixed basis of our space and k;; be positive numbers such
that kyey € U, YU (ky cannot be chosen without the famous axiom of choice, but of course we
accept it). A linear functional f taking values k;;~" on the corresponding e, and arbitrary values on
the rest of the basis is discontinuous since the set {f < 1}, which is the preimage of (an open)
neighborhood of zero in R, includes no U and so cannot be a neighborhood of zero in our space.
[We leave it to readers familiar with the elements of general topology to work out the details,
including the fact that any neighborhood of zero in a topological vector space contains vectors of
all directions (in fact, contains some half-interval [0, «,v) of the rectilinear ray spanned on any
vector v (o, > 0)), which follows from the continuity of the multiplication by scalars. We must
warn readers, however, that the definition of a topological vector space uses a linguistic trick: a
vector space of positive dimension with discrete topology (which means that every subset is open)
is a topological Abelian group (with respect to the summation of vectors) but is not a topological
vector space.]

" This theorem, due to .M. Gelfand, is analogous to the Banach-Steinhaus theorem for linear
operators.
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Obviously, this property remains unchanged under the affine transformations of
the domain and range (without changing its orientation). Also, use the geometric
definition to show that the function that is simultaneously convex and concave is linear.

Neither convexity nor concavity is guaranteed for (1)-(4) (provide
counterexamples); (5) for continuous monotonic convex f, f~ !'is concave (convex)
if and only if f is monotonically increasing (resp. decreasing); (6) f o g is convex,
provided that f does not decrease as well.

H9.2

The convex sets are arcwise connected (as discussed in section H8.6, “Polar and
Singular Value Decomposition Theorems” problem group).

If points xq,. .. of a convex set D in a finite-dimensional space do not lie in a
proper subspace, a polyhedron of those vertices contained in D has a nonempty
interior.

The convex subsets of a line are the line itself, the open and closed half-lines
(rays), the open, half-open, and closed intervals, and the single-point sets.

H9.3

f1is a convex function if and only if epi(f) is a convex set.

H9.4

The Jensen inequality is proved by induction on n. (Provide the details.)

H9.5

The convex hull of a closed set is not necessarily closed. For example, a planar
subset {(x,y): x > 0,y = +x '} is closed but has an open half-plane {x > 0} as its
convex hull. Prove that the convex hull of a compact (bounded and closed) set is
compact.®

8 Advanced readers probably know that in infinite-dimensional analysis, compactness does not
mean the same as boundedness + closure. A topological space is compact if and only if every
infinite subset has a limit point. Readers may prove this using the common definition of compact-
ness that they are familiar with or find it in a textbook on general topology, for example, Hausdorff
(1914) or Bourbaki (1960). Use this equivalent definition to prove the statement about the
compactness of the convex hull of a compact set.
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conv(M) is a convex set, so it contains the weighted means of the points of M. To
establish the inverse inclusion, show that the set of the weighted means is convex.
Use the fact that a weighted mean with relative weights y, 1 — y of two weighted
means Y o..x, > 3,x is a weighted mean, because

S o+ (1=p)Bl=7> at(1—7)> B=y+1—yp=1

The sets that are finite intersections of closed half-spaces are obviously closures
of their interiors, so a proof that the convex polyhedrons are polyhedrons may be
completed by induction on dimension.

For a polyhedron M, conv(M) = conv(vert(M)). Indeed, any line segment
between two points of M will meet the boundary of M when being rectilinearly
extended across its ends, so the proof may be completed by induction on dimension.
(Provide the details.)

By virtue of the inclusion conv(vert(G)) = conv(G) 2O G, a face G is contained
in a plane if its vertices are also contained in that plane; hence, vertices cannot be
contained in a plane of smaller dimension.

A determination of convex hulls and many related problems of Convex analysis
can be solved using the Minkowski duality technique. Let us define for a nonempty
subset of a Euclidean space X C R"adual setX* = {p € R": (x,p) <1, Vx € X}.
Obviously, X" # @ (as 0€X), X C Y=Y CX, XUV =X nY, Xn
) OX UY (when XNY#@) and X CX (where X : = (X)"). What
about the inverse inclusions? Which set is dual to a vector subspace and which to
an affine subspace (a translation of a vector subspace)?

A. Verify the convexity (and closure) of X*. Show that X" has a nonempty interior
if X is bounded (specifically, finite). Now turn to a finite X. We assume that X is
not contained in a proper affine subspace (otherwise we will have a similar
problem for a space of smaller dimension). We will call this finite set good if the
spatial origin is contained in the interior of a simplex with vertices in X.
(A proper translation of the origin makes a finite set good if this set is not
contained in proper subspaces.) Show that X~ is a convex polyhedron if X is
good.

B. Let S be a simplex with vertices in a set X and S° be S with vertices removed;
prove that the points of §° play no part in defining X", that is, X~ = (X\S°)". We
will call a point on the boundary of X a point of nonconvexity if it belongs to S°
for a simplex S with vertices in X. We see that these points play no part in
defining X" Verify that for a good set X the remaining points (the points of
convexity) do play a part in defining X"

C. Show that for a convex polyhedron Y containing the origin in its interior ¥ is
also a convex polyhedron and Y™ =Y. [Famous classic examples: a hexahe-
dron (cube) is dual with an octahedron, a dodecahedron is dual with an icosahe-
dron, and a tetrahedron’s shape is autodual (Hilbert and Cohn-Vossen 1932).]

D. Lastly, prove, using the results of A—C, that for a good set X, X" = conv(X) and
the vertices of X are the points of convexity in X.
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The “fundamental theorems” follow directly from the geometric definition of
convexity (of sets and functions).

H9.6

We suggest proving that the allowed weights are everywhere dense in a few steps as
follows.

A. Verify that if f satisfies the Jensen inequality with a set of related weights

{0} ;. then the sums )" o; for any index subsets & # J % I are allowed
iel
weights.

B. Verify that if f satisfies the Jensen inequalities with two sets of related weights
{a;},er and {B;},<;, then it satisfies this inequality with a set of related weights
o;B;. Therefore, the allowed weights form a multiplicative semigroup: o, f§ are
allowed = of} is allowed.

C. Prove that if f satisfies the Jensen inequality with a set of related weights {;};<,
then it satisfies, for any nonempty subset J C I, a similar inequality with a set of

related weights {f;};c;, where f; = o; > oy . [This step is not completely
kel

trivial; readers can overcome the difficulties using arguments close to the
Cauchy downward induction technique as discussed in Hardy et al. (1934)
and Beckenbach and Bellman (1961).]

D. Show that if o is an allowed weight, then f satisfies the Jensen inequality with a
set of related weights o, j(0t) = 056(1 — oco)"fi: i=0,.,nj=1,..., (’;)

E. For 0 < i < n, there are equal weights o,;; = ®,;;,. Applying paragraphs C
and A find that fsatisfies the Jensen inequality with relative weights 2, /2, so (by

paragraph B), with relative weights 1/2" ..., 1/2", and (by paragraph C), with
—_—
2’!
relative weights 1/n,...,1/n;; thus (by paragraph A), any rational weights are
————

n

allowed. QED.

Allowing weights does not imply continuity. To provide counterexamples,
consider additive functions /2 R — R, that is, functions with a property f(x + y)
= fx) + f(y) (x,yER). Verify that the additivity is the same as linearity over the
rationals. Therefore, additive functions allow rational weights. The real field R is a
vector space over the rational field @, so that the readers possess a variety of
additive functions; find discontinuous functions among them. (Warning: the
examples are constructed with the famous axiom of choice.) Also, verify that
continuous additive functions are linear over the reals, whereas graphs of discon-
tinuous additive functions are everywhere dense in the plane Rf’y (Gelbaum and

Olmsted 1964).
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Therefore, a discontinuous additive function is “very discontinuous” because it
is unbounded in any interval. Actually, all univariate discontinuous functions
allowing weights have the same property; see Problem P9.28""" below.

H9.7

The Jensen inequality holds for the integral sums, for X(#) on the left-hand side and
for f{X(#)) on the right, so passing on to the limit and taking the continuity of f into
account yields the required solution.

H9.8

Show that any limit position of a secant of a graph of f passing through the points
(g, flxn) (i < x < xp,x_ < xy),asxy — x £ 0, is a straight line of support for
epi(f) at point x, and establish the existence of this position. Vertical straight lines at
internal points have a graph of f on both their sides, so they cannot be of support.

In a univariate case, if a point (x, f(x)) is placed above a straight line passing
through the points (x, fixy)) (x_ < x < x,), then epi(f) cannot have a straight line
of support at (x, f(x)) (provide a drawing), so fis convex if epi(f) has straight lines of
support at the points (x, f(x)) corresponding to internal x. A multivariate case can be
reduced to a univariate one by considering the two-dimensional vertical cross
sections of the space D, x Ry, taking into account that the convexity of a function
equals the convexity of all its restrictions to line segments of the domain, and
the hyperplanes of support are formed by straight lines of support in those
cross sections.

The local support condition does not provide convexity. (Readers can easily give
counterexamples.)

H9.9

If each tangent hyperplane to a graph of fis of support for epi(f), then fis convex
by virtue of section P9.8". Conversely, if a convex function f: D — R defined on a
convex domain is differentiable at an internal point x,, then the tangent hyper-
plane to the graph at the point (xo, f(x()) is the unique hyperplane of support for epi
(f) at that point. Indeed, in the univariate case, the tangent is the limit position of a
secant, so it is the unique straight line of support, as follows from the arguments in
section H9.8. The multivariate case can be reduced to the univariate one using the
facts that the convexity of a function equals the convexity of all its restrictions to
line segments of the domain and that the differential of the restriction of a



Hint 165

function to any subvariety in its domain equals the restriction of the differential to
the vectors tangent to that subvariety [thus, the inequality f(x)>f(x0)+
/', (x = xo), Vacan be established by considering the restriction of f to the straight
line in D, passing via xo and x]. (We leave it to the reader to work out all the
details.)

The claim about critical points follows from the former claim by using the
horizontality of the tangent plane to a graph at a critical point.

The claim about twice-differentiable functions also follows from the earlier
claim using Taylor’s formula.

H9.10

Verify that a substitution of variable x—x” (x > 0) reduces the inequality to its
special case p = 1. The desired inequality follows from the claim in section P9.7"",
applied to the function fix) = x? (x > 0). This function is continuous, strictly
concave for 0 < g < 1, linear for ¢ = 1, and strictly convex for the remaining
g. Strict convexity (concavity) means that the Jensen inequality is strict, with the
exception of equal x;. The convexity (concavity) of f(x) may be established by
analyzing the second derivative (section P9.9™"). Simple additional arguments show
that /' > 0 (' < 0) is a sufficient but not necessary’ condition for the strict
convexity (resp. concavity) of a function f; f = x7 satisfies this extra condition.
Therefore, inequalities in section P9.10"" turn into equalities only when all x;
are equal.

The inequalities for the weighted power means can be established with different
approaches; some of them are quite elementary, usually requiring many
computations. Those computations, however, can be simplified by the following
observation: one may restrict oneself to a special case of equally weighted means
(because this is actually equivalent to the general case; why?).

H9.12

An equality ™ (> o )l/p =[[x¥ is easily proved with 1’Hopital’s rule
P

li
p—0
applied to the logarithm of the left-hand side.

The Cauchy inequality between arithmetic and geometric means may also be
obtained by directly applying the Jensen inequality (section P9.4") to the function

f = log x. Interested readers will find in the book by Beckenbach and Bellman

Readers may provide examples.
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(1961) 12 proofs belonging to different mathematicians. Lev Radzivilovsky taught
the following interesting geometric proof of the Cauchy inequality. (This proof was
not published in the aforementioned book.) Consider the positive orthant in R”,
defined by the inequalities 0 < x;, Vi, and inside it the pyramids K;(a), defined by
two conditions: x; = max (xq,...,x,) and x; < a (i = 1,..., n). Obviously, n equal
pyramids of that kind form a cube of volume a”; therefore, the volume of such a
pyramid is a"/n. Clearly, n pyramids K;(a;) cover the parallelepiped {0 < x; < a,
Vi} (with positive a;). (Provide figures for n = 2,3.) The volume of the parallelepi-
ped is []a;; the volume of Ki(a;), as was already found, is a;"/n. Thus we obtain the
Cauchy inequality Y a;"/n > []a;. The same approach shows that the inequality
becomes an equality if and only if all g; are equal.

H9.13

— —
Show that the modulus of a vector OX, which is a convex linear combination of OA

on ____ |0A]|oB|sinAOB . .
and OB, equals |0X| = [OAT sin AOX +]OB | 5in XOB (provide a figure), so for the bisector

(if AOX =1A0B), |0X|= H(|OA|,|OB|) - cos3AOB . (Using more traditional
argument of elementary geometry yields the same result.) This yields the desired
form (*) of the inequality with the bisectors.

According to section P9.12*, (*) will hold if (**) holds; show, assuming the
validity of (**), that equality in (*) takes place if and only if all R; and all y;
are equal.

To prove the inequality (***) for n = 3 without handling the general case, we
suggest proceeding by any of the following two methods.

(1) Maximization of the left-hand side with respect to cos 7y; under fixed x; using
differential calculus. Calculate the values of a function f = fy, 4y.0, (V1,725 73)
:= > a;cosy; at the critical points of the Lagrangian L = Ly, 4,.4,(V15 72, V3, )
=f + 13y, that satisfy the condition }y; = 7, and calculate a maximal value
offon the boundary of the triangle A = {0<y;,<zn/2, > y,=n} CR »mmg
(depict it!). (What does passing on the boundary correspond to, in the source
geometric problem?) Find f;,,,x among these values.

(2) Finding the maximal eigenvalue of the quadratic form in x; on the left-hand side
while the coefficients cos y;, are fixed. Show that )} cosy; - XiX(i-1)modn — 3 >

xl- is, for any (y1,7,,73)EA, a negative semidefinite quadratic form with a one-
dimensional kernel. Readers will address this by applying the famous Sylvester
criterion to a matrix corresponding to this form and establishing the following
trigonometric identity.

Lemma A function ¢ =Y. cos*y; + 2 [] cos y; is constant (equal to one) on all
planes {Yy, = 2 k + D)=n} (kEZ).
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Readers will learn, from method (2), that equality in (**) takes place for any
(71,72,73)EA (with appropriate R;). Because of this, (**) could not be sharpened by
substituting positive power means for geometric means. (Why?)

The inequality (***) holds for any n > 3. However, it is difficult to attain a
complete proof with method (1) or (2), including an enumeration of the cases of
equality, for n > 3. Additional difficulties arise because of a routine growing
computational complexity with n and other factors. We recommend that readers
complete the proof for n = 4 using method (2). They will find the quadratic form
> cosy; * XiX(i41)modn — %lez to be negative semidefinite throughout the octahe-

dron 4={0<y;<m/2, Y y;=n}C Rf}l’yzﬁw4 but for some (1,)2,3,74)EA,

negative definite (of zero kernel). For example, for four of six vertices of A, the
maximal eigenvalue of the form cosy; - XiX(i41)modn 15 % = cos %, whereas for the

other two vertices it is % = cos 3. (Determine those vertices.)

For n > 3, method (2) is fraught with tedious computations with trigonometric
functions. Perhaps readers could suggest conceptual arguments replacing those
computations. Meanwhile, we can suggest a different method to prove (***)
(and, with complementary efforts, enumerating the cases of equality) for arbitrary
n > 3. Evidently, we may assume x; > 0, Vi. The dependence on angles y; on the
left-hand side can be removed with the use of a nice trick. Consider a set of planar
vectors 7; = (ui,vi), i = 1,..., n, of lengths |r_>,| = x;, complemented by vector
T i1 = — 11, suchthat (7, 7is1) =7, (i = 1,..., n). (Provide a figure.) With the
inequality from section P7.10"" we find

n
ZCOS Vi * XiX(i+1)modn = <71, 7>2> +...+ <7>n71, 7n> - <7>n7 7)1>
=1

= (uup + ...+ tp1tty — tguty) + (Viva + .o F Va1V — V1)

n

n
s T
< cos— E (u,.2+viz) = COS— E x,.z.
n ne3

i=1

H9.14

Find the limit when p — oo; then the second of the limits is obtained with help of
the evident equality M_,(X) = (M, p(X))_l. Find lim M,(X) first for the vectors and
p—00

then for the functions using integral sums. The answer, both for the vectors and the
functions, is lim M,(X) = max (X), lim M,(X) = min (X) [if, of course, we
p—oo p——00

retain a natural — for vectors — definition of max (X) as max x;].
o >
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H9.15

(Beckenbach and Bellman 1961; Hardy et al. 1934). If matrix (x;;) contains zero
rows, then the equality being proved is obvious; otherwise, we will derive

;ng Xij ’ Xij
. _ ij N
oy aene e 1 s B B O
’ i ik j i ik
(inj) k k
J

I

i

_ E o § Xy _ § o =1
- 1 - 1 — b
i 7 > Xik i
3

with equalities in holding it if and only if x;; / > xix does not depend on i for each ;.
k

Verify the equivalence of this condition to the proportionality of the rows of the
matrix.

H9.16

Given a hyperplane P = {{x,v) = h} (v L P), we will find, for a vector x ending on

P, IxPhvi* > (, v)2 = h?. Therefore, Ixl,;, = IAl/lvl. The minimum is reached for x
proportional to v, that is, x L P.

H9.17

Let 2y (x),. . ., hx(x) be oriented distances from x&R" to the polyhedral faces, which
are taken with a “+” (“—") sign when a normal vector from x to the corresponding
face (or its extension) reaches it from the side of the interior (resp. exterior) of the
polyhedron. Prove the following basic lemma.

R" — R},
x—=(hi(x), ... e (x))
affine isomorphism (a superposition of a linear isomorphism and a parallel trans-

Lemma Given a polyhedron P C R, a map H : { is an

lation) onto an n-dimensional plane I C Rﬁ.

Making Rﬁj a Euclidean space so that the coordinates #;,. . ., h; are orthonormal,
m(P) will be the squared distance between the origin and I1}, and x,,(P) will be the
orthogonal projection of the origin onto ITj. This proves the unique existence of
X,(P) and, since the plane I1} and map H~': IT} — R? may be explicitly
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expressed via the faces of P, yields a numerically realizable algorithm for the
determination of m(P) and x,,,(P). (Fill in the details.)

Show the existence of x,,(P) for any polyhedral-shaped bodies. Prove that the
uniqueness holds for, and only for, bodies having at least one vertex. The half-
spaces, the strips between parallel hyperplanes, and, generally, bodies with

1
bounding hyperplanes K;, such that () K; = @ for [ > n, have infinitely many
j=1
points x,,,(P). (Where are they located?)

k
Prove the inclusion of the plane IT} in a hyperplane IT"! = { Aihi =n V}.
=1

For a simplex P (k = n + 1), 11} = 71 so (using, for example, section P9.16**)
the solution of the source extreme problem is given by h; = nVA/YA” (i = 1,.. .,
k). Therefore, h; > 0, Vi, meaning that x,,(P) € int P. Provide examples of convex
polygons with x,,(P) ¢ int P.

Next, AP) = (nV) Z/ZA,?, which is the squared distance from the origin to e,
so it cannot exceed a squared distance to T} because TTj C 115!,

Examples of m(P) = f(P) different from simplexes are given by the cubes and
other polyhedrons possessing rich groups of orthogonal symmetries G(P), so that
for any two faces Fy, F», ATEG(P): T(F,) = T(F»,), and examples of m(P) > f(P),
are given by rectangular parallelepipeds that are not cubes. [Use that x,,(P) is
always a fixed point for the orthogonal symmetries of P. Also, remember that
k = 2n for the parallelepipeds, and II; may be defined in RZ by a system of
equations A;-(h; + hi.,) =V, i = 1,..., n, relative to the numbering of faces by
which the (i + n)th face is kept parallel to the ith face.]

H9.18

The Minkowski inequality for a two-element set of indices j and p = 2 is a triangle
inequality for Euclidean metrics. Hence, the Minkowski inequality with these
parameters is equivalent to the CSB inequality (see section P9.16™").

The Minkowski inequality can be derived from the Holder inequality by Riesz’s
method (Beckenbach and Bellman 1961; Hardy et al. 1934). We have, denoting

1/p
inj = S,‘, <Z Sf) = S, that
J J

== S =D s

J

and for p > 1, application of the Holder inequality yields
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1/p

n (e (2 5 (o

J

where ¢ = p/(p — 1) (or, equivalently, p~' + ¢~ = 1), which is equivalent to
what is required. For p <1 (and x; > 0), similar arguments using the
accompanying inequality for the Holder inequality (section P9.18"") are applicable.

H9.19

Young’s inequality is a special case of a more general one derived with the
Legendre transform (section P9.20""). Nevertheless, Young’s inequality may be
derived directly using similar geometric arguments as in the geometric proof of the
Cauchy inequality discussed in section H9.12. That is, the summands on the right-
hand side of Young’s inequality are equal to areas of the curvilinear triangles on the
plane Riy bounded by a curve y = (x) and pairs of straight lines, resp. {x = a},
{y =0} and {y = b}, {x = 0}, while the left-hand side is equal to the area of a
rectangle with these sides (Fig. 3).

A special case of Young’s inequality for ¢ = x”~! together with the
accompanying inequality, can be proved using differential calculus.

The special case of the Holder inequality, and the accompanying inequality, may
be derived as follows (Beckenbach and Bellman 1961): denoting X = Yx/, a =
xPIX, Y = Yy, b = /Y, applying Young’s (accompanying) inequality, and sum-
ming the results we obtain

le%)iS(Z) lz)‘f
11 Px
XrY4a

2y
Y )

+ p>1(resp. p<1, p #0).

Q=

QED.
The last of the inequalities presented in section P9.18"" is a special case of Young’s
inequality corresponding to ¢(x) = log(x + 1) and a — 1 substituted for a.

H9.20

The uniqueness of x(p) (if it exists) follows from the strict convexity of f. (Furnish
the details). The convexity of the function g(p) is established as follows:
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glop + (1 — 2)q) = max [(op + (1 — &)q) - x — f(x)]
= max [u(px — f(x)) + (1 — o) (gx — f (x))]
< max [(px — f(x))] + max [(1 — a)(gx — f(x))]
=ag(p) + (1 —2)g(q) -

The Legendre image of f = kx”is g = p*/4 k; therefore, we have x(p) = p/2 k, g
() = px(p) — fix(p)) = fix(p)); on the other hand, kK = 1/4 k, and so f is equal
to its Legendre image in the sense that substituting p for x in f(x) brings g(p) for
k= t%.

X P
The statement that a function f(x) = [dx has a Legendre image g(p) = [
0 0

o' (p) p
¢~ dp is equivalent to the equality po~' (p) — [ (x)dx = [ (y) dy (why?),
0 0

which is simply the case of equality in Young’s inequality.

The involution property of the Legendre transform for differentiable functions
may be proved as follows. The Legendre image of g(p) is G(x,p(x)), where G(x,
p) = xp — g(p) and p(x) is determined by the equation g'(p) = x, so we must
establish that G(x,p(x)) = f(x). For this, verify that G(x,p) has the following simple
geometric meaning: it is the ordinate of a point with abscissa x on a tangent to the
graph of f at the point x(p). Thus, the equation y = G(x,p) describes a one-
parameter family of the tangents to the graph of f (parameterized with a slope p).
This graph is the enveloping of this family, so we must prove that the enveloping
must satisfy an equation y = G(x,p(x)). For a twice-differentiable f, the family of
tangents is differentiable, and the usual methods for determining envelopings for
differentiable families yield the required proof. Regardless of the twice-
differentiability of f, the proof can be completed with simple geometric arguments
using strict convexity. (The reader is invited to find those arguments.)

The Legendre images of piecewise linear convex (concave) functions are
functions of the same kind, and the vertices and rectilinear segments of the graph
of f(x) correspond to, respectively, the rectilinear segments and vertices of the graph

of g(p). The Legendre image of a cubic f = x° is a semicubic g = +2-(p/3)*~.

H9.21

Letx, — 0 (x, # 0), and a positive sequence 7, also tends to zero, but slower (say,
Vo = Ix,,ll/ 2). Then x,/y, — 0; therefore, x,/y, €D, and so f(x,/y,) < C for large n.
But since 7, ' > 1 (for large n), fix,)/7, < fix./y.); hence, fix,) < Cvy, (for large
n), so f(x,) — 0 if, in addition, f(x,) > 0.
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H9.22

A convex function of a finite number of variables is bounded above at the internal
points, because its values in the interior of a simplex do not exceed the maximum
over the vertices. Continuity at the internal points follows from section P9.217,
taking into account the existence and nonverticality of the straight lines of support
(section P9.8").

Next, using some elementary arguments, show that a univariate convex function
has a limit at each endpoint; moreover, lim f(x) ## —oo (values of a univariate
convex function in a bounded domain cannot tend to — co; why?), and also, if lim f
(x) < + oo, then the extension to the endpoint by continuity is convex.

H9.23

The following inequality follows from the definition of a convex function:

f0 —f0) o) —fl) flo) =/
X — X X3 — X Xy — X
(provide a figure). Prove that the quotient on the right-hand (resp. left-hand) side
decreases, remaining bounded below, as x, — x (resp. increases, remaining
bounded above, as x; — x). From this, deduce, taking a limit as x;,x, — x, the
existence of one-sided derivatives and the inequality f’_(x) <f’, (x)for internal x,
and, passing on to the limits as x — x; and x — x», the inequality /', (x;) <f’'_(x»)
for x; < x,. (Therefore, one-sided derivatives at the internal points are finite, but at
endpoints the cases of f'_(xXyjgn) = +00, f', (X)) = —00 are not excluded; in
particular, they take place if f is not continuous there.) From these inequalities
derive that intervals on the ordinate axis (f'_(x),f’, (x)) cannot intersect for distinct
X, so there is at most a countable number of those intervals. (Why?)

From the preceding discussion, the derivative of a (differentiable) convex
function on a real interval is monotonically nondecreasing. Prove a conversion: a
nondecreasing function (is integrable and) has its primitive convex.

H9.24

Verify the meaning of openness of the complement (D x R)\epi(f): VxoED; if
y < flxg), then Je > 0 such that fix) > y + ¢ for all x close to xy. Show that this
openness is equivalent to the lower semicontinuity of f.
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H9.25

The claim immediately follows from section P9.24""" and the Hahn-Banach
theorem.

H9.26

Prove claim (i) using the lemma from section P9.21", and (ii) follows from (i) — for
a convex function and an internal point of its domain.

If a point is not internal, then (ii) may be false (Fig. 5), but (i) will hold in the
univariate case since for the endpoint x, f(x) > lim f(x") (work out the details using

the Jensen inequality). What can be stated regarding (i) in a multivariate case?
You can prove Gelfand’s lemma starting from the following statement.

Lemma A convex function is locally bounded above on the interior of its domain if
it is bounded above in a neighborhood of some internal point.

(Try to find a proof of this claim that would be valid for any topological vector
space.)

H9.27

A convex function of a finite number of variables is locally bounded above in the
interior of its domain, as discussed in section H9.22. Its continuity in the interior
follows from section P9.26" . The existence of the hyperplanes of support follows
from sections P9.24"" and P9.25™"".

H9.28

The conditions of the lemma from section H9.26 may be weakened by replacing the
convexity with the allowed weights property (which is clear from the proof, as
discussed in section E9.26): a function allowing weights is locally bounded above
in the interior of its domain if it is bounded above in a neighborhood of an internal
point. In turn, a function allowing weights and bounded above in a neighborhood of
an internal point is continuous at that point, the proof of which is similar to the proof
for convex functions (see section P9.26"""). Another proof can be found in Hardy
et al. (1934).
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H9.29

The continuity of a convex functional in a finite-dimensional space follows from
section P9.27""", because its domain is an open set (namely, the entire space).

H9.30

By virtue of the claims in section P9.26***, it is sufficient to establish the lower
semicontinuity of the supremum.

Explanation

E9.1

Probe the counterexamples with (1) f = x, g = X% 2) ¢g= 41 Bf= x* or
f=x*>+sinx;and (4) f = x*

E9.5

X # X always when X is not convex, or is not closed, or does not contain the
origin. (A famous Minkowski theorem states that, conversely, these three properties
are sufficient for the equality X~ = X. This theorem is not so obvious, but the
reader may easily verify that X** = X®*?" starting from k = 1.) In general, the
inclusion (X N Y)* - X“ U Y also does not hold; for example, consider one-
dimensional vector subspaces X # Y. A dual set to a vector subspace is an orthog-
onal vector subspace. (Why?) A dual set to an affine subspace {x: (x,p;) =1,
Vi = 1,...,n — k} is an affine half-space {> a;p;: > o; < 1} of the orthogonal vector
subspace (spanned on p;). (Why?)

A. X" is an intersection of closed half-spaces and is, therefore, a closed convex set.
For a bounded X, X" contains a neighborhood of the origin (why?) and, hence,
has a nonempty interior. Verify that a dual set to a set of the vertices of a simplex
that contains the origin in its interior is once again a simplex. Hence, for a good
set X, X" is a finite intersection of closed subspaces, has a nonempty interior, and
is bounded (because it is contained in the simplex dual to a subset of X
consisting of the vertices of a simplex), and so is a convex polyhedron.
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B. To establish the equality X~ = (X\$°)", use the fact that the points of S° are
weighted means of vertices of S. Now, let X be a good set and x one of its points of
convexity. Find p belonging to (X\{x})\X"; so x does plays a part in defining X".

C. Y" is a convex polyhedron by virtue of paragraph A because Y = (vert(Y))".
The equality Y = Y is established as follows.

Lemma 1 (on barycentric coordinates). k + 1 points xo,. . ., X; (k > 0) of a vector
space that are not contained in a k — 1-dimensional affine plane are contained in a
k-dimensional affine plane whose points are linear combinations of x; with the sums
of coefficients 1.

Outline of proof. Those linear combinations shifted by — x; fill a k-dimensional

vector subspace: x = Youx;, > = 1 & x—x9 = > o(x; — x9) (2p,. .., 0 E R).
i>0

Complete the proof.

The parameters «; are referred to as barycentric coordinates on this k-dimen-
sional plane. (Readers may easily determine them via Cartesian (or other linear)
coordinates of x and xg,. . .,X;.)

For@ # X C R",let0X* := {p € R":(x,p) = 1, Vx € X}. Then we have X C Y
= oY COX,0XUY) = 0X noY",oXNY)" D 0X UdY (whenXNY # @).

Lemma 2 For a k-dimensional affine plane X, 0X" is an n — k — 1-dimensional
affine plane, and also 0(0X")" = X.

Outline of proof. We have X = x¢ + Xy, where X, is a k-dimensional vector
subspace orthogonal to the xo. 0X " is determined by a system of k 4+ 1 independent
linear equations (xo,p) =1, {(x;,p) =0, i =1,..., k, for a basis {x;} of X,.
The solution is given by 0X" = Ixol >-xo + P, where P is an orthogonal comple-
ment to a kK + 1-dimensional vector subspace spanned on x, Xo.

Work out the details and verify the duality 0(0X")" = xo + Xo.

Corollary For the vertices (n — 1-dimensional faces) G of a convex polyhedron Y
containing the origin in its interior, 0G ", determine n — 1-dimensional faces (resp.
vertices) of Y. [Similarly, one can prove that for the k-dimensional faces (edges) R,
OR" determine n — k — 1-dimensional faces of Y]

Outline of proof. For a vertex y, 0{ y}" takes part in defining a boundary of ¥
(according to paragraph B), and in addition, an entire neighborhood of a point
Iyl 2.y in this hyperplane is contained in that boundary (provide a figure), so 0{y}"
determines an n — 1-dimensional face of Y*. Foran n — 1-dimensional face G of Y,
the radius-vector of the point p = G is orthogonal to G and has a length equal to a
distance from the origin to G, to the power —1 (from the proof of Lemma 2).
Evidently, (y,p) < 1, ¥yEY (also, (y,p) < 1, VyEY\G; provide a figure!), so pEY"
and is placed on its boundary. Now, let yy,. . .,y, be vertices contained in G but not in
a plane of a smaller dimension (such vertices exist by section H9.5). The
hyperplanes 0{y;}" intersect at a point p. (Why? Use Lemma 1 for the answer.)
Since pEY" and because of the convexity of Y *, p is an intersection of the faces of ¥
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determined by these hyperplanes (provide a figure!), so it is a vertex. Furnish the
details.

By this corollary, for the verticesp = 0G~ of Y*, where G are n — 1-dimensional
faces of Y, the hyperplanes 0{p}”~ determine n — 1-dimensional faces G in ¥"".
By Lemma 2, these hyperplanes determine the faces G of Y, and the neighborhoods
of the points p/lpl* in G and G** coincide. The polyhedron Y cannot be extended
without violating this condition or convexity (provide a figure), so Y™ = Y. QED.

D. From B, the n — 1-dimensional faces of X" are determined by hyperplanes
0{x}" corresponding to the points of convexity in X. Therefore, by the proof of
the corollary in C, the points of convexity in X are the vertices of X . (Fill in
the details.)

E9.6

C. We have

oiX; ’J%%
JE
E <L | = E ox; + | 1 — E o | -
n o Ok
7 7 3 >
i€ ke] J< ke ke

2; o)
— . . . .Je
S Sa L

= ;
J i# ker

<Y oufl) + > a-f Z%

=] ~ =]
/ it I ker

= Za}f(xj-) + (] - Z(xk> . Z OCJXI 7

= kel =
I I kel

and after a little computation,

<Z> > s | = o).

ke =] =]
I ke/ I

QED.

Continuous additive functions are monotone or totally zero; hence, zero sets
different from {0} or R are inadmissible. Therefore, fixing a basis of R over Q,
setting f equal to zero on some basis element, one on some other and arbitrarily on
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the remaining elements, and extending this to all of R by linearity over Q produces
a discontinuous additive function. (Where is the axiom of choice referred to in
this argument?) A closure of the graph of an additive function is a vector subspace
of R«%.,y over the reals (why?), so it may be a nonvertical straight line y = kx or
the whole plane. The first possibility relates to continuous functions only.
(Why?) Thus, the graphs of discontinuous additive functions are everywhere
dense in the plane.

E9.8

Write down an equation y = kx + b of a secant of a graph of f passing through the
points (x4, fixy)) (x; < x_ < x < x; < Xy, x_ < xy). Using the fact that a point
(x, fix)) cannot be placed above this line, show that parameters k and b are bounded.
Hence, there are limit positions of a secant as x, — x =+ 0. Take one of them. Prove
that the graph of fto the left of x_ and to the right of x, cannot go below the secant,
and derive from it that for x’ # x, f(x’) is not less than the ordinate of a point on the
limit straight line with abscissa x’. Therefore, for the internal x, the limit line is not
vertical (lim k # + o00). Lastly, since a point (x, f{x)) cannot be placed above this
line (why?), or below it (why?), it must be a line of support for epi(f) at point x.

E9.9

For a twice-differentiable f write down a Taylor series exapnsion

Foo+h) = f(xo) = f (h) =" (h,h) + o(|h]?) ~ for h— 0.

If f", (h,h)<O for some h, then we will have, for small ¢, f(xo + th) — f(xo)
—f",, (th)<0 (why?), so f cannot be convex (by the claim just proved). Conversely,
letf” . > 0. We must verify the convexity of fon the line segments in the domain, so
we can let it be a univariate function. Considering f(x) — f(xo) — f',, (x — xo) in
place of f(x), which affects neither the second differentials nor the convexity of f
(why?), we will have f(xy) = 0 and must show that f(x) > 0. This is attained by
representing

u

ﬂﬂ]wjﬂwm

X0

which indeed is a nonnegative value. (Why? Provide the details.)
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E9.13

Assuming the validity of (**), and, taking into account that the inequality between
different power means is strict unless all R; are equal to each other, deduce that
equality in (*) can hold only for equal R;. In turn, for equal R;, (*) takes the form of
%Z cosy; < cos which is a strict inequality unless all y; are equal to each other, as
cosine is strictly concave on [0, /2] (see section H9.10).

Proving (**) for n = 3 by method (1). The critical points of L are determined by a
system of equations

Zy,:n, 0=0f/0y; = —a;siny; + 2 (i=1,...,n).

For n = 3 calculating f,,;.; might avoid having to find 1. We have

Jeritical = Zai\/ 1— (fai) = Z \ @ =2

Since siny; = sin ) y; we obtain, using the equations defining a critical point,
J#

A A

i A(ji+1)mod3 * 4(i+2)mod3

2 2 .
' (\/a%i+l)mod3 — AT+ \/a%i+2)mod3 — 4 ) (i=1,2,3).

Summation of these equations gives fe isicat = %(“Z—T’ + % + “C'l—fz) . Specifically,

for a; = \/Im we have foiical = W, that is, in a critical point (if it
exists) we will have equality in (**). On the boundary of A we may assume, without
loss of generality, that y; + y, = 73 = /2. A short computation using the CSB
inequality yields

VR Ry cosy, + v/RaR3cosy, < \/Rle + RyR5 - \/cos2 7, + cos?y,
=V/R\Ry + RyRy < Bttt
[where the last inequality is equivalent to that of (R; — R, + R3)2 > 0], which
completes the proof.

Proving (**%) for n = 3 by method (2). The matrix in the usual coordinate basis

—1 C1 C3
corresponding to the considered quadratic form is % cg —1 o
C3 C —1

(c; = cos ;). For the first two corner minors we have det%(—l) = —1/2<0, det%
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(;1 _611) =1(1—¢})>0. Equality in the last inequality corresponds to
y1 = 0, y, = y3 = ©/2, so our quadratic form turns into x;x, — %, which is
nonpositive and has a one-dimensional kernel (which one?). Finally, the determi-
nant of the whole matrix equals é(—l +> cl.2 +2 Hci), which, referring to the
lemma from section H9.13, finalizes the proof. (Work out the details.) In turn, this
lemma may be proved as follows: ¢ = 1 fory; = 0,7, = y3 = (k + 2) m. Next, a
short computation with a routine trigonometric combinatorics shows that O/
07, = 0¢/0y, = Op/07y3 on the plane {Yy; = (2 k + 1)n}. On the other hand,
for vectors oo = (o1,00,003) tangent to this plane, Y o; = 0. Therefore, for a derivative
along any such vector we find

Op/0n =" " aidp/0y; = Do)y, Y o =0.

QED. (We leave it to the reader to fill in the details.)

E9.14

We have

(Z rx,xf) v < (Z o maxxﬂ’)l/p < maxyx; - (Z oci)l/p = max x;;

on the other hand, if max (X) = x;,, then we will have

1/p
U 4 %] 1
(E ocixf) zocio/pxi[)(g oc-x”) 2oci0/”x,~0,
io

because the value in the brackets is not less than 1. The limit of the right-hand side
is x;,. QED. Now consider, for the function X(), a two-indexed sequence of integral

n 1/p
2
sums M, , := (2” fo) , with x; = 1 min  X(¢). From sections P9.10""
i=1 o<k
211 — — 2!1

and P9.12°, it monotonically converges on p, for fixed n < oo
on l/p 1 l//’
M, = lim <2—" fo) = (f [X(t)]”dt)
=00 i=1 0

converges on n, for fixed 0 < p < 0o (M, = max 1 min  X(¢)). By virtue
1 I

Also, it monotonically
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of the continuity of X(#), lim M., = max (X). Therefore, we must establish that
n—oo

lim M, o, = lim M, ,. Lastly, this equality holds since both its sides are equal to
p—00 ’ n—00 i

sup M, ,, completing the proof.
p,n<oo

E9.15

If the rows of matrix (x;;) are proportional, then x;;/x;, depends only on j and k, and

thus x;; / > xi depends only on j. Conversely, term-by-term division of the
k

equalities x,-ljl/Zx,-lk :x,-zjl/Zx,-zk, xi]jz/z Xigg = x,-m/Zx,-zk yields the
3 3 k k

desired proportionality x;,, /X, = X, /Xi,j,- QED.

E9.17

Proof of the lemma. Let the hyperplanes determining the faces of P be defined by
the equations {({x,v;) = ¢;} (i = 1,..., k). Then h;(x) = fvl=¢ o is an affine

[vi]

map. Without loss of generality, let indices 1,. . .,n correspond to faces in a general
position [which means that F'y,. . ..F, have a point intersection (a Ver‘[ex)].10 Then,
the right-hand sides of the first,. . .,n™ of the foregoing k equations will be linearly
independent, and so the remaining equations determining the plane im H will be
linear combinations of these n. Hence, dim im H = k — (n — k) = n. QED. (A
nonlinear version of this argument yields a proof of the implicit function theorem.)

The existence of x,,(P) for any polyhedral-shaped bodies follows from the
finiteness of the number of faces; indeed, quadratic forms in finite-dimensional
spaces are brought to principal axes; hence, obviously, positive semidefinite qua-
dratic forms have minima. If P does not have a vertex, then it contains an m-
dimensional (m > 0) subspace K parallel to all its faces (why?); hence, a set of the
points x,,,(P) contains an m-dimensional affine plane x, + K. Readers can prove that
dim{x,,(P)} is actually equal to the minimum of the dimensions of all nonempty
intersections of P’s faces.

Denote by S = S(x,P) an algebraic sum of volumes of pyramids with the vertex x
based on the faces of P; in this sum, the pyramid’s volume is denoted by a “+”

'Hyperplanes F1,...,F,, are in a general position when codim (F: = m, or, in other words
(why?), the vectors orthogonal to F; are linearly independent. Among the faces containing a
vertex, there are always n faces in a general position, because otherwise the intersection would
have a positive dimension and not be a vertex.
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(“=") sign if the height of the pyramid reaches the base from the side of the
interior (resp. exterior) of the polyhedron. Geometrically, the inclusions I1; = im
H C IT*! for all polyhedrons P mean simply the identical equality of S(x,P) to P’s
volume: S = V, Vx,P. This equality, almost obvious for simplexes, in fact expresses
a fundamental topological feature allowing generalizations. Readers may prove this
equality as follows. Let P first be a simplex. S is affine in x (why?) and, obviously,
S = V for x€P. In particular, S is constant on an open subset of R", so it is globally
constant. (Why?) Next, verify the additivity of S with respect to polyhedrons: S(x,
P,UP,) = S(x, P) + S(x, P,) when Py, P, intersect at most by their boundaries.
The proof is completed by applying the theorem that polyhedrons allow for
triangulation, that is, can be represented as unions of simplexes intersecting at
most by their boundaries. (A proof of the triangulation theorem is beyond the scope
of this book, so readers not familiar with this theorem may take us at our word or
use a handbook on topology.)
The remaining claims in section H9.17 can be proved straightforwardly.

E9.19

(Beckenbach and Bellman 1961). The substitution x = a/b?? converts Young’s
inequality corresponding to ¢ = x”~' and the accompanying inequality into the
inequalities x < (>) %41 (x > 0). Consider a function F(x):=x——2 on
R*™ = {x > 0}. We have F(1) = F'(1) = 0, and F"(x) is positive (negative) when
p <1 (resp. p > 1). Therefore, F behaves like a quadratic function (provide a
figure) and, in particular, has a unique maximum (resp. minimum) at x = 1 and is
negative (resp. positive) at the rest of the points. QED.

E9.20

Finalization of proof of involution property of Legendre transform (Arnol’d 1989).
We must show that G(x,p(x)) = f(x), without applying the second f’s derivative.
Fix x = x and vary p. The values of G(x,p) will be the ordinates of intersections of
tangents to the graph of f with a vertical line x = x,. Those tangents go below this
graph (as discussed in section P9.9*), so the maximum of G(x,p), for a fixed xo = x
(po), is equal to flxp) [and is attained for py = p(xg) = f(x0)]. QED. (Provide
a figure.)
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E9.22

Without loss of generality (as discussed in section P9.1"), we suggest dealing with
x = Ofor the internal point. Next, without affecting the claim being proved, we may
subtract from f a linear function that has a graph that coincides with the hyperplane
of support for f’s graph at the point (0, f(0)), so we have f > f(0) = 0. Thus, we
must show that x — 0 = fix) — 0. Using Jensen’s inequality, f(ox) < af(x),
Vx€ED, Ya<[0,1], so flox) > af(x), Yo > 1, Vx with oxED. (Why?) Now the
proof is complete with the lemma from section P9.21".

Also, continuity of the univariate convex functions in the interiors of their
domains may be derived as a special case of the claim in section P9.27"" below.
We suggest experienced readers pay attention to the nuances of this claim’s proof.

E9.24

If, for a lower semicontinuous f, for some xo€D and y < f(xg), Ve >0 3 x
arbitrarily close to xo with fix) <y + &, then we will have a contradiction because
fxg) < fix) + ¢ <y + 2¢ s0 fixg) < y by virtue of the arbitrariness of ¢. Con-
versely, if (D x R)\epi(f) is open but for some xo&D and ¢ > 0 3 x arbitrarily close
to xo with f(x) < f(xg) — &, then we will have a contradiction because f(x) > f(xo).

E9.26

Proving claim (i) we must show that f{x) — f(xg) < ¢, for xo&D, ¢ > 0, and x close
to xo, which is trivial if f{x) < f(xo) and for f{x) > f(xo) follows from the lemma in
section P9.21" applied (as in section E9.22) to a function /' = f — f(xy) of an
argument X' = x — xg instead of f [which is applicable because, due to convexity,
(') < of () when 0 < o < 1, or — with the substitution of ax’ and o = o " for,
respectively, X' and o —o/f (') < f'(a/x') when 1 < of]. (We leave it to the reader to
work out all details.)

Proof of the fact that for a convex function and an internal point of its domain,
(i) = (ii). Forx — xo such that f(x) < f(xg), we have x' — xg and 2f(xy) < fix) + f
(¥'), where x' = 2xo — x; hence, flxo) < f(x') and 0 < flxg) — flx) < fiX) — f
(xg) — 0, and so f{x) — f(xp). (We leave it to the reader to fill in the details.)

In the multivariate case, (i) may be false if the point is not internal. (Find an
example with two variables.)

Proof of lemma from section H9.26. Let f be bounded above on an open neighbor-
hood of the origin U. Then f will be bounded on a neighborhood of a point x € int D,
that is, on (x + n~'U) N D with a proper natural n. Indeed, for a large n so that
nx/(n — 1) € D we find
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with h€U, which completes the proof.

Now complete the proof of Gelfand’s lemma using the following argument: if,
for a convex function f, lower semicontinuous on the interior, Gelfand’s lemma is
false, then one can choose with the lemma from section H9.26 a sequence of closed
balls By D B, D ...ofradii < 1, 271, .. such thatf|Bﬂ>n, so f could not obtain a

finite value on the intersection (B,

E9.28

The implication “boundedness above = upper semicontinuity at internal points” is
proved with a lemma similar to that from section P9.21".

Lemma Let f(0) = 0, f be bounded above in a neighborhood of x = 0 and f
(o) > of(x), VaE€Q, a > 1, Vx with ax€D. Then x — 0, fix) > 0 = flx) — 0.

(Work out the details.) The proof of the implication of “boundedness above =
lower semicontinuity at internal points™ is similar to that in section E9.26 because x’
can be selected such that a = Ixg — X'| € [ag — 0, ag + ] with a rational quotient
a:o0. (Work out the details.)

E9.30

For f(x) = sup fi(x) and a point xy, let i be such that f;(xg) > fixg) — ¢. Then for x
close to xo, so that fi(x) > fi(xo) — &, we have

f) =flxo) = filx) =flx0) = fi(x) = filxo) —& > —2e,

which completes the proof.

Completing the Solution

S$9.2

If the points xy,. . .,x, of a convex set D C R¥ do not lie in a proper subspace, then
n > k, and there are k + 1 points among them, say, X,. . .,Xs, that do not lie in a
proper subspace. (Why?) Let S be the simplex of those vertices. Show that D D S,
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using an analytic definition of a simplex as the convex hull of its vertices [which

are k + 1 points in a general position (not contained in a hyperplane)], that is, the
k

set of all linear combinations _ o;x; with 1 > o; > 0 and Yo; = 1 (x; are the
i=0

vertices). (Such linear combinations are referred to as convex; the reader may take a

look at sections P9.5" and H9.5.) In turn, a simplex has a nonempty interior, as

follows from the next lemma.

Lemma 1 The points of a simplex with a; > 0, Vi (and only those points) are
internal.

Proof of Lemma 1. Convex linear combinations may be presented as

k
Xo + Zﬁj(xj —xo) with 1 > B, > 0 and }; < 1. Because the points xo,. . .X;
j=1

are the vertices of a simplex, the vectors v; = x; — X, are linearly independent, so
0 Rf — R

o { (Bis- B = x0+ By
homeomorphism. Therefore, since for a k-element sequence (f,. . ., ;) of f; > 0,
Vj, and Y f; < 1 all close sequences (f;',..., i) have the same properties, the
points xo + Y3/ v; belong to the simplex’s interior. On the other hand, if (f;.. . ., f;)
does not have some of those properties, then there are arbitrarily close sequences
(B1',. .., Bi!) such that the points xo + Y f/v; are not convex linear combinations
of x;, so they are not points of the simplex. QED. (We leave it to the reader to fill
in the details.)

Also, readers may find the simplex’s interior by employing a geometric defini-
tion of a simplex in R¥ (or of dimension k) as a bounded set, which is an intersection
of k + 1 closed affine half-spaces, such that the hyperplanes that are the borders of
each k are in a general position (have a point intersection). Therefore, to proceed by
this method, we must establish the following lemma.

is an affine isomorphism, and so it is a

Lemma 2 The preceding analytic and geometric definitions of a simplex are
equivalent to each other."!

Proof of Lemma 2. An intersection of closed half-spaces is a convex set (as

discussed in section P9.2"). Therefore, we must verify that the points of a “geomet-
k

ric” simplex § = () P; are convex linear combinations of k + 1 vertices xg,. . .,Xz,
i=0

which are defined as the points of intersections of k hyperplanar borders 0P;. Apply

an induction on the spatial dimension. Since the interior of an intersection is the

intersection of the interiors, the boundary of our “geometric” simplex, 0S, is the

union of k + 1 hyperplanar pieces lying on 0P;, and they themselves are “geomet-

ric” simplexes of dimension k& — 1. (Why?) By the inductive hypothesis, the points

1 Actually, those definitions are dual with each other, as discussed in section H9.5, so their
equivalence means self-duality (autoduality) of the simplicial shape.
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of 0§ are convex linear combinations of the vertices. In turn, a straight line passing
through x € int § meets 05 on both sides of x, so x is a convex linear combination of
some points of 0S, and so, using the inductive hypothesis and the transitivity of a
convex linear combination, x is a convex linear combination of the vertices. QED.
(We leave it to the reader to fill in the details; alternatively, readers may take a look at
section H9.5.)

A convex set D on a straight line contains all points between sup D and inf D, as
is evident from the explicit description in section P9.2".

S9.4

A transition step of the induction can be done as follows. For n > 2 we will obtain
from Jensen’s inequality in section P9.1" and the inductive hypothesis, denoting

Op—1Xp—1 %X,

/ / . / Yool
x/=x,0/ =o;fori=1,...,n—2and X', = o, X1 Oy T+ Oty

that x/,i, 1E€D (why?), so

—2
Op—1Xp—1 7+ OluXp
= § -xl OCn 1 +‘xn)f(—
i= Op—1 =+ Oty

< lz: o (%) + (a1 + o) [Lf(xnﬂ +

Oln—1 +(Xn Up—1 + Oy

on

f(xn)

QED.
Readers are encouraged to produce a geometric proof themselves using the geo-
metric definition.

S$9.5
X = xkr starting from k = l as Y DY, and so Y™ = (Y**)* C Y*, but on
the other hand, Y™ = (Y*)**

For a vector subspace L = {x: (x,pi) =0, i=1,...,n—k}, obviously,

L+ C L" (where L™ is spanned on p,); on the other hand, if p¢L", then we have
(p,x) # 0for some xEL (for example, for the orthogonal projection of p onto L), so
{p, kx)>1 for large positive or large negative k, and thus L= = L". (Create a figure.)

For the points of a k-dimensional affine plane L; = {x: (x,p;)) =1, i=1,...,
n—k}, we have (> oup;, x) = > o;, which proves that LiNLt =Lt:=
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{S>opi = 3o <1} (with the foregoing L*). Now, let p¢L*. We have L, = p° +
L, with the foregoing L and the point pO: { po} = L,NL". [Express the coefficients of

a linear combination p° = Yo,%p; via the Gram matrix (<p,-, pj>)l._j.] The orthogonal

decomposition p = u + v (uEL, vEL") shows that (p, p° + kv) = (u,p°) + k|v|’
— oo as k — oo, which gives L} C L+, and thus L} = L*. QED. (Create a figure.)

A. By the CSB inequality, | (p, x)| < |p||x], (p,x) < 1forlpl < e¢and x| < 1/e, which
shows that for a bounded X, X" contains a neighborhood of the origin.'?

For a single point a # 0, the preceding description of the dual set shows that
{a}" is a half-space bounded by an affine hyperplane passing through the endpoint
of vector a/lal® and is orthogonal to this vector. Because of the equality (X U
Y)$ =X"n Y*, the set dual to the set of the vertices of a simplex in R” is an
intersection of n + 1 closed affine half-spaces. Hyperplanar borders of each of n
half-spaces from these n 4 1 are in a general position (have a point intersection)
since vectors with endpoints at the corresponding vertices are linearly independent.
Considering now the locations of the borders we conclude that a set that is dual to a
set of the vertices of a simplex that contains the origin in its interior is a bounded set
and, thus, a simplex (by Lemma 2 from section S9.2). Indeed, if this set were not
bounded, there would exist a straight line parallel to n of the n + 1 hyperplanar
borders, which is impossible since these hyperplanes are in a general position.
QED. [Create a figure and work out the details. Readers preferring a different
approach using computations may proceed as follows. Let a; (i = 0,.. ., n) be the
vertices of the simplex (or vectors with endpoints at these vertices). Using Lemma 1
from section S9.2 we have 0 = Y f,a;, with positive coefficients f§; (which may be
scaled by any common factor). Subtracting, if necessary, this properly scaled
equation from the equation x = Y o,a; with nonnegative coefficients o; we will
arrive at a similar equation for x having some coefficients equal to zero; thus, R”"

i

inequalities (p,a;) < 0 cannot hold for all j # i unless p = 0 (indeed, Ipl* = 20
(p,a;) <0 = p =0). Therefore — by virtue of the compactness of an n — 1-
dimensional simplex O; spanned on the set {a;: j # i}, the continuity of o; as
functions on it and the fact that the (pointwise) maximum of a finite number of
continuous functions is also a continuous function {which follows from the identity
max (xv,y) =2 (x +y + lx —y)} = Ic > 0, VpEO/, Ij # it ({p,a;) > c; or, for
pEk-0/ withk > 0, we have (p,a;) > ke, using some j # i. Hence, p€0; & (p, a;)

< 1,V # i = p belongs to the union of k-O;/ with 0 < k < c_l}.

is a union of n 4+ 1 “orthants” O; = {Z oa; ongO,Vj} . For p<€0O;, the

B. Start to prove that X~ can be properly defined using only all of the points of
convexity of X as defined in section H9.5 from the following theorem.

Rough triangulation theorem. The convex hull of a finite set of points X not
contained in a hyperplane is a union of the simplexes with vertices in X.

12 A similar result (without exact estimates) may be obtained by using the continuity of a scalar
product.



Completing the Solution 187

This can be proved using the following lemma.

Lemma The boundary of the convex hull of a finite set of points X not contained in
a hyperplane belongs to a union of convex hulls of the subsets of X, which are
contained in hyperplanes.

Proof of lemma. For the points of conv (X) that are not contained in the convex hull
of any subset of X belonging to a hyperplane, a presentation as convex linear
combinations Y ox; (where all x; are elements of X) is such that «; > 0, at least
for n + 1 indices i. (Why?) Thus, any such point can be presented, after a proper

n
index rearrangement, as xg + ﬁf(xj — xo) +a, with §; > 0,Vj = 1,..., n, and
=

> B;<1 [where a = f;(x; — xo)]. This is an internal point of conv (X), which
= j

may be proved similarly to Lemma 1 from section S9.2, considering the map

R" — R
(BryeesBy) = X0+ Bvi+a (where v; = x; — xp). QED. (We leave it to
=1

the reader to fill in the details.)

Proof of theorem. Apply induction on the spatial dimension. A straight line passing
through a point xEconv (X) and xo&X meets the boundary at some point X’ lying on
a different side of the line from x than xy. (Why?) By the inductive hypothesis and
the preceding lemma, x’ belongs to a simplex of dimension n — 1 with vertices in X,
so x belongs to a simplex of dimension n with vertices in X. QED. (We leave it to
the reader to fill in the details.)

Now, for a good (as defined in section H9.5) set X, let x&X be a point of
convexity. By the rough triangulation theorem, x¢C, where C: = conv(X \ {x}).
By virtue of the compactness of C, there exists a point c&C, closest to x. Evidently,
this point belongs to the border of C (why?), and an affine hyperplane P passing
through the point ¢ orthogonally to the vector x — c is a hyperplane of support for
the set C (which means that C lies entirely in a closed half-space having P as its
border). Indeed, if a point y&C does not belong to that half-space, one could find a
point ¢'€CNL, closer to x than ¢, where L denotes the straight line passing through ¢
and y. (Create a figure and work out the details.'”) Obviously, OZP (as by

13The famous Hahn-Banach theorem states, in one of its geometrical versions, that a closed
convex set has hyperplanes of support at all its face points. It can be proved with no regard for the
compactness, which allows multiple applications in infinite-dimensional analysis, where bound-
edness + closure # compactness. (In infinite-dimensional problems, mostly closed hyperplanes
of support are considered.) For this reason, the Hahn-Banach theorem is usually learned in courses
on functional analysis. Readers seeking more information may consult Dunford and Schwartz
(1957), Hille and Phillips (1957), Yosida (1965), (Riesz and Nagy 1972), Edwards (1965), Reed
and Simon (1972), Rudin (1973), Kolmogorov and Fomin (1976), Rockafellar (1970), and
Kutateladze and Rubinov (1976).
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assumption 0 € int C; work out the details), so P = {y: (p,y) = 1}, with the
definite p collinear with x — ¢ (how is this p defined?), and, evidently, p € (X
\{x})\X"(why?). QED.

An important remark The vector p’, proportional to x — ¢ and normed so that
(p',x) =1, belongs to the interior of X\{x))". (Why?) Therefore, this interior
contains p’ together with its neighborhood, and so a boundary of X" contains a
neighborhood of p’ in the affine hyperplane Q = {q: (x,¢) = 1} (complete the
details), which is used in the proof of the corollary in section E9.5(C), and in the
proof in section E9.5(D).

S$9.6

A. Foranvpartition! = I, U.. .UI,(I;N1,, = @ for | # m), we will have, consider-
ing x; such that x; = x; when 7 and j belong to the same /; and denoting them y;:

(5 (5)) oxz)

! icl; i€l

F(Y o) < Zaﬂx,-)—Z@af)f(m,

iel;

QED.
B. We have, applying the Jensen inequality twice, with respect to {o;} and {§;}:

f (Z “iﬁﬂ/) =f <Z “iZﬁW:f) < Z%f (Z ﬁ,-%y‘) < foiﬁ,f (i),

iy
QED. (We leave it to the reader to fill in the details: do the points > f8 x;j belong to
J

the domain D?)

C. Readers have to verify that all points put in f in the computation from sec-
tion E9.6 (C) belong to D.

D. This claim follows directly from B by induction (We leave it to the reader to
complete the details).

Vector space R over the field Q is infinite-dimensional. (Why? What are
cardinalities of R and @, respectively?) A basis of a infinite-dimensional vector
space R over Q “is fixed” using the axiom of choice (but cannot be found
without it).
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S$9.8

A point (x_, f(x_)) is placed on or below the secant /; passing through the points (x;,
f(x1)) and (x, f(x)). In turn, a point (x,, f(x,)) is placed on or above /;. (Why?)
Therefore, k > ki, where k; is a slope of /;. (Why? Make a figure.) Similarly,
k < ko, where k, is a slope of the secant passing through the points (x5, f(x;)) and (x,
f(x)), so k is bounded: k, > k > k;. Considering the secant Iy = {y = kox + bo}
passing through (x;, f(x;)) and (x», f(x,)) brings inequalities f(x) < kx + b < kox
+ by showing boundedness of b. (Make a figure and complete the details.)

Next, since the points (X', f{x")) for X'¢(x_, x,) are placed on or above the secant
passing through (x_, f(x1)) (why?), such points of X' # x will be placed on or above
any limit straight line. A similar argument shows that the point (x, f(x)) cannot be
placed above the limit line; but it cannot be placed below it either (why?), which
finalizes the proof. (We leave it to the reader to work out the details.)

The simplest example of a nonconvex function satisfying the local support

o 1, forx #0 . .
condition comes from f(x) =< _’ 70, For a continuous function, the local
0, for x =0.
support condition is equivalent to the global support condition and, thus, to
convexity.

Indeed, let x; = sup {X' > x: (X", fx")) are placed on or above I for x < x" <
x'}, for a fixed straight line [ of local support at (x, f(x)), belong to the domain of f.
Because of the continuity of f, the point (x;, f(x;)) cannot be placed below /, so (x1, f
(x1))E! or x; is an endpoint. Let it not be an endpoint. Subtracting from f the linear
function that has / as its graph (which does not affect the claim) makes it possible to
identify / with the abscissas’ axis. Consider the maximum of f on the segment [x,x].
Let x, be the last point of this segment where f = f;,.x. Verify the absence of a
straight line of local support at (x5, f(x)). A similar consideration is performed for
the segment to the left of x, which will finalize the proof. (We leave it to the reader
to work out the details.)

$9.9
If /" (h, h)<O0 for some h, then we will have, for small 7 # 0,

F(xo + th) = F(x0) — 'y (th) = 2 (F", () + (1)) < — <0

(using some ¢ > 0). QED. Conversely, for f”, >0, the internal integral in f

Xo

u
du f f", dvtakes values of the same sign as # — xp, and thus as x — xo; in turn, the
Xo
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differential in the external integral takes values of the same sign, as x — xq;
therefore, the iterated integral takes nonnegative values. QED.

$9.10

The iterated integral considered in section S9.9 takes positive values on x # xq
when the second differential is a positive definite quadratic form, f”,>0, at all
internal points. This implies that fis strictly convex, as a point (x, f(x)) obviously is
placed below the straight line passing through (X', f{x’)) and (x”, f(x")) for ¥’ < x
< x”. (Create a figure.) (However, the strict convexity of a twice-differentiable
function does not imply the positive definiteness of its second differential at all
internal points, as is clear considering the function y = x*))

The inequalities between “discrete” power means are obtained from the
corresponding integral means by considering piecewise constant functions that
take values x; along the whole intervals of lengths o;.

Proving these inequalities with a different technique, one may restrict oneself to
the cases of equal weights since allowing equal weights + continuity = allowing
any weights (in accordance with section P9.6" above; fill in the details).

S9.14

To find lim M ,, note that, obviously, it does not exceed max (X), but on the other

n—oo
hand, for large n, the minimum of X on a segment [lg—l,ﬂ containing a maximum
point is arbitrarily close to max (X) due to the continuity of X, QED.

Next, lim M, ., = lim M, , = sup M, , due to the estimates
p—00 n—0o00 p,n<oo

M,, <My ,Mpy o < sup M, ,, sup M,, —M,, —0 as p,n— oo.

p,n<o0 P,n<00

QED.

1
n
Defining the sequence M,,, in a simpler way, such as M, , := <n" oAb )p, generally we
i=1

would lose the monotonicity on n. (Readers may provide examples.) In this case, the proof might
be completed using the following fine theorem.

Young-Dini theorem. Let a sequence a,,, converge with respect to both its
indices separately: Yn<oo, 3 lim ap,, Vm<oco, 3 lim a,,. If one of these
n—oo

m—oo
convergences is monotone, say, Ay, < Q1.0 Y < 00, then there exists a double

limit lim a,,,.
m,n—0o0 i
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(Proving this claim is a very nice exercise in analysis, so readers are encouraged to do it.)
Also, readers may establish the equality lim M, (X) = max (X) by the following arguments.
p—00

Denotex; = 1min “X(1). Choose, for ¢ > 0, so large n thatx;,> max (X) — & wherex;, = max
izl o, i i=1,..,n
n - - n

x;. As with any p > 0, we have

1
n 4 n P 1
i=1 i=1

which cannot be less than.x;, — ¢for large p (keeping » fixed). Finally, lim M,(X) > max (X) — 2e,
completing the proof.

S59.17

The oriented volume of a pyramid with a fixed basic face is an affine (linear plus

constant) function of the opposite vertex,because the oriented height of this vertex
over the base is such a function.

An affine function will be equal to zero identically if it equals zero on an open set
because that set has sufficiently many linearly independent elements to form a
spatial basis. (We leave it to the reader to work out the details.)'*

$9.20

The uniqueness of x(p) for strictly convex functions f may be proved as follows.
A function F(x,p) = px — f(x) with respect to x, keeping p fixed, is strictly concave
[by section P9.1" because, in fact, adding a linear function does not affect strict
convexity (concavity)], so if x;(p) # x,(p) were its points of maximum, then its
graph between these maxima would be placed above the horizontal straight line
connecting them, so actually they would not be maxima. (Create a figure.)

'4 Advanced readers probably know that this statement is generalized for any analytic function
(a one, representable by the sum of a convergent power series in a neighborhood of any point of its
domain): an analytic function on an open connected set will be equal to zero on the entire domain if
it equals zero on its open subset. Interested readers will find more details in Dieudonné (1960).
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¢ p
The simplest method of establishing the identity po~'(p) — [ ¢(x)dx = [
0 0

@~ 1(y)dy [for monotone continuous functions ¢ with (0) = 0] is geometric, by
adding areas under the graphs of ¢(x) and ¢~ '(y). (Create a figure.)

A different method of establishing this identity, for differentiable ¢, consists in
integrating the right-hand side by parts and then making a change to the variables
yx := ¢~ !(y) in the integral. (Fill in the details.)

A similar approach is applicable to any ¢ using the following version of the
integration-by-parts formula:

Theorem Let fand g be integrable functions on [a,b]. Then fg is also integrable,

and, denoting G(x f g(t

bf()g(x) dx = G(b)f (b) — Ga)f(a) — hmz G(x)(f (xi) = f(xi-1))
= G(b)f(b) — G(a)f (a) —lim Z G () (f (xi1) — f(x1)),
with the limits taken over all finite partitions a = xo < ... < x, = b, as max
(4x;)) — 0.

Readers are invited to prove this theorem and then prove the foregoing stated
Young’s identity.

Another corollary of this theorem is the classic second integral intermediate value theorem,
originally established by O. Bonnet in 1849, which has multiple applications, as follows.

Bonnet’s theorem. Let f be a monotone function, and g an integrable one, on [a,b].
There exists £ E(a,b) such that

b

If(X)g(X)dx—f(a ig x) dx-+f () [g

a

Derive Bonnet’s formula from the previous theorem. Also, readers may find such a proof in
classic analysis handbooks (e.g., Fichtengoltz 1970).

$9.22

As described in section H9.22, the asymptotic behavior near the endpoints of the
closure of D (when D # R) of a convex function f, defined on a convex domain
D C R, may be established as follows. First, note the boundedness of f from below
in a neighborhood of the endpoint. Indeed, otherwise three points x; < xy < x>
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could be found, with (xq, f(xg)) lying above the straight line passing through (xy, f
(x1)) and (xy, f(xy)). [Create a figure. Alternatively, a lower bound can be deter-
mined using a straight line of support (section P9.8").] Next, note that only one limit
value exists. (Use similar arguments; create a figure). Finally, the extension of f by
continuity to an endpoint x is a convex function, regardless of whether f has a finite
or infinite limit at x, because

flx+ (1 —a)y) = lim flo, +(1—a)y)< lim  [of (x,) + (1 = 2)f ()]

X, €D, x,—x X, €D, x,—x

= L, lim f(xn)] + (1= a)f(y) = of (x) + (1 — 2)f ().

nED, xp—x

QED.

$9.23

For a convex function f'defined on a convex domain D C R, the same arguments as
in section H9.23 show the existence of the corresponding one-sided derivatives at
the endpoints of D (if it has endpoints at all). Therefore, at the endpoints of the
closure of D (when D # R) there exist one-sided derivatives of the extension of f by
continuity to this closure. (Indeed, this extension is convex, as discussed in
sections H9.22 and S9.22.)

There may be at most a countably infinite set of points of nondifferentiability of f
(due to unequal one-sided derivatives) because there may be found at most a
countably infinite set of nonintersecting intervals on a straight line. (Indeed, any
interval contains rational points.)

Finally, discontinuous, but lower (upper) continuous, functions are the famous

- . <
Heaviside step functions: 0(x) = {(1) XEZE ;C;OO’ (resp. 0(x) = { (1) gﬁgﬁ i<>06>

Convexity of the primitive of a monotonically nondecreasing function on a real interval. The
integrability of a nondecreasing function f is implied by a theorem by Lebesgue and the
countablity of the number of discontinuities. (Work out the details.) For a differentiable f, the
convexity of the primitive follows from section P9.9". (How?) In the general case, it can be proved
as follows. Without loss of generality, we are dealing with a function on the segment [y,x] = [0,1],

o 1 o
so we must prove that [ f(x)dx <« [f(x)dx (0 < o < 1), or, equivalently, that (1 — ) [f(x) dx
0 0 0

I
< [f(x)dx. (Why? Answer by creating a figure.) But we have
o

1

(1-2) Jf(x)dx < (1 -2 (o) = a1 - )f () < ocjf(x)dx,
0

o

by virtue of the monotonicity of /. QED. (We leave it to the reader to fill in the details.)
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$9.26

Completing the proof of Gelfand’s lemma. If Gelfand’s lemma is false, then by the
lemma from section H9.26, there is a point x; such that f(x;) > 1, and, due to the
lower semicontinuity at x;, we find a ball B; of radius < 1 with its center at x; on
which f > 1. By induction we can use the lemma from section H9.26 for a point
Xn11EB,, such that f(x,,, ) > n + 1, and, due to the lower semicontinuity at x,,, |,
we find a ball B, of radius < (n + 1)_1 with its center at x,,; on which f >
n + 1. Hence, f could not get a finite value on an intersection [B,,.

A bounded convex function may not be upper semicontinuous: for example, such is
_ [P /x it (xy) #(0,0),
floy) = 0 otherwise
D ={x>0, |y|<+/x} (0 <f< 1:draw a figure). This function is homogeneous
of degree one, and so it is linear on any ray with the vertex (0,0). So the second
differential f’ is positive semidefinite everywhere including the boundary points,
except (0,0). Hence, f is convex (use section P9.9*), but it is not upper
semicontinuous at (0,0). (We leave it to the reader to work out all the details.)

the case in on a convex domain

$9.28

The proof of the lemma from section P9.21**, discussed in section H9.21, will be
applicable to the lemma in section E9.28, literally, if rational y,, is used.

S$9.29

We have f(0) = f(2-0) = 2-f(0), whence f(0) = 0. Therefore,
0=£(0)=flx—x)  flx)+f(x)=2f(x),

so flx) > 0, Vx. Hence, 0 < flx + y) < flx) + f(y), so flx) = fy) = 0 = fix + y)
= 0, so the zero set is a subspace. (Work out the details.)

A proof of the continuity of a convex functional in a finite-dimensional space,
different from that given in section H9.29, can be completed by considering the
“balls” By = {f < .k} for the factor-functional on the quotient space modulo zero
subspace (for which we will use the same notation “f’). These are homothetic
convex sets, symmetric relative to the origin, containing a segment of positive
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length in any spatial direction. (Why?) Prove the boundedness of the balls (with
respect to a common Euclidean norm). To do this, use the representation of vectors
in spherical (using a fixed Euclidean norm) coordinates v = r-o (r = v, 0 € S
and n is the spatial dimension). If v,€ By, and r,, — oo, then we obtain f{g,,) — 0,
which contradicts the convexity of B;; readers will easily find this contradiction if
they consider a simplex, contained in By,, which, in turn, contains the origin in
its interior. As follows directly from the boundedness of By, f(y) is small for
small y, which shows the smallness of the difference between f(x + y) and f(x),
provided that y is small:

f+y) —ffB), fx)—flx+y)=fx+y—y) —fx+)f(=y) =)

QED. (We leave it to the reader to fill in all the details of this proof.)



One-Parameter Groups of Linear
Transformations

Problems

P10.0"

Preliminaries. A one-parameter linear group in a vector space L is a continuous
map g : t#—g" = g(¢) on the space of parameters R, taking values in a space of the
linear operators on L and having the following properties: (1) g° = E and (2) the
sum of parameter values corresponds to the composition g** = g% o g.

Verify that property (1) may be substituted by (1) — all g’ are invertible
operators. Thus, a one-parameter linear group is a group homomorphism g: (R,+)
— (GL(L), o), which is continuous as well: t — 7, = g' — g". Readers can define
this continuity themselves using the usual terminology with which they are familiar.'

Let us consider the details of the simplest case, where L = R. As readers know,
linear operators on a one-dimensional space are multiplications by scalars. (When
are these operators invertible?) In particular, we have a natural isomorphism
between GL(1,R) and a multiplicative group (R",). Thus, one-parameter linear
groups in R are the continuous homomorphisms g: (R,+) — (R*,>, or, in other
words, the continuous solutions of the functional equations

! The fact that elements g’ — g in the space of linear operators GL(L) tend to O for  — 1, may be
expressed in terms of by-coordinate tending to zero, that is, for all of (dimL)? coordinates with
respect to any fixed basis in GL(L). However, readers may show that for a finite-dimensional L the
continuity of a group is equivalent to continuities of the orbits: t — 7y = g’ — g if (and,
evidently, only if)r — tp = g'x — g"x, Vx € L. (Proving a similar claim for infinite-dimensional
spaces requires stipulating a kind of topological completeness of the space (the Banach-
Steinhaus equicontinuity theorem). Interested readers may apply to Dunford and Schwartz
(1957), Hille and Phillips (1957), Yosida (1965), Halmos (1967), Riesz and Sz.-Nagy (1972),
Reed and Simon (1972), Rudin (1973), and references therein.)

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 197
DOI 10.1007/978-0-8176-8406-8_10, © Springer Science+Business Media, LLC 2013



198 One-Parameter Groups of Linear Transformations

g0)=1,  g(s+1)=g(s)g(t). @)

As is well known, exponential functions satisfy these equations. Having solved
problems P10.1°, P10.2", P10.3", P10.4", P10.5", P10.6", P10.7", P10.8", P10.9",
P10.10", and P10.117, readers will find that the continuous solutions of (*) are all
exponential and so will extract the usual properties of exponential functions from
functional equations (*) (which corresponds to a real historical development).
Readers will proceed along with the exponential power series. In this problem
group, prior knowledge of power series is not assumed; therefore, in the “Hint”
section of the book we provide the necessary definitions and ask readers to prove
the related analytical claims, for example, the famous Abel’s lemma.

The second part of this problem group (sections P10.13, P10.14"", P10.15™,
P10.16™, P10.17", P10.18"", P10.19"", P10.29"", P10.30™") is devoted to proper
generalizations of the statements in sections PlO.l*, P10.2*, P10.3*, P10.4*, P10.5*,
P10.6", P10.7", P10.8", P10.9", P10.10", and P10.11" for one-parameter matrix
groups. Readers will find that all of them are given by the matrix exponential
series, as in the one-dimensional case. However, a multidimensional picture looks
much more complicated. Working on these problems will familiarize readers with
matrix analysis. For this, in the “Hint” and “Explanation” sections of the book, we
provide readers with elements of multivariate differential calculus (including the
implicit function theorem); however, readers are assumed to have a working
knowledge of eigenvalues and the Jordan canonical form of a matrix.

In section P10.13 we analyze the structure of one-parameter matrix groups. For
the reader’s convenience, this section is split into six connected problems, A-F.
While working on these problems readers may need familiarity with some features
of number theory and theory of differential equations; therefore, in the “Hint”,
“Explanation,” and “Completing the Solution” sections we discuss the appropriate
tools: Euclid’s algorithm, Chinese remainder theorem, and Poincaré’s recur-
rence theorem.

In the next part (sections P10.20™, P10.21°"", P10.22"", P10.23™, P10.24™",
P10.25", P10.26", P10.31"") readers will find some elementary classic applications
of one-parameter matrix groups in differential equation theory (Liouville formula),
in complex analysis (e.g., complex exponential functions, Euler’s formula), for
finite-dimensional functional spaces (spaces of quasipolynomials), and others.
Readers will learn how to deal with these problems using elementary tools of
analysis and linear algebra.

There is a part of this problem group that formally contains two problems
(sections P10.27", P10.28**), but in fact these include a large set of connected
problems. We have compiled these problems for readers possessing more advanced
prior experience (although we introduce and discuss the necessary tools). While
working on them, readers will come across many interesting aspects of analysis and
linear algebra and become acquainted with important concepts (e.g., symplectic
forms). In the “Hint” section (H10.27) readers will find an excellent classic real-life
application to theoretical physics (phenomenological thermodynamics).
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Readers will encounter far-reaching advances and applications of the subjects
considered in the present problem group in powerful mathematical theories: differ-
ential equations, Lie groups, and group representations.”

P10.1"

Prove that a one-parameter linear group in R takes on positive values. [The results
of sections P10.6" and P10.8" below show that the image of such a group is {1} or
R = (0,00).]

P10.2°

Prove that for any @ > 0 and 7y # O there is at most one one-parameter linear
group g in R such that g(#)) = a.

P10.3"

Show that a differentiable solution of the equations (*) from section P10.0" satisfies
a differential equation g(r) = kg(1), k = const = g(0) (¢ = dg/d).

2An ordinary autonomous differential equation, such that the solutions do not become infinite for a
finite time, defines a one-parameter group of diffeomorphisms of the phase space, g', called the
phase flow: 7 — g'x (r € R) are the solutions of this equation under the initial conditions g’x = x.
(The transformations g’ are linear when the equation is linear.) A Lie group is a group and
simultaneously a smooth manifold such that the group operations are smooth maps; in fact, it is
a multipdrameter or multidimensional, group g”" ", but of course an identity such as g/ */2#1 42
= g/t glt2 may hold only for Abelian (commutative) Lie groups. Note that discrete, e.g.,
finite Hausdorff, groups are Lie groups. (What are their dimensions?) In the theory of group
representations, abstract groups and functions on them are studied via homomorphisms
(representations) of those groups onto groups of linear transformations of vector spaces. In this
way various group-theoretic problems are reduced to problems in linear algebra; this is also very
important for applications, e.g., when dealing with symmetry groups of physical systems. A
detailed discussion of the contents of all these mathematical theories is beyond the scope of this
problem book; and interested readers may consult Arnol’d (1975, 1978, 1989), Weyl (1939, 1952),
Chevalley (1946-1955), Lang (1965), Vilenkin (1965), Nomizu (1956), Serre (1965), Adams
(1969), Weil (1940), Bredon (1972), Kirillov (1972), Humphreys (1973), Naymark (1976),
Helgason (1962), Kobayashi and Nomizu (1963, 1969), Bourbaki (1968—1982), Warner (1983),
Fulton and Harris (1991), Alperin and Bell (1995), and references therein; in addition, readers may
turn to the vast literature devoted to applications of group theory to differential geometry,
functional analysis, and theoretical physics (theory of relativity, quantum mechanics, theory of
solids, and other branches).
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e
P10.4

A formal solution to the algebraic equation F(t,g): = Y F ,»j-tig/ = (O is a formal power

series g(f) = > a,t" such that inserting it into the equation yields the resulting
n=0
formal series in ¢ on the left-hand side to zero (and, similarly, a formal solution of a
o0
differential equation is defined using formal term-by-term differentiation g(7) = >
n=1
na,t"~"). An initial value problem (Cauchy problem) is formulated as finding g()
satisfying a given differential equation and having a given value g(0). Prove that
the Cauchy problem for the differential equation from section P10.3” using initial
value g(0) = 1 has a unique formal solution, namely, g(¢) = Z(n!)fl(kt)". (This
series is referred to as exponential.)

P10.5"

A numerical series Y a, is said to converge when lim »_ a exists, and this limit
n=0 n=00 k=0

is called the series’ sum. Suppose we have proved that (1) the exponential power
series g(f) from section P10.4" converges, (2) a series of its term-by-term
derivatives g(r) = k3. [(n — 1)!] " (k)" also converges, and (3) the sum of g(r)
is differentiable, having a derivative equal to the sum of ¢(#). Then the sum of g(?)
itself will be a solution of the Cauchy problem in section P10.4". (Why?) Therefore,
prove claims (1)—(3). (For additional definitions or tools related to this problem,
see the corresponding hint in the “Hint” section.)

PI10.6"

Prove that the sums of the exponential series satisfy the equations (*) from
section P10.0". From the foregoing statements derive that those sums are the
only continuous solutions of (*).

P10.7"

Prove that lim (1 4 ¢/n)" exists for any # € R and is equal to Y(n!)~'#". [Readers

know that this function of ¢ is referred to as exponential and denoted e’ or exp(?).
Multidimensional versions of sections PlO.l*, P10.2*, P10.3*, P10.4*, P10.5,
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P10.6*, and PlO.7*: are discussed in sections P10.13, P10.14**, PlO.lS**, P10.16**,
P10.177, P10.19™", P10.20™"]

PI10.8"

Show that (1) e = 1/¢',(2) lim ¢’ = 00, (3) lim e’ = 0, (4) €' is a monotonically
1—00 ——00

growing function. Therefore, for any @ > 0 an equation ¢’ = @ has a unique
solution. (Prove.) [Readers know that this function of a is referred to as (natural)
logarithmic and denoted log a or In a.]

P10.9"

For a > 0, define ¢’ := ¢, where k = In a. [Veri fy that this definition extends a
definition of integral powers asa” =g - ...-a,a " = 1/a" (n > 0),a"° = 1.] Show
———

n

that ¢ = (a*)". Therefore, lim (1+kt/n)" =3 (n!)~" (kt)" = @', where a = €.

Establish the claims from section P10.8" for a’ with @ # 1. (The logarithms
to base a are denoted log,,.)

P10.10°

Prove that the constant zero function f = 0 and the logarithmic functions f(z)
= log,t (a>0, a # 1) are the only continuous solutions of the functional equations

f(l) =0, f(St) :f(S> +f(t)7 (**)

on R*" = (0, 00). Show that the function f can be uniquely extended to the domain
R* = R\1{0}, retaining the property of being a solution of (**) as an even function
f(t). Establish the smoothness of the logarithms and derive for them a differ-

ential equation f(r) = 1/kt.

P10.11°

Verify that all solutions of the equations (*) in section P10.0" have a form
g(t) = e*, for appropriate homomorphisms ¢: (R,+) — (R,+); the continuous
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R—R

t—kt
tinuous solutions, that is, discontinuous homomorphisms g: (R+) — <]R*>
(Therefore, the remaining properties of a one-parameter linear group do not
imply the continuity.)

solutions correspond to linear functions ¢ : { . Give examples of discon-

P10.12"

A brief historical excursion. John Napier (1550-1617) introduced tables of logarithms in the
second half of the sixteenth century for accelerating computations using summation instead of
multiplication. Therefore, the functional equations (**) were originally laid as a basis of notions of
logarithms. (The same tables might be used in the opposite direction, which would correspond to
an exponential function, but it would not be practical!)

Isaac Newton (1642—-1727) introduced the exponential series and the differential equations
presented in sections P10.3" and P10.10". His aim was to convert a function defined by Merkator’s

series ln% = 2t(1 + % + 2 +.+ % +.. ) Newton was the first mathematician to system-

atically use such a remarkable technique as power-series expansions for solving mathematical and
physical problems (later on, those series were christened “Taylor series”) (Arnol’d 1989 Histori-
cal). In addition, Newton was the first to use differential equations to describe various physical
processes. Combining both approaches, he was able to obtain a differential equation for logarith-
mic functions, convert it into a differential equation for exponential functions, and find formal
solutions for the last one using power series.

“Napier’s number” ¢ = Y (n!)~" was in fact introduced by Leonhard Euler (1707-1783), who also
introduced a famous constant ¢ = Ilim (Z k™' —1In(n + 1)> =0.57721566490. ..}

n—oo k=1

Finally, a curious anecdote closely touching on our subject is ascribed to Evariste Galois

(1811-1832); interested readers may consult his biography by Infeld (1948).

P10.13. A™

Prove that the elements of one-parameter linear groups in finite-dimensional
vector spaces over the reals preserve orientation, that is, have positive determinants.

3 The arithmetical nature of this constant has not been investigated. Specifically, it is not known if
it is a rational number or not (1984) (Vinogradov 1977-1984).
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P10.13. B™

Prove that a one-parameter group that is not a constant map g(f) = E belongs to
one of the two following types:

Type I: g(R) is isomorphic to the group of rotations of a circle that has the usual
representative forms: either an additive, a group R mod 27, or a multiplicative, a
cos  —sin 0

E .
sin 0 cos 0 ) (6 € R mod 27);
Type 2: g(R) is isomorphic to (R,+).

group of 2 x 2-matrices Ry = <

P10.13. C*™

Show that the total eigenspace corresponding to any eigenvalue of any element g
(o) of a one-parameter linear group in C" contains a common eigenspace for all
elements g(1). Let 4;(r) = p;(1)(cos 0;(t) + isin 0;(1)) be their eigenvalues on it;
prove that the moduli of the eigenvalues depend on the parameter ¢ exponentially
and the arguments depend linearly: p;(t) = ', 0,(1) = (w;#) mod 2.

Is the type of a one-parameter linear group g completely determined, given g(#)
for some £, # 0? This question is discussed in sections P10.13. D", P10.13. E"™",
and P10.13. F below.

P10.13. D"

Let us agree to say that real numbers a;, a, that are not integer multiples of b # 0
(usually, b = 27) are commensurable modulo b if m;a;, — m,a, is an integer
multiple of b for some nonzero relatively prime integers my, m,. Show the equiva-
lence of this condition to the following one: %}"‘” = %, for proper integers
k] 7& O, k2 7é O, ny, ny.

Prove that a linear operator B can be included in a one-parameter linear group g
in C" [that is, become g(#y) for some 7y # 0] such that g(R) = {E} or g(R) = R
mod 27 if and only if the following conditions hold:

(a) B has its eigenvalues placed on the unit circle S! ¢ C, that is, has all of them in
the form cos @ + isinf (0 < 0 < 2n);

(b) B is diagonalized in some basis (that is, all of its root subspaces are
eigenspaces);

(c) Any pair of complex arguments of the eigenvalues distinct from one are
commensurable modulo 27.*

*The necessary and sufficient conditions for inclusion of an invertible linear operator in a one-
parameter linear group are discussed in section P10.29"" below. Here, a special kind of these
groups is considered.
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P10.13. E

For a one-parameter linear group g with the elements satisfying conditions (a) and
(b) from section P10.13. D", prove that g(R) = R mod 27 if and only if all pairs
of “angular velocity” components w; (defined in section P10.13. C™") are linearly
dependent with integral coefficients.

P10.13. F*™

Show that a linear operator B, satisfying conditions (a) and (b) from section P10.13.
D" and having at least two eigenvalues of complex arguments incommensurable
with 27, can be included in a one-parameter linear group g such that g(R) = (R,+),
even if B satisfies the aforementioned condition (c) from section P10.13. D73
Combining sections P10.13. D***, P10.13. F***, it follows that B can be included

in two different types of groups.

P10.14™

Prove the existence of the unique one-parameter group g(R) C GL(n, R) having a
given linear operator B as g(to) for a fixed 7y # 0, provided that B has positive and
simple (nonmultiple) eigenvalues only. Show that, on the contrary, for B that is a
dilatation operator AE, (where 2 > 0 or 4 < 0 and n is even) there exist infinitely
many such one-parameter groups for n > 1. Provide more examples of the
uniqueness/nonuniqueness. (A general case is discussed in section P10.30"" below.)

P10.15™

Show that a differentiable one-parameter linear group g [which means that g(¢)
is differentiable with respect to ¢] satisfies a differential equation g(r) = Ag(¢)

[A = 2(0)].

3 In ergodicity theory it is proved that the trajectory of a uniform motion  — (@1f,. . ., @,f) along
an n-dimensional torus R” mod 27 = {(0y,..., 0,)} is dense everywhere when w; are linearly
independent over the integers. This shows that the topology of a subgroup g(R) == (R ,+) within the
group GL(L) can be very complex. It is very different from the topology of a linear subspace within
a vector space.
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P10.16™

An exponential series for matrices is defined in the same way as for the numbers:
M =E+At+...4+(n) "(Ar)" +.... Prove that the Cauchy problem for the
differential equation in section P10.15"" using the initial condition g(0) = E has a
unique formal solution, namely, an exponential one.

Agreement. In what follows, we will use the same designations for the exponential
series and their sums.

P10.17°

o0
A series > a, of elements of a topological vector space L is said to converge when
n=0
n

lim " a; exists, and this limit is called the series’ sum. This means, for a finite-
n—oQ k:()

dimensional space, the convergence of the numerical series of coordinates with
n
respect to a fixed basis nlinolc > ay; exists for i = 1,...,dim L. The choice of the
—% =0
basis is unimportant: the series of the coordinates with respect to some basis
converge if and only if the same is true for any basis. (Prove.) Therefore, the
exponential series converges if the corresponding series of the matrix entries
converge. Define convergence of exponential series for linear operators on a
finite-dimensional space via the matrix representation with respect to a fixed
basis of this space. Verify that a choice of the basis is unimportant.

Prove, for a series g(f) = e, claims (1)—(3) from section P10.5". Derive
from this that the sum of this series is a solution of the Cauchy problem from
section P10.16 : () = Ag(t), g(0) = E.

Find the sums of exponential series explicitly for a diagonal matrix and for a

0 1

nilpotent Jordan box N =

PI10.18"

Show that ¢**® = ¢*¢® if A and B commute. Derive from this that the sums of
exponential series e”* form one-parameter linear groups.
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Find e” explicitly for a Jordan box A = JE + N =
1
A
Prove that a map A — ¢” realizes a diffeomorphism of a neighborhood of
zero in the space of linear operators on a finite-dimensional space onto a neighbor-
hood of E.

Show that all one-parameter linear groups have a form of ¢”* for some A, so they

are smooth (infinitely differentiable).

The preceding equality for commuting matrices gives e’efe e ™8 = B¢ B = = 0 =
81 where [A,B] = A o B — B o A (which is zero for commuting A, B). Therefore, &, ¢ commute
when A, B commute (which also may be verified directly; how?). Establish an extension of this
relationship for arbitrary A, B:

esAetBe—sAe—tB — est[A,B] + ()(S2 + 1‘2) as s,t— 0.

(The multiplicative commutator of exponents of matrices differs from the exponent of their
additive commutator by a small value of order greater than two.) Derive that A commutes with

B if e"eBee™ = E 4+ o(s*> + %) as s,t — 0. Determine whether A, B always commute
when ¢?, ¢ commute (that is, eAePe e = E) or when A", B" commute, for some positive

integers m, n.

P10.19""

Prove that lim (E + A/n)" exists for any square matrix and equals the sum of the

n—oo

. . A
exponential series e”.

P10.20™

A nice example of the exponential representation of a one-parameter group is
the Taylor-series expansion. Consider a finite-dimensional vector space F
consisting of functions fi R — R that are the sums of convergent power series
fO) = apo +agy t + ap 2 + ..., Vi These f are infinitely differentiable, ay, =
fn(0)/n!, ¥Yn = 0,1,... and, moreover, f(t + s) equals the sum of the Taylor series
) +f (s + f'(0)-s*/2! + ... for any st € R. (Work out the details using
section H10.5.)

(1) Prove that F is closed with respect to the shifts of the argument, Vs: f(.)
€eF=gf():=f(+s)€F, if and only if F is closed with respect to the
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differentiation, f(.) € F = df /dt =f(.) € F, and in this case there is the following

relationship between linear operators d/dt: F — F and g' : F — F: 65% =g

Examples of spaces F satisfying the conditions of this statement are spaces of
the polynomials of degrees not exceeding a given number N and, more
generally, spaces of quasipolynomials; these have the form
=3 (pj(t) cos wjt + q;(t) sinw;t)e’', where the sum is taken over a finite set of
complex numbers A; 4 iw; (the same set of these numbers corresponds to all
elements of F) and p;, ¢; are arbitrary polynomials of degrees not exceeding a
given N; (the numbers N; are the same for all elements of F). (Below more
advanced readers will be asked to establish that if F satisfies the conditions of
this statement, then F is a space of quasipolynomials.)

(2) For the space of polynomials calculate matrices of the differentiation
and shift operators with respect to the usual monomial basis. In particular, you will
find that tr(d/df) = 0 and det g’ = 1.

(3) For a space of trigonometric polynomials (which corresponds to w; = j,
/; = 0,N; = 0,V)) calculate matrices of the differentiation and shift operators
with respect to the basis consisting of trigonometric monomials {cos jt, sin j} i20,..

2n
(this basis is orthogonal using a scalar product (fi,/>) = [ fi(¢)f>(r) dt). Having
0

completed these calculations, you will find the skew symmetry of d/dt and the
orthogonality of g’.

Try to generalize the observed correlations of the properties of d/dt and g
without looking through the subsequent problems.

P10.21""

This problem is addressed to readers familiar with ordinary linear differential
equations. Prove the following generalization of the claim in section P10.6,
which is also a refinement of the statement in section P10.20"":

Proposition. The following conditions on a finite-dimensional space F of functions
R — R are equivalent:

(i) F consists of continuous functions and is closed with respect to the shifts of the
argument.

(i) F consists of differentiable functions and is closed with respect to the
differentiation.

(iii) F is a space of quasipolynomials corrfisponding to some set of 4; + iw; and N;
(see the definitions in section P10.20 ).

Characterize the finite-dimensional spaces of continuous functions on a
unit circle closed with respect to the shifts of the argument modulo 27.
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P10.22

For a linear operator A in a finite-dimensional space (or a matrix), prove that det
(E+eA)=1+¢-trA+0(e*) as¢ — 0.

More generally, let W(¢) be a matrix-valued function such that W(0) = E and
2V(0) exists; prove that detW(e) = 1 +¢-r9%(0) + o(e) as ¢ — 0. From the
preceding statement, derive for a differentiable function W(¢) taking values in

invertible matrices that

AIAW) — (W o W) - detW. (*)

Readers familiar with ordinary linear differential equations will immediately recognize in the
last equality the classic Liouville theorem about the Wronskian of a basic set of solutions. In
geometric language, this theorem states that a momentary relative change of a spatial volume
under the phase flow’s transformation caused by a linear (time-dependent) vector field v(z, x) = (
WoW~")x equals the spatial divergence of this field. This geometric version holds for the
nonlinear vector fields also and finds wide application in, for example, Hamiltonian mechanics,
ergodicity theory, and the physics of continuous mediums. In its integral form, it describes
changes of volumes (or, in other cases- masses, charges, and so on) under the phase flow’s
transformations:

G | o0V = [ [0, + div(ottn, ) - v(0,)] avi),

for any time-dependent continuously differentiable density p and measurable spatial region U of
finite volume; here g; is the spatial phase flow’s transformation from moment of time # till
moment ¢, caused by vector field v(z,x). Interested readers will find information about far-reaching
further developments and discussions of related topics in Arnol’d (1989) (including a supplemen-
tary chapter “Poisson Structures”) and references therein and multiple sources devoted to ergodic-
ity theory and its applications.

P10.23™

b
closed, with respect to the matrix composition, so it is a subalgebra of the algebra of
the 2 x 2 matrices, and in fact it is a field isomorphic to the field of complex
numbers C = {a + bi: a, b € R}.6 (What corresponds to the modulus and the

As readers probably know, the space of matrices (a _ab> with real entries is

6 Readers not familiar with this fact may prove it by themselves or turn for the discussion to section
H6.9 (in the “Polar and Singular Value Decomposition Theorems” problem group above).
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a —-b
a+bi

argument of a complex number?) Show that e(b a ) corresponds to e“",
where the exponential function is defined for the complex numbers as a sum of the
exponential series, in the same way as for the reals.

P10.24™

Prove that forn — oo
arg(l 4+ z/n) =Imz/n + o(1/n), [l +z/n| =14 Rez/n+ o(1/n).
Derive that lim n-arg(1+z/n) =Imz and lim |1 + z/n|" = eR*. Using
n—oo n—oo

these limit relationships and the isomorphism <Z _ab> < a + bi discussed in

Rez(cos Imz + i

section P10.23**, establish the famous Euler’s formula ¢ = ¢
sin Imz) (Arnol’d 1975).

Also, establish this formula in a different way using the preceding isomor-
phism from section P10.23"" and the statement in section P10.13. C" .

In addition, Euler’s formula may be established using exponential series and
Taylor-series expansions of cosine and sine. (Work out the details.”)

Describe the set Logu ={z € C: ¢’ =u} (u € C* = C\{0}).

P10.25™

Alternatively, Euler’s formula in section P10.24"" may serve as a definition of sine

and cosine. Use the statements in section P10.24™" to prove that the functions Re

. 0, —i0 : Ji0_,—i0 . . .
el = % and Ime? = ¢ coincide with cos 0 and sin 6.

7 For this, readers should verify absolute (hence, commutative) convergences of those series, and
the equalities of cosine and sine to the sums of their Taylor series, which might be done as follows.
Prove that a function f(r) infinitely differentiable for |f — o] < r has its Taylor series at fy
absolutely convergent and is equal to the sum of this series at any point of that interval if the
derivatives all together are uniformly bounded on any segment |t — 9| < ro < r: Vry € (0,r), that
is, 3C = C(ry) such that [f"\(#)| < C for |t — to| < ro and n = 0,1,... [actually, if Vry € (0,r),
then /)7 - r"/n! = o(1) as n — oo, uniformly on |t — fo| < rol.
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This part of the problem is addressed to readers familiar with Cauchy-Riemann equations for
complex holomorphic functions and ordinary differential equations (ODEs). Show that Re ¢ Im

" coincide with cos 0, sin 0, respectively, as being solutions of the same Cauchy problems as for
those functions; determine the Cauchy problems for Re ¢ Im ¢ using the methods described

previously for the exponential functions (section P10.4" above).

P10.26"

An additional way of defining cosine and sine comes from the argument’s addition
formulas. Prove that C = cos¢, S = sint are unique solutions of the system of
functional equations

Cls+1) = C(s)C(1) — S(s)S(),  S(s+1) = S(s) C(t) + C(s) S(0),

defined on (—o0,00) and normalized by the conditions C’+5*=1,80)=0,S
(n/2) = 1 and S(r) > 0 for 0 < ¢ < 7/2 (Rabbot 1969).

P10.27"

Previously, in section P10.20"", readers came across an example of ¢* orthogonal to
a skew-symmetric A. A similar example can be derived with Euler’s formula from

0 —0)
section P10.24**, resulting in e ( 0 0 = C9S 6 —sin§ .
sin 0 cos 0

1. Prove, for any skew-symmetric linear operator on a Euclidean space (or a
skew-symmetric matrix) A, that ¢” is always orthogonal: A +'A =0 = ¢*
oet = E (E is the identity).

2. Regarding a conversion, let log A be a solution of the equation ¢* = A; show
that an orientation-preserving orthogonal linear operator has a skew-
symmetric logarithm.

3. Are all of those logarithms skew-symmetric? Describe all of log ((1) (1)>

cos 0 —sin 0
sin0 cos 0
4. For an orthogonal operator close to E, establish the unique existence of a

logarithm close to 0 and its skew symmetry.
The rest of the section is addressed to readers familiar with the language of differentiable
manifolds. The last statement shows that the restriction of the exponential map to a

and log Ry, for a rotation Ry = ( ) (0 < 0 < 2n).
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neighborhood of zero in the space of the skew-symmetric matrices o(n) =
{A: "A+ A =0} is a homeomorphism onto a neighborhood of E in the group of the
orthogonal matrices (the orthogonal group) O(n) = {B: '‘BoB = E}.?

5. Using the preceding statement, prove that O(n) is a smooth submanifold of
the space of all linear operators on R”, of the same dimension as o(n). (What
is this dimension?)

For a basis of the space of skew-symmetric matrices {A = (a;), il b G

+aj; =0}  formed by the elements A =/% with the entries
) 1 for k=i, m=j

a,((';il) =< —1 for k=j,m=i (1 <j<i<n), one-parameter linear
0 otherwise

groups g : n—e” consist of rotations (by angles ¢ mod 27) in two-

dimensional coordinate planes in R” spanned on vectors ¢;, ¢; (e = (0, . .. ]l<

...,0)), retaining the points of the corresponding orthogonal n — 2-dimen-
sional subspaces (“the axes”) fixed. (A convenient description is provided by
exterior algebra’s concept discussed previously in the problem group “A
Property of Orthogonal Matrices.”. According to this concept, those planes
correspond to the orthogonal basis of A?R” consisting of ¢;A e;.) Readers may
verify by direct computations using the implicit function theorem that a map

(2‘21,...72‘,7171‘32,...)’—>g(21)(f21)O...Og(nl)(l‘,,l)og(32)(l32)0... is a

n

diffeomorphism of a neighborhood of the origin in R < 2> onto a neighbor-
hood of E in O(n). Applying finer methods of Lie group theory and accounting
for the connectedness of SO(n), we can show that this group is globally
generated by its subgroups ¢”’(R) (but in no way being their direct product;
note that matrices I do not commute). In solid body mechanics the
parameters 0;; = t; mod 27 of an element of SO(n) (corresponding to a
fixed coordinate system in the source space R") are referred to as its Euler
angles. In turn, SO(n) is the configuration space for the Euler solid body’s
dynamic equations (in R").

Let us generalize from the preceding example. Consider a nondegenerate
bilinear form on a finite-dimensional space (.,.) : L x L — field of scalars.
As readers may verify, the nondegeneracy may be formulated in three equiv-
alent ways: (1) (x,y) =0,Vy=x=0; 2) (x,y) =0, Vx =y =0; (3) the
Gram matrix ({e;, ef>)i,j:1,..., 4y, With Tespect to some (and thus, any) basis is
nondegenerate.

6. Prove the equivalence of these conditions.’

81n fact, exp(o(n)) lies in a connected component of E, which is a special orthogonal group SO
(n) ={B € O(n) : detB = 1} consisting of orientation-preserving matrices.

° The equivalence of (1) and (2) was discussed in section H8.11 related to the problem group “A
Property of Orthogonal Matrices” above.
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7. For a linear operator A, an adjoint operator A" is defined via the identity (Ax, y)

= (x,A"y), Vx,y."° Establish the unique existence of A” for a nondegenerate
bilinear form. Verify that A — A" is a linear operator (in a vector space of the
linear operators on L) and also that E' =E, (AoB)" = B* o A*, (A*)7l =(
A~ Hence, ) = (¢*)". (Prove.)

Warning: in general, A~ # A; readers may prove that A~ = A for any
linear operators if and only if the source bilinear form is either symmetric or
skew-symmetric.

. Show that a subset g: = {A: A* + A = 0} of the space gl(L) of all linear

operators on L is a vector subspace, closed with respect to taking
commutators: Aj,A, € g = [A],Ay] = A1 0A; — Ay 0 Ay € g (which means
that g is a Lie algebra). Show that a subset G := {B : B* o B = E} of GL(L)
is a topologically closed subgroup. Prove the inclusion exp(g) C G.

G is called a group of (linear) automorphisms of the form () since ( Bx, By) = (
x,y), Vx,y € L (B € G). In other words, for a matrix of the form with respect
to any fixed basis, F, and matrices of the elements of the group G with respect
to the same basis, A,’/AoFoA =F. (Verify.)

. One of the basic theorems of Lie group theory states that if a subgroup H of

GL(L) is closed, then it is a submanifold, a subset h: = {A et e H , Vt € R}
of gl(L) is a vector subspace in it, and exp(h) contains a neighborhood of £ in
H. {We cannot discuss a proof within the scope of the present book; interested
readers may try to find one on their own or refer to other sources, for example,
Chevalley (1946-1955), Serre (1965), Adams (1969), Warner (1983),
Bourbaki (1968-1982).] Applying this theorem to H = G and taking into
account the aforementioned section P10.18**, prove that the restriction of
the exponential map to a neighborhood of zero in g is a diffeomorphism onto a
neighborhood of E in G. [Of course, in this case h as defined in the theorem
equals g as defined previously in (8).] Use it to show that G is a smooth
submanifold of the same dimension as g in the space of all linear operators.

Besides the orthogonal groups there are other special cases similarly
constructed that have many applications. First are the unitary groups U(n)
and symplectic groups SP(2n), consisting of the linear automorphisms of,
respectively, sesquilinear Hermitian forms on complex spaces C" and
symplectic forms on even-dimensional spaces R*". On C = {z = x + iy},
consider a function (z/,z") =7 -7/ = (X¥" +y'y") +i(x"y —xy"). It is
bilinear with respect to scalar real factors and sesquilinear with respect to
scalar complex ones, that is, {(az',z") = a(Z,z") and (7', 0z") = a(Z,7") for
o € C. The real and imaginary components of this form are, respectively, a
symmetric positive definite and a nondegenerate skew-symmetric (second

10 Alternatively, it may be defined via an identity (x, Ay) = (A", y), Vx,y, which in general is not
equivalent unless the bilinear form is either symmetric or skew-symmetric.
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10.

11.

name: symplectic) forms on the realification R? of C.'" Conversely, taking
one of the forms (/,z") = Xx" +y'y" or [, 2] ="y — X'y" on Rf.y and a

complex structure agreeing with it (so that (i - ., - .) = (.,.) or, respectively,

[i-.,i-]=].,.), turning R? into C, there exists a unique sesquilinear form
on C having the source form on R? as its real (resp. imaginary) component.
That is, for z = xe; + ye,, setting (a + ib)-zz = az + blz, where

I= (? _01> with respect to an orthogonal well-oriented basis e;, e,

in R, yields the sesquilinear form (/,z") = (¢,2") +i- (Z,iZ") = i, 2"]
+i-[Z,7").

U(1) is defined as a subgroup of GL(1,C) = c” consisting of elements
preserving (,) . Prove that U(l) coincides with a scalar group of
multiplications by complex numbers placed on a unit circle and, therefore,
UQl) = S0Q).

SP(2) consists of the elements of GL(2,R) preserving [,]. Show that SP(2)
coincides with the unimodular group SL(2,R) = {B € GL(2,R) : det
B =1}. Prove that topologically it is a solid torus: SP(2) = SL
(2,R) = R*xS'. Is this homeomorhism an algebraic isomorphism as well?
Therefore, dim SP(2) = 3. In particular, SP(2) contains, but does not coin-
cide with, U(1). The elements of SP(2)\U(1) preserve [,] and substitute a
complex structure on R? and the corresponding Hermitian form. Actually,
U(1) consists of the transformations preserving both real and imaginary
components of the Hermitian form, so U(1) = SP(2) N O2) = SO(2).
This statement can be generalized for any dimension; thus, U(n) = SP(2n)
N O(2n) [with regard to the orientation-preserving property of symplectic
transformations, U(n) = SP(2n) N SO(2n)]. Also, U(n) = SP(2n) N GL
(n,C) = GL(n,C) N O(2n), which means that unitary transformations are
those preserving the symplectic and complex structures and those preserving
the complex and Euclidean structures.

SL(2,R) [or SP(2)] is one of the most applicable groups in various branches
of mathematics such as geometry, number theory, functional analysis, and
mathematical physics. SL(2,R) is the motion group for the Lobachevsky
plane, and so the group of conformal transformations of open upper half-
plane (hence, also of open unit disc and, generally, of any 1-connected
domain on a Gaussian sphere C, of a boundary of more than one point). SL
(2,R) is the projective (linear-fractional) group of the projective space RP'.
SL(2,R) is the group of symmetries of the relativity theory for the “short-
ened” three-dimensional space-time. Readers will find further information
and related discussions in the vast literature on those topics. For classic and
modern ideas connected to representations of SL(2,R) (mostly infinite-

' Geometrically, the value of the form [,] on a pair of vectors equals the oriented area of a
parallelogram spanned on these vectors. Using the symbolism of skew-symmetry algebra (as
discussed in the problem group “A Property of Orthogonal Matrices” above), [,] = xAy where
linear functionals x, y are Cartesian coordinates.
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dimensional) we encourage advanced readers to consult Lang (1975) and
references therein.

12. Prove that nondegenerate skew-symmetric (symplectic) forms do not exist
on R*' and that on R* any such form is brought to

n
[/,2"] = > "', = ¥jy"; with respect to an appropriate basis (called a
=1

Darboux basis). Show that any symplectic form [,] is the imaginary com-
ponent of a sesquilinear Hermitian form on C” obtained by equipping R*"
with a complex structure that agrees with [,]."?
Prove that symplectomorphisms (symplectic transformation) preserve spa-
tial orientation, in other words, [.,.] = [B(.),B(.)] = det B = 1. Also,
prove that the characteristic (yp(z) = det(zE — B)) polynomials of
symplectomorphisms are reciprocal [yz(z) = z*"y5(z"")], in other words,
that substituting z by z~' and simultaneously multiplying by z*" does not
affect yp(z) or, equivalently, that the polynomial coefficients equidistant
from the ends of the polynomial are equal. Therefore, symplectomorphisms
have their spectra symmetric with respect to both the real axis and unit circle
in C.

13. calculate dim U(n) and dim SP(2n) equating them to, respectively, dim u
(n) and dim sp(2n).
Warning: for n > 1, U(n) and SP(2n) differ from, respectively, SO(2n) and

SL(2n,R).
A slight generalization of the foregoing construction yields conformal
groups. Define, for a nondegenerate form,

CG :={B: B*oB = pE, withascalar iz}
cg:={A: A"+ A = vsE, withascalarv4 }.

14. show that connections of v4 to operator A and pp to operator B are invariant
(do not depend on a spatial basis). Veri fy that CG is a closed subgroup of
GL(L), cg is a vector subspace (in fact, a Lie subalgebra) of gl(L), and exp
(cg) C CG.

15. Veri fy the multiplicative dependence of ug on B € CG. Thus, B +— ugisa
homomorphism from CG to a multiplicative group of the field of the scalars.
(What is its kernel?) Hence, pz1 = ,ugl. (Also verify it directly). Show
that B* o B =B oB*, B** = B, and up. = pp ift B € CG.

16. State and prove the additive analogs of these claims regarding v4.

17. Show that for B € CG close to E, ug is close to 1 (specifically, for linear
operators over the reals those pp are positive). Prove using the theorem
from Lie group theory cited previously in (9) that the restriction of the
exponential map to a neighborhood of zero in cg is a diffeomorphism onto
a neighborhood of identity in CG. Use it to show that CG is a smooth
submanifold of the space of all linear operators of the same dimension as cg.

s

'2 Geometrically, [,] is a sum of the oriented area elements on two-dimensional planes where
planes in any pair are mutually orthogonal. These planes are invariant with respect to realification
of the multiplication by i: [,] = > x;Ay;.
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18. Prove that for any nondegenerate bilinear form on a vector space over the
reals ug > 0, VB € CG. Also, prove that VB € CU(n) ug are real and
positive.

19. Obviously, CG contains both G and the group of dilatations D = (field\{0})
-F and, thus, contains the group generated by them. Show that this inclusion is
equality: CG=D-G=G-D. 13 [Therefore, the elements of CO(n) are
compositions of dilatations and orthogonal transformations.]

20. The elements of CO(n) are referred to as conformal transformations
because of their obvious “form-preserving,” in other words, similarity-
preserving or angle-preserving, property. Prove that for dimensions
greater than one no other transformations, including nonlinear ones, possess
this property. More exactly, prove that for n > 1 an orthogonality-
preserving (right-angle-preserving) one-to-one map 7: R" — R" (y — x L
z —x =Ty — Tx L Tz — Tx, Vx,y,z) is a composition of a parallel transla-
tion and a linear transformation from CO(n).

P10.28"

In section P10.13 it was discussed that det ¢! > 0; in section P10.20"" readers came
across an example of det ¢* = 1 for tr A = 0. Prove the generalizing statement

det ¢! = €. (Therefore, det ¢* > Oand tr A = 0 < det ¢* = 1.)*

This part of the problem is addressed to readers familiar with the language of differentiable
manifolds. Prove that a special linear group SL(n,R) = {B: det B = 1} is a smooth manifold and
find its dimension.

P10.29™

Prove that

log B for B € GL(n,C) always exists in gl(n,C);

log B and V/B for B € GL(n,R) exist in gl(n,R) (with this, obviously, VB eG
L(n,R)) if and only if the Jordan boxes of B corresponding to the negative
eigenvalues exist in equal pairs.

13 This group is not the direct product D x G, as, for example, D N O(n) = {E,—E} = Z(2) [for
even n, D N SO(n) = {E,—E}] and D N U(n) = S".

14 Readers familiar with exact sequences and commutative diagrams may interpret this statement
as follows: a diagram with rows

{0} - sinR) — gnR) S R — {0}
| exp | exp 1 exp

det

{E} — SL(n,R) — GL(n,R) — R"™ — {1}

is commutative. (Draw a similar diagram for the case of a complex field.) In Lie group theory this
and similar diagrams express the functoriality of an exponential map.
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[(According to section P10.18", B has a logarithm if it can be included in a one-
parameter linear group. Conversely, the existence of a logarithm implies the
existence of the powers B’ = ¢ log B (re R),ls which means that B can be included
in a one-parameter linear group.]

Find necessary and sufficient conditions for the existence of \/ [p] B (including
the case where B is not invertible).

P10.30°°

How many one-parameter linear groups g exist given g(#g) = B € GL(n,.) for a
fixed 7y # 0? Prove that there are infinitely many of these groups for g in C".
Show that the same holds for g in R” when B € GL(n,R) and B satisfies the
necessary and sufficient conditions from section P10.29"", with the exception of
those B that satisfy the following two conditions: (A) all their eigenvalues are
positive and (B) they have no more than one Jordan box of any dimension
corresponding to the same eigenvalue.

P10.31"

Establish the following version of Gelfand’s formula:

max Rel = lim ! ln||eA’H
2 € Spec(A) t—00

for any fixed matrix norm |I-Il.

Hint
HI10.0

Show that the image of a group homomorphism g: A — B is always a subgroup
of B. Therefore, if im g C GL(L), then g is a group homomorphism (R,+) — (GL
(L), o), and so g° = E. Conversely, g° = g' 0 g7/ = E = g¢' is invertible.

HI10.1

g(?) is a continuous function that has at least one positive value (at = 0), and thus,
having a negative value as well, it would also take a zero value! Advanced readers

z log B

!5 And the powers B* = e (z € X), for complex matrices.
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preferring the same arguments in a different package, using such terms as connect-
edness or arcwise connectedness, will find them in sections H6.8 and H12.1, which
correspond to the aforementioned problem group “Polar and Singular Value
Decomposition Theorems” and the subsequent “Least Squares and Chebyshev
Systems” problem group.

H10.2

A value of g(#g) determines all of g(nty): n € 7Z. This value determines also all of g
(pto/q): plg € Q because of the existence of the unique positive roots of positive
numbers. By virtue of continuity, it determines all of g(¢): t € R.

H10.3

Differentiate identity (*) with respect to s at s = 0 taking into account linearity and
the continuity of multiplication.

H10.4

Inserting a formal power series with indeterminate coefficients Y a,," into the initial
condition and into the differential equation from section P10.3" yields ap = 1 and
the formal equality

ay +2a2t+3a3t2 +...= k(a0+a1t+a212 -l—),

from which, by induction, a; = k, a; = k2/2, cona, =K'n,. ..

H10.5

Provided that conditions (1)—(3) are .satisﬁed, the sum of g(#) will be a solution of
the Cauchy problem in section P10.4" because of the continuity of the equation with
respect to g(¢) and ¢(f) and the fact that taking a limit is a linear operation.

S 1 = ke 3 )

Specifically, equalities of partial sums & >
i=1

become the equality ¢(¢) = kg(t) as n — oo.

In turn, (1)-(3) may be proved as follows: an exponential series has an infinite
convergence radius; hence, it converges on the entire R, and thus its sum is a so-
called analytic function on R. It is infinitely differentiable and satisfies (1)—(3). For
the exponential series, condition (2) obviously follows from (1) since the series of
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derivatives indexed using shift by one is term-by-term proportional to the source
series. You can prove conditions (1)—(3) in the following three steps A—C:

(o) (o)
A. A numerical series ) a, is converging absolutely if > |a,| converges.
n=0 n=0

(Absolute convergence implies convergence, but not the inverse; provide examples.)
Derive the d’Alembert test for absolute convergence, or, which is the same thing,
for the convergence of series with nonnegative elements a,,: such a series converges
ifla,s1/a,l < 1 — ¢ for any large enough n and some ¢ > 0. Use this test to obtain
the (absolute) convergence of the exponential series g(¢) and the series g(¢) for any
teR.

00
B. A series of functions ) a,(¢) is referred to as converging uniformly to a sum
n=0

s(t) when lim > a; =s uniformly on ¢, that is, Ve > 0, In, Vm > n, Vt:

n—oo k=0

<é&. Prove the famous

M=

s(r) —

Clk(l)

k=0

Abel’s lemma A power series Yc,t" convergent at a point ty # 0 converges,
together with its series of the derivatives Y (n + 1) ¢,y t", absolutely and uniformly
on [—ty, t;] for any t; < ltgl.

(The same holds for complex series, replacing the segment by a closed disc of
radius ¢; in C, and in more general situations.) Therefore, the exponential series g(¢)
and the series of the derivatives ¢(¢) converge uniformly on compact subsets of R
(and C). (Why?)

C. Let us assume that all elements of a series Y a,(f) are differentiable in a
neighborhood of a segment [#,t,]. Prove the following statement:

If the series of term-by-term derivatives Y a,(t) converges uniformly on [t1,t,]
and Y a,(t) itself converges at least at one point of this segment, it will converge
uniformly on the whole segment and the sum will be differentiable, with the
derivative of the sum equal to Y, ay(1).

(Perhaps more advanced readers are familiar with generalizations of this claim.)
This will complete the proof of (1)—(3) for the exponential series.

HI10.6

Let S, T be the sums of the exponential series in s, ¢, respectively. We must prove that

ST equals the sum of Y.(n!)~'(s + )". For partial sums S, = > (k!)_lsk, T,=>.
=0 k=0
(k1) we will have S,T,, — ST. Show that ST, — > (k!)'(s + 1) — 0.

k=0
To prove that sums of the exponential series are all continuous solutions of (*),
we suggest proceeding by either of the following two methods:
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Method 1. For small ¢, show the unique existence of small K(¢) such that
g(1) = €@ where ¢* is the sum of exponential series Y (n!)~'x". From satisfying
(*) by the exponential series’ sums derive a linear dependence K(f) = kt for small ¢.
Therefore, g(f) = ", at least for small 7. But a one-parameter group g is
completely determined by its restriction on a neighborhood of zero (why?), so
g(t) = e forall r € R.

Method 2. Deduce the desired result from the existence and uniqueness, for
given o € R and b > 0, of k such that efo = b (the existence is discussed in
section P10.8" below and the uniqueness was discussed previously in
section P]O.Z*).

H10.7

We suggest proceeding by either of the following two methods:
Method 1. Show that a difference ¢’ — (1 4 ¢/n)" = 3 [1 — o). (n—ke1) ~,’{—klf0r

nne...n
k=1

fixed ¢ [this series converges as the exponential series converges and (1 + #/n)" is a
polynomial] tends to zero as n — o0.

Method 2. Use the properties of logarithms discussed in section P10.10" below:
satisfying equation (**), differentiability (hence, continuity), and having a determi-
nate value of the derivative at 1:

In lim (1+¢/n)" = lim In (1 +t/n)" = t',}iﬂw = Ay =,
QED.
HI10.8

(1) ™" = 1/’ by virtue of equation (*) in section P10.0"
(2) lime' =ocosince e’ = Yn!) '" > 1+ tfort >0

—00

(3) lim €' =0, as a result of (1) and (2)

——00
4) e is a monotonically growing function since d(e/dt = e > 0 (use
sections P10.3" and PlO.l*)
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H10.9

slna

We have (a*)' = /"¢ = ¢/(sIn@) — pl)Ine — 45 The remaining verifications in
section P10.9" are also straightforward.

H10.10

The logarithmic functions are inversions of the exponential functions. Therefore,
they are solutions of (**). The implicit function theorem shows the differentiability
of the logarithms and makes it possible to derive a differential equation for
them from the equation in section P10.3" for the exponential functions: namely,
for s = f(t) = log,t and t = g(s) = a’,

£(0) = 1/8(s) =1/kg(s) = 1/kt (k= Ina).

(The same equation is satisfied with log,, | # I.) Furthermore, a short computation
2f(—1) = f(tz) = 2f(¢) shows that the extension from R*" to R” of the solution f(D)
may be only f{(l#l); on the other hand, f(lfl) will satisfy (**). Lastly, we must prove
that all continuous nonzero solutions of (**) defined on R* are logarithms. For the
continuous solutions, f{e’) are continuous homomorphisms (R,+) — (R,+), that is,
linear functions over the reals: f(e’) = ct (c € R). (Why?) For ¢ # 0 we have,
denoting k = ¢~ " and applying the statement from section P10.9",

f(e") =t/k = logue,

whence f = log,« (why?), which completes the proof.

H10.11

For a solution g(f) of equations (*) in section P10.0°", obviously, ¢ = In g(¢) is a
homomorphism (R,+) — (R.,+) and g(r) = ¢**”. Conversely, for a homomorphism
(R, +) % (R, +), g(t) = e?? satisfies (*). Therefore, (?) is continuous if and only
if g(#) is continuous. Discontinuous homomorphisms (R, +) 4 (R,+) were

discussed previously in section H9.6 (problem group “Convexity and Related
Classical Inequalities”).
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HI10.13. A

The orientation-preserving property of the elements of one-parameter linear groups
in R"” may be established for arbitrary n in the same manner as for n = 1 (discussed
previously in section H10.1). The only difference is that the function det g(¢) should
be applied instead of g(f).

HI10.13. B

The kernel of the homomorphism g: (R,+) — GL(L) is closed. Prove that (R,+) has
closed subgroups of three kinds: {0}, cyclic subgroups (discrete lattices) 77 =
{Tn: n € Z} (T # 0), and (R,+) itself. Or g(R) will be isomorphic to (R,+),
isomorphic to R mod 27, and equal to {E}.

HI10.13.C

The existence of a common eigenspace for all of g(f) can be established by an
inductive procedure based on the lemma about commuting linear operators from
section E6.10 (the problem group “Polar and Singular Value Decomposition
Theorems” discussed previously) using the existence of eigenvalues in an algebrai-
cally closed field and considering that the dimension of the space cannot be reduced
indefinitely. (Work out the details.) Next, on an eigenspace corresponding to an
eigenvalue 2;(1) = p;(¢)(cos 0;(r) + isin0;(¢)) the group’s action is described as
gv = 2i(t)v, which imposes on A,(f) equations (*) from section P10.0", and thus it
R+) — (Rg)

defines two continuous homomorphisms: a multiplicative, { i u pi(f)
J

and an additive, { (R,+) — Rmod 27r. The formula p;(r) = €' follows from

t a 0;(1)
section P10.6". In turn, the formula 0t) = (w;t) mod 27 is derived from the
following lemma:

Lemma Any continuous homomorphism R — R mod 2n can be represented as
t awt mod 27 for some “angular velocity” o € R.

Beginning of a proof of the lemma. The kernel of the homomorphism ©: ¢ — 0,()
is a closed subgroup. If ker ® = R, then the statement that is being proved holds
(with w; = 0). If 0 # 0 € im O, then im ® D [0,0] (why?); hence, im © contains
27t/n for large n, and so ®(f) = 0 for some ¢ # 0. (Why?) Therefore, ker ® = TZ
for some T > 0. Complete this proof showing that 0,(f) = (w;f) mod 27, with the
angular velocity w; = £27/T.
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H10.13. D

The necessity of conditions (a) and (b) can be established as follows. Matrix entries
of the elements of the group g(R) = R mod T with respect to any fixed basis are
continuous functions of t € [0,T ]. Hence, they are uniformly bounded, so the orbit
{g'v: t € R} is bounded for any v € L. If some of g’ had an eigenvalue from $',
then the iterations such as (g")" = g™, for n tending to + oo or — oo, would extend
the corresponding eigenvector to infinity, making the orbit unbounded. Next, if the
absolute value of all eigenvalues was 1 but some of g’ had a Jordan box of
dimension greater than one, the same thing would happen: lg""vl — oo as n — oo
and some v € L, as discussed in section E7.2 (the “2 x 2 Matrices That Are Roots
of Unity” problem group discussed previously). QED. (We leave it to the reader to
fill in all the details.)

In this proof, instead of using the boundedness of the orbits, one may refer to a
weaker claim:

gR)=RmodT (T #0)=VieR, Iny,ny,... suchthatg™ — E fori — oc.

Now verify that claim. Do it separately for cases where ¢ is commensurable and
incommensurable with 7.'® In the first case we have g"" = E for an arithmetic
progression of n;. (Which one?) We suggest treating the second case by using either
of the following two methods:

(1) Using Euclid’s algorithm. At least as far back as the ancient Greek period [and
probably much earlier, to the ancient East period (Arnol’d 2002)],
mathematicians knew a remarkable fact that, given reals £,n # 0, the linear
combinations mé + nn (m,n € Z) with integral coefficients are either
multiples of some { # 0 [a greatest common divisor (GCD) of &, n] or
everywhere dense in R. They applied Euclid’s algorithm based on the Euclid-
ean (division with remainder) property

Ve EA0=3el A E0IE): n=kE+ L

The remainder { is a linear combination of &, n with integral coefficients
and { < 1. { is found in the first step of a procedure by Euclid’s algorithm.'’

'6¢ and 7 are referred to as commensurable if they have a common divisor, otherwise, as
incommensurable.

"7 In reality, ancient scientists kept to geometric images, and dealt with line segments instead of
real numbers. Interested readers will find extensive discussions of this and related topics in Van der
Waerden (1950).
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In the next step, &, 7 are substituted by, respectively, {, £, and so on. Following
the Greeks, prove that the computational process is finite under and only under
the condition of commensurability of &, 7, and then the last nonzero remainder
is their GCD. Therefore, for incommensurable &, 1 (as a hypotenuse and a leg
of isosceles or other non-Pythagorean right triangles) we have a potentially
infinite computation procedure, with {; > {, > ... > 0 and with all {,, being
linear combinations of &, n with integral coefficients!'®

(2) Using a technique based on the “Dirichlet boxe principle” (also known as the
pigeonhole principle). This principle, in its simplest form, states that having put
n balls into k < n boxes, there is a box containing at least two balls. Here we
suggest applying this principle in a form of the famous theorem:

Poincaré recurrence theorem. Let H be an infinite transformation group of a
variety K such that every element h & H preserves the volume:

S C K is measurable = Vh € H, h(S) is measurable and vol(4(S)) = vol(S).

If vol(K) < oo, then a positive-volume subset cannot have intersections of zero
volume (say, empty) with any elements of its orbit: vol(S)>0 = Fh e H: vol
(h(S)IS)>0.

This theorem is applied below to prove that linear combinations mé + nn with
integral coefficients are everywhere dense in R for incommensurable ¢ and 7. A
subgroup H = (nZ) mod ¢ of rotations of a circle $' = R mod ¢ satisfies the
conditions of this theorem. (Why?) Therefore, for an interval I = (0g — ¢, 0y + ¢€)
C S! and some 4 € H we have |hBg — O] < 2¢ (why?), which simply means that
|mé + nn| < 2¢ for some integers m, n! (Why?)

Prove the Poincaré theorem.

Dirichlet introduced his box principle having proved in 1842 the famous theorem showing

everywhere density under conditions described previously and allowing an effective density
control as well:

For Q > 1 and i € R there exist integers p, q such that 0 < q < Q and |p — uq| < Q™' and
also integers p, q such that 0 < g < Q and |p — pq| < Q.

Dirichlet’s theorem and its multidimensional versions are widely applied to the geometry of
numbers, Diophantine approximations, and ergodicity theories. One of these versions is
formulated as follows:

For Q > 0 and linear operator L: R™ — R" there exists a solution (0,0) # (x,y) € Z" x Z" for
the system of inequalities Ixll < Q, ILx — yll < Q™™ here IIll denotes the maximum of absolute
values of coordinates with respect to the usual coordinate bases.

This version follows straightforwardly (how?) from the famous Minkowski theorem, which is
also based on the Dirichlet box principle:

"% 1n fact, {, — 0 asn — oo, but it is not necessary to use that because the incommensurability of
&, n is already implied by the fact that the diminishing sequence of positive {, is not a finite one.
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Theorem 1. A centrally (with respect to the origin of coordinates) symmetric
compact (closed and bounded) convex body in R* of volume equal to or greater
than 2* contains integer points besides the origin."

(The readers may depict several planar bodies satisfying these conditions and
find those points.)

The foregoing multidimensional version of Dirichlet’s theorem can be strength-
ened as follows:

For Q > 0and linear operator L: R™ — R" there exists a solution (0,0) # (x,y)
€ 7" x 7" for the system of inequalities Ixll < Q, ILx — yll < Q~™", and a
solution (0,0) # (x,y) € Z™ x 7" for the system of inequalities lIxll < Q, ILx — yll
< Q™" here Il denotes the maximum of absolute values of coordinates with
respect to the usual coordinate bases.

This claim is a special case (using k=m+nand M = <€Z EO )) of the

following general theorem.

Theorem 2. For cy,..., ¢, >0 and M € GL(k,R) there exists a solution
0,...,0) # (x1,. .., xp) € ZF for the system of inequalities |(Mx),| < ¢y, |(Mx);| <
¢y i = 2,..., k, whenever cy...c; > |det M|.

This theorem follows (how?) from Theorem 3.

Theorem 3. A solid closed or half-closed (containing at least one of the faces)
parallelepiped in R* with its center at the origin of coordinates contains nonzero
integral points if its volume is greater than or equal to 2k,

(Evidently, a similar claim is false for open parallelepipeds.) In turn, Theorems 1
and 3 follow (how?) from Theorem 4.

Theorem 4. A convex body in R* of volume greater than 2* that is centrally
symmetric with respect to the origin of coordinates contains at least two integer
points besides the origin of the coordinates.*®

More advanced readers familiar with multidimensional integer lattices and able to work with
tools of the geometry of numbers are encouraged try to prove Theorem 4 on their own or learn a
proof from sources such as Milnor and Husemoller (1973), Cassels (1957, 1959, 1978), or Schmidt
(1980). (There are several nice proofs of Theorem 4 in these monographs. We will discuss those
proofs and related materials in the “Fibonacci Numbers, Continued Fractions, and Pell Equation”
problem group in volume 2 of this book.)

Equivalence of the two definitions of commensurability modulo a number. If %

= %, then kya; — kja, is a multiple of b, so we may consider ki, k, as relatively

prime. Invert this implication using the previously discussed properties of GCD.

19 Actually, the boundedness follows from the finiteness of the volume and the convexity
(Cassels 1957).

20 Theorems 2—4 also belong to Hermann Minkowski.
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Necessity of condition (¢). Let g(R) = R mod T. As discussed previously in
section P10.13. C™"", for the complex arguments of the eigenvalues of g(r) we have
wit =0; + 2nk; [k, € Z,0; = 0,(1)]. For t = T we obtain o,;T = 2nm;, soT = ?

_ 2mmyt
T 0j2mk;

equivalent to (c).
Sufficiency of condition (a)—(c). Working with a proper basis and taking into
account conditions (a) and (b) reduces the problem to finding k;m; € Z for all j,

will be the same for all j, in other words, ‘+2I"k‘ = 02+m—22“k2 = ..., whichis

so that '+21“k' = (’an% = .... (Why?) By condition (c), for each pair (j,/) there
exist kj, kj;, mj;, and my; such that the equalities ~——* ‘ an” = 0’%,”]{” are satisfied. There
i

are two possibilities:

(1) If some Qj are commensurable with 2z, then all of them are and k;, m; are
found easily.

(2) 0, are incommensurable with 2. Readers may obtain k;, m; in steps (i)—(v)
as follows.

(i) Show that for any given pair of indices j, / and all possible congruences
m;0; = my;0; mod(2m) all vectors of integral coefficients (n;,,m,;) are propor-
tional to each other.

(i) Given a series of equalities %27k — Oat2nky - Oyidnky; _ Oad2rnky - yigh
miy myy mp3 m3y

relatively prime pairs (712,151), (113,M31), . . ., show that ky; — ky, are divisible

by GCD(m,;,my,) for any j,I > 0.
1+2nk|, 0;+27k;)

(iii)) Show that if the equality T is true for some relatively prime m,;,
; .

mj; and for some integer &, k_,~ 1, then it will be true for all &y, k;; that belong
simultaneously to certain arithmetic progressions with the differences m;;, m;;,
respectively.

(iv) Show that one can find a series of equalities in (ii) such that kj, = ki3 = .. ..
Do this using the following well-known theorem from number theory.

Theorem. For natural numbers my,..., m, # 0 and ry,. .., 1, a system of
congruencies x = rymod mj: j = 1,..., n is solvable if and only if every r; — 1, is
divisible by GCD(mj,m)) (j,l = 1,...,n).>!

Prove also this nice theorem.

(v) Final step: take a series of equalities in (ii) with kK, = ky3 = ... and define
ky: = ky;, then k; for j > 1 from equations '+2nk" =Y thnk], then m, as the least
jl
common multiple (LCM) of m,, my3, .. ., and, lastly, m;: = mjm/my;.

2TA special case of this theorem, the Chinese remainder theorem, states that for any set of
integer numbers my,..., m, # 0, where any pair is relatively prime, the indicated system of
congruences is solvable for any rq,...,r,.
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HI10.13. E

0 +2nk; __ O+ 2mky Wi 9j+27!/{’
my - om @y Op+21ky,
Complete the proof by considering the eigenvalues equal to 1.

The equalities . are equivalent to

e X, Vj,m.

H10.13. F
For g(R) = R mod 27 with ker g = TZ and g(to) = B the least positive period can
be calculated as T = % . The number of “degrees of freedom” in this formula

corresponds to the number of the possible natural numbers k;, which are found from
the equations H”;ﬂ# = Hzfn%k’ = .... All pairs of m; are relatively prime, and so all
k; may simultaneously take values from certain arithmetic progressions with the
differences my, as discussed in (iii). (Specifically, for 0; = 0, = ... we have
ky = ko = ..., which may be any integer.) Thus, choosing any set of {ki,kp,...}

that do not satisfy this condition yields g(R) = (R,+). (Work out the details.)

H10.14

The eigenspaces corresponding to simple (nonmultiple) eigenvalues are one-
dimensional, so the elements of a one-parameter linear group, in which this operator
is included, are diagonalized in the same basis. Thus, the group defines the one-
parameter scalar linear groups in the eigenspaces, which implies its uniqueness.

(Work out the details using section P10.2".) By contrast, the matrix (é ?)

Y (cos(arg A) —sin(arg /)

sin(arg 1)  cos(arg 4) ) is included in infinitely many one-parameter

linear groups p(t) (2?; g((f)) ;ziHG?E;)> defined by p(1) = €“, 0(1) = (wf) mod

2n, of k = % and o = %ﬁz”m, with arbitrary m € Z.
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H10.15

We suggest proceeding by the same method as in section H10.3 by taking into
account the linearity and continuity of matrix multiplication.**

HI10.16

This is done in a manner similar to that in section H10.4 by substituting k with A.

H10.17

For a vector series, if all numerical series — of the first, second, . . ., last coordinates
of its terms-with respect to some basis converge, then similar series of coordinates
with respect to any basis also converge because coordinates with respect to two
bases are bound by the same system of linear equations for any vector. (Work out
the details.)

Claims (1)—(3) from section P10.5" imply that the fact that the matrix exponen-
tial series satisfies the Cauchy problem g(7) = Ag(7); g(0) = E can be proved in the
same way as for the numerical exponential series (see section H10.5).

We suggest proving claims (1)—(3) from section P10.5" for a matrix exponential
series using normal convergence. This concept plays the same role for vectorial
(particularly matrix) series as the absolute convergence, discussed previously in
section H10.5, for numerical series. Introduce a norm of a matrix A = (a;); —. .
—...as |[A|]: = Yl|a;|. Verify that (a): ||kA|| = |k|-||A|| (k is scalar), (B):
lA + B|| < [|A[] + [[B]|, (¥): [|A *~ B]| < ||A]|||B]|.

The functions on vector spaces satisfying both conditions («) and () are referred to as
seminorms or convex functionals [as discussed previously in the “Convexity and Related
Classical Inequalities” problem group (section P9.29)]. Matrix seminorms satisfying (y) are called
multiplicative. A seminorm is called a norm if in addition to being a multiplicative seminorm it
has the property (8): ||A|| = 0 = A = 0. Obviously, ||A|| = Y|a;]| is a norm. In general, a matrix
norm is not multiplicative, for example, ||A||: = max |a;|. A different, and the most applicable,
example of a multiplicative norm is ||A||: = sup |Ax|/|x| = sup |Ax|, discussed previously in

x#0 x|=1
the “2 x 2 Matrices That Are Roots of Unity” problem group ‘(‘section P7.6).

A vectorial (or matrix) series is referred to as normally convergent, with respect
to a fixed norm, when a nonnegative series of the term-by-term norms of the source
series converges. Show that the normal convergence of the exponential matrix

22Recall that linear operations over finite-dimensional matrices are continuous.
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series with respect to norm ||A||: = ¥|a;;| implies convergence.** Generalize, for the
normal convergence, the claims in A and B of section H10.5 (originally formulated
for absolute convergence). In that case, we will have claims (1)-(3) from sec-
tion P10.5" holding for matrix exponential series.

Concerning the sums of exponential series for a diagonal matrix and for
a nilpotent Jordan box, readers may compare the results of their own

computations  with  the commonly known formulas: ¢ = ¢'E,
1t - Y m-1)

eN = R : (dim N = n).

HI10.18

Establish the binomial formula (A+B)" = " (Z) AFB" % (n =0,1,...) for
k=0

commuting matrices A, B. Using this formula, show for partial sums of the

exponential  series Sy =S (kh7'ak T, =5 (k)" 'B* that
k=0 =0

ST — Y (K)'(A+B) — Oasn— oo,
k=0
Taking into account the permutability of AE and N and using e*E, ¢ found in

et et oo e /(m—1)

section H10.17 we obtain etV = ¢’ o oV =

(dim E = dim N = m).

Next, we suggest proving that the exponential map realizes a diffeomorphism
between neighborhoods of zero and the identity with the help of the implicit
function theorem. Therefore, verify that this mapping satisfies the conditions of
that theorem: equal dimensions of the preimage and the image, continuous differ-
entiability of the map, and nondegeneracy of its differential at zero.

Draw the exponential representation of one-parametric linear groups using the
local, near zero, diffeomorphness of the exponential map Aae” and proceeding

23In fact, a series in a finite-dimensional space normally converges with respect to any norms if it
does so with respect to one [because of the equivalence of the norms in a finite-dimensional space,
as discussed in the “2 x 2 Matrices That Are Roots of Unity” problem group above (section
H7.6)]. In turn, using the norm of maximum of absolute values of the coordinates with respect to a
fixed basis shows that the normal convergence of any series in the finite-dimensional spaces
implies convergence.
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similarly to method 1 in section H10.6, taking into account the commutativity of sA
and A for any matrix A and any s,t € R.
Next, performing multiplication of series prove for a multiplicative seminorm that

erefe e — B+ [A,B] + oA + IBI?) = "4+ oA + |BIP) as

Al 1B]| — 0,

which provides the desired formula.”* (Work out the details.)

Thus,¢2¢%e e PoF — A, B] + o(1)ass,t — 0. The first term on the right-hand

s2+12 - v2+t2 [
side cannot be o(1) unless [A,B] = 0. (Why? Answer assuming s = ¢.) QED.

Lastly, the commutativity of A™ and B" for some integers m, n, or the commuta-
tion of ¢* and ¢® does not imply the commutativity of A and B themselves. Give

counterexamples using 2 X 2 matrices.

H10.19

We suggest proceeding by one of the following two methods:

o0
Method 1 (Arnol’d 1975). The series e* — (E +A/n)" = 3 [1 —~ M}

o0
-*,:—!kis majorized by numerical series el — (E 4 ||A||/n)" = 3 {1 -
=1

n-n-...-n

n(nfl)...(nfk+1)i|

-” ” (by the lemma in section E10.17). The later series converges (since it is a
d1fference between a convergent series and a polynomial) and has its sum tending to
zero as n — oo (in accordance with section P10.7"). QED.

Method 2. Establish the following lemma.

Lemma. An exponential function commutes with a similitude transformation:
CloetoC = e 4C (det C # 0).

Obviously, (E+A/n)"  also commutes with similitude. Therefore,
nlirrolo (E+ A/n)" may be calculated for Jordan matrices only; for this, the Jordan

boxes may be considered separately (by virtue of the invariance of root subspaces).
Lastly, find these limits for those boxes, taking into account the statement in
section P10.7" and using ¢ for the same boxes found in section H10.18.

2*Here, the desired formula follows from substituting A, B by sA, 1B, respectively.
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H10.20

If F is closed with respect to differentiation, then the finite Taylor sums are linear
operators on F. Next, prove, using decomposition with respect to any fixed basis,
the following lemma.

Lemma. A sequence of linear operators on a finite-dimensional space L, conver-
gent on any vector v € L, converges in a space of the linear operators on L (and
thus has a linear operator as its limit).*>

Therefore, the sum of the Taylor series is a linear operator on F. Now, the

Taylor-expansion formula shows that e% = g' and, in particular, that F is closed
with respect to the shifts g°.

A sharpened inversion of this statement — closure of the space with respect to the
argument’s shifts = differentiability of the elements, and closure of the space with
respect to the differentiation — can be proved for any finite-dimensional F' consisting
of continuous functions (as in the proposition from section P10.21°"" below). Let F
be closed with respect to the shifts of arguments g°. Then these shifts form a one-
parameter linear group in F. (Why? Answer using the continuity of the elements of
F and the preceding lemma.) In finite-dimensional spaces those groups are differ-

entiable (section P10.18™"), so Vs € R, 3 %f(t) € F. But obviously,

(%‘szof) (1) =4 _of(t+5) = limfi(m‘sz(t) =£(1),

s—0

which completes the proof.

H10.21

Proof of the proposition. (i) = (ii) was accomplished previously in section H10.20.

(ii) = (i) Show that the elements of F' are analytic on R, that is, they are equal to
the sum of their Taylor series in a neighborhood of any point, and then complete the
proof with the statement in section P10.20"".

(iii) = (i) Closure of this space with respect to the shifts of the argument may be
verified by direct computations. In addition, as advanced readers know, this space is
a space of the solutions of an appropriate linear autonomous (i.e., with coefficients
not dependent on time) ODE and, as these readers also know, closure with respect

5 Proving a similar claim for infinite-dimensional space requires stipulating a kind of topological
completeness of the space (the Banach-Steinhaus equicontinuity theorem). Interested readers may
consult Dunford and Schwartz (1957), Hille and Phillips (1957), Yosida (1965), Riesz and
Sz.-Nagy (1972), Reed and Simon (1972), Rudin (1973), and references therein.
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to the shifts of the argument is equivalent to the autonomy of the equation!
Interested readers will find further discussions in Arnol’d (1975, 1978, 1989).

(i) = (iii) Obviously, if F;, F, are finite-dimensional spaces of
quasipolynomials (corresponding to the sets of Ay; + iwy;, Nyj, and Ay; + i, Noj,
respectively), then the space F; + F, is also a space of quasipolynomials
[corresponding to the union of the sets of 4;; + iwy;, Ay + iwy; and N; = max
(Nyj, N»jp)]. Now, let F satisfy (i) and F'; be its maximal quasipolynomial subspace.
Assume that F; # F and let f € F\F. fsatisfies a linear autonomous ODE, so it is a
quasipolynomial: f = 3" (p;(t) cos wgt + qg(1) sinwyt) €' (see section E10.21).

J€ly

Use the linear independence of the functions tieki cos wjt , ie% sin wjt ,
corresponding to a family of distinct triplets of parameters (k;,4;;) (why are
they linearly independent?) to derive from (ii) that F must contain all these
functions corresponding to 4 = A, @ = wy, and k; € {0, ..., max (deg Py, deg qﬂ)}
(j € Jp. Let F, be a subspace spanned on all these functions. Therefore, F; + F,
is a subspace of the quasipolynomials containing F; but distinct from it, by
contradiction with the maximality of F;.

An analogous proposition for functions on unit circle is formulated as follows:

Proposition 2. The following conditions on a finite-dimensional space F of
functions S' — R are equivalent:

(i) F consists of continuous functions and is closed to the shifts of the argument
modulo 21 (in other words, rotations).
(i) F consists of differentiable functions and is closed to the differentiation.
(iii) F is a space of the trigonometric polynomials f = > aj coskt+ by sinkt
keKr
corresponding to a finite set of natural numbers Kp.>®

The implications (i) = (ii), (i) = (i), and (iii) = (i) can be proved using the

same approach as in the proof of the foregoing proposition. Alternatively, they can
be derived from these propositions (by considering functions on a circle as periodic
functions on a straight line; complete the details).

The implication (if) = (iii) is proved as follows. By the foregoing proposition,
(if) implies that F' (as a space of periodic functions on R) is the space of the
quasipolynomials corresponding to a set of 4; + iw; and N;. (Provide the details.)
Show that 4; = 0, N; = 0, and w; are integers for all ;.

26 Zero is considered a natural number.
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H10.22

The determinant det (E + ¢A) is a polynomial in ¢, and a direct calculation yields
the desired formula.?’ For an arbitrary matrix-valued function W(¢) with W(0) = E
for which ”fI—VZ(O) exists, det W(e) is generally not a polynomial, but a similar direct
calculation with the Taylor-series expansion W (¢) = E + & - 9%(0) + o(e) yields the
desired expansion for det W(¢). Lastly, for a differentiable function W(¢) with values
being invertible matrices, we have

_ d(det(W(to+e)oW (1) "))

t=to de

d(det W)
a

- det W(l())

e=0

= (W] oW) ") - detW(a),

1=ty

QED. (We leave it to the reader to fill in the details.)

H10.23

The correspondence <a _ab> — a + bi defines isomorphisms of both algebraic

b
and topological structures of these fields (in common terms, this is an isomorphism
)
of the topological fields). Thus, we will have e b a ], eathi 4 those series

n _ J n .
converge and > (1)~ (a b) = ()7 (a + biy, Vn.
=0 b a J=0

H10.24

— — — —_— —— —
Taking complex vectors OA = 1+ 0i = 1, AB = z/n,OB = OA + AB,AC =Re

z/n+ 0i = Rez/n, and CB =iIm z/n (create a figure) we will find from the
triangle OBC:

7 The coefficients in the remaining ¢* are also traces of certain linear operators on certain vector
spaces (connected to the source operator A); can the reader specify them? (Advanced readers
familiar with skew symmetry, as discussed, for example, in the problem group “A Property of
Orthogonal Matrices” above, will be able to do this.)
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Imz/n+ o(1/n) = % =tgarg(l +z/n) = arg(l +z/n) + o(1/n),

|1 +z/n| — (1 +Rez/n) = \/(1 +Rez/n)> 4 (Imz/n)* — (1 4 Rez/n)
(Imz/n)’
\/(1 +Rez/n)* + (Imz/n)* + (1 + Rez/n)
=o(1/m)
(work out the details), which proves the desired asymptotic relations. From the

first of them, Imz = n - arg(1 4+ z/n) + o(1). From the second one, for any ¢ > 0
there exists an arbitrarily small 6 > 0 such that for large n [n > ny(0)] we have

eRezfé —e< (1 + Reilf&)” < |1 +Z/I’l|n < (1 + Rei;r(i)” SeRez+6 T+

(fill in the details), which proves the required limit relationships. (Why?)

Using these relationships and the isomorphism z =a+ bil—><g _ab) , the

linear operator {E +n! <Z _ab )} rotates the planar vectors by the angle n - arg
(1 +z/n) = Imz + o(1) and simultaneously expands them |1 + z/n|" = e? + o(1)

times. Applying section P10.19™" and the inverse isomorphism (Z

_b) —a + bi
a
completes the proof of Euler’s formula. (Work out the details.)

A proof of Euler’s formula based on section P10.13 (C) looks as follows.
a
b
P10.13 (C) we will have, for t& R and a fixed z=a + bi,
¢! = et (cos w,t +isinw,t) , with the appropriate k.. € R. (Work out the
details.) Now, differentiating this equation with respect to ¢ at + = 0, using the
differentiability of the exponential functions, and taking into account the differen-
tial equation from section P10.15™", we find z = k. + iw.. QED.

A proof of Euler’s formula using the exponential series and the Taylor-series
expansions of cosine and sine looks as follows. Notice that exp is a homomorphism
of groups (C,+) — (C",»). (Why? Use the statements in sections P10.18"" and
P10.23"" for the answer.) Therefore, e = eRezHIm= — gRezpilmz  Now  computing

. . . . —b . .
According to the isomorphism a + bi < ( a ) and the statement in section

o0
series ¢ = > (n!)”'(ir)" taking into account the formulas for integer powers of i,

n=0
Ant1 A2 4 . .
i = 4,17 = —1,i"" = 1, and using commutative convergence of absolutely

convergent series yields

o0

it nl e el | ..

e = E (-1 |:(2n)!+(2n+1)!:| = cost+isint,
n=0
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which completes the proof. (Work out the details; Taylor-series expansions for cos
t and sin ¢ at ¢+ = 0 can be found by direct differentiation.)

To describe a set Log u, readers may use the fact that exp is a homomorphism of
groups (C,+) — (C',+). Find exp’s kernel using Euler’s formula as follows: 1
= eR%(cosIm z +isinIm z) = sin Im z = 0, so Im z is either an integer or half-
integer multiple of 27, and lastly, from the equality 1 = R cos Imz it follows that
ker exp = {2nni: n € Z}. (Work out the details.) Therefore, Log u = {z + 2nni:
n € 7} for any fixed z such that ¢* = u (why?); thus, when you find one of these z,
you will describe the whole set Log u. Applying Euler’s formula,
|u|(cosargu + isinargu) = eR*(cosImz + isinImz) and z = In|u| +iargu .
Finally, Logu = {In|u| +iargu +2mni: nc ¢C}.

Also, for the description of Log u, readers may do without the preliminary
finding of ker exp using

Euler’s formula just once:

|u|(cos arg u + i sinarg u) = e (cos Imz 4 i sin Imz)

< Rez=Inju| and Imz= (argu)mod 2x.

(Work out the details.)

H10.25
One may define trigonometric functions via the exponential one, using Euler’s
(0 —t

Ree” —Ime"\ \ ¢t 0) _

formula, as  follows.  Operator (Ime” Re el ) =e =

: 1 —t/n\" . .

lim ( t/ n) rotates the planar vectors by angle ¢ (as discussed in sec-

n—oo I/I’l 1

tion H10.24; here, an angle is defined via its correspondence to an arc of unit circle;
Work out the details!), which shows that Re e Ime'" satisfy the usual definitions of
cos t and sin ¢ as, respectively, the abscissa and ordinate of the unit vector of a polar
angle t. QED.

Also, cosine and sine might be defined through their Taylor-series expansions
defined as the expansions for Re e, Im e, respectively; but we must warn readers
that proceeding by this method suggests deriving the usual properties of cosine and
sine from their Taylor series, which requires more experience, including familiarity
with differential equations.

Next, advanced readers may derive Euler’s formula or, conversely, define
cosine and sine with the help of the Cauchy-Riemann equations proving the
following lemma.
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Lemma. The Cauchy (initial value) problem f = f, f(0) = 1 for f = ¢ is equiva-
lent to a pair of Cauchy problems for the equationx = —x corresponding to the initial
data x(0) = 1%(0) = 0 and x(0) = 0, %(0) = 1, respectively, for Re ¢* and Im ¢°.

H10.26

Readers may proceed by the following steps.
A. Derive the identity C(s) — C(r) = =25 (*5) - S(:5).
B. Establish that C(¢) is decreasing [therefore, S(¢) is increasing] for 0 < ¢ < 7/2.
The rest of the proof may be completed by different methods. One of the
methods requires a modest amount of experience:
C. Prove that for n = 1,2,.. ., C(n/2") = cos (n/2") and S(7/2") = sin (7/2").
D. Establish the continuity of C(¢) and S(¢).
E. Show that C(¢) is an even and S(¢) an odd function.
F. Show by induction that C(#) = cos ¢ and S(#) = sin ¢ for ¢ being the sums of

k,-/2i (n=0,1,..., k; € Z) and hence, by virtue of
i=0
continuity, for all 7. It completes the proof.
Instead, readers may accomplish this as follows:

E'. Verify the identity

binary fractions, t=mn

n

(C(s) +iS(s)) - (C(1) + iS(£)) = C(s + 1) + iS(s + 1),

which shows, accounting for the monotonicity of S(¢) for 0 < ¢ < n/2 (see B), that
the function

o {0 = 0.7/2)
t — arcsin S(¢) = arccos C(t) = arg(C(¢) + iS(?))

is additive, (s + 1) = 0(s) + 0() (s, t, s + t € [0, /2]). Therefore, it is linear over
the field of rational numbers. Because of continuity, it is linear over the reals, and
because of the end conditions 6(0) = 0, 6(n/2) = n/2, finally we have 0(f) = t.
Therefore, C(f) = cos t and S(f) = sin ¢ on [0, 7/2], so, using the C(¢) and S(¢)
definition (and E), C(t) = cos t and S(¢) = sinfon (— oo, o). QED. (We leave it to
the reader to fill in the details.)

The same reasoning can be presented in a different package:

E’. The identity in E' means that mapping #—g(f) = (g((;)) E‘ig?) is a one-
parameter linear group. [Work out the details accounting for the continuity of C(%),
S(#) and the equality g(0) = E.] Taking into account that det g(¢) = CP+85=1
and using section P10.13 (C) yields C(f) = cos wt and S(f) = sin wt. Finally,
we have w = 1 since sin (wn/2) = 1 and sin wr > 0 for 0 < ¢t < 7/2. (Work out
the details.)
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Also, a continuation after step B may be different:

C'. The function 6(¢) from E’ is defined and increasing for increasing (on [0, 7/2])
S(@®). As in E’, 0(¢) is linear over the field of rational numbers. In addition, it is
bounded. Therefore, it is continuous, because otherwise it could not be bounded,
following the claim in section P9.28 (discussed previous in the “Convexity and
Related Classical Inequalities” problem group).?® The remainder of the proof is the

same as in E’. (Work out the details.)

The reasoning in E” shows that any continuous functions C(7), S(¢) satisfying the conditions of
section P10.26", except S(f) > 0 for 0 < ¢t < 7/2 and S(n/2) = 1, are C = cos wt, S = sin wt,
with arbitrarily fixed w, and satistfying the condition S$(n/2) = 1 makes w = 1 + 4n (n € Z).

On the other hand, there are discontinuous functions C(¢), S(¢) that also satisfy the conditions of
section P10.26", except S(f) > 0 for 0 < r < 7/2 and S(n/2) = 1; readers may verify that they all
have the form C = cos ¢(7), S = sin ¢(¢), with discontinuous homomorphisms ¢: (R,+) — (R,+),
as discussed previously in section P10.117; satisfying condition S(7/2) = 1 makes ¢ map
subgroup Zn/2 onto Z(1 + 4n)n/2 (n € Z).

H10.27

(1) Obviously, A commutes with ‘A if ‘A = —A. Hence (by virtue of sec-
tion P10.18"7), e 0 4 = &A1 = 0 = E.
cos 0 —sin 60

(2) The orthogonal operators Ry = (sin 0 cos 0

) (0 < 0 < 2m) possess

skew-symmetric logarithms, which are infinitesimal movements

0 —0 —2nn
(0+2mn)l = <9+27rn 0

) , Vn € Z (by Euler’s formula, using
1

preserving orthogonal linear operators [the spectral theorem was discussed previ-

ously in the “Polar and Singular Value Decomposition Theorems” problem group

(section E6.8)].

(3) A description of log Ry is as follows:

ForO0 < 0 <morm < 0 < 2rn,Log Ryg: = {all of log Ry} is a discrete countable
set of skew-symmetric matrices, more precisely, Log Ry = {(0 + 2nn)l: n € Z}.In
turn, Log E, (a 2x2 identity matrix) is a disjoint union of one single point
corresponding to a zero matrix and a countable number of varieties, each geomet-
rically a hyperboloid of two sheets. A set of hyperboloids is indexed by integers,

I = (O _01 >). Using the spectral theorem, extend this claim to any orientation-

8 Also, readers may do without a reference to the boundedness, arguing as follows. A monotonic
function may have, at most, a countable number of discontinuities, which, if they exist, are finite
jumps (why?); at the same time, by the claim in section P9.28, the function 0(r) would be
discontinuous at all points if it were at some point. (Work out the details.)


http://dx.doi.org/10.1007/978-0-8176-8406-8_9
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with the points of the nth hyperboloid corresponding to the matrices similar to
2nnl.*° The vertices of the nth hyperboloid correspond to +2mnl; only these
vertices correspond to skew-symmetric matrices.>® Explicitly, this hyperboloid

consists of the matrices (;C —/i) with o* + By = —4n*n*>' Log (—E,) is the

union of similar hyperboloids described by the equation o> + fy = —(2n + 1)*n*;
the matrices =(2n + 1)nl correspond to the vertices of the hyperboloids’ sheets.

Start the proof by finding the eigenvalues of log Ry. They are + i-(6 + 2nn) for
some integer 7, which can be established using the description of
Log(cos 0 + isin0) (discussed previously in section H10.24) and the following
lemma.

Lemma. For eigenvalue . of linear operator A, e is an eigenvalue of ¢* of the
same multiplicity. Moreover, the Jordan structure (the set of root subspaces in a
complexified space) of e remains the same as that of A: if J is an n x n Jordan box
with an eigenvalue A [i.e., (JE — Dk £ 0 fork < nand (JE — J)" = 0], then ¢’ is
an n x n Jordan box with an eigenvalue e (e'E — &) #0 for k<n and
(’E - ¢y =0.

(Work out the details.) Therefore, any log Ry has the same Jordan structure as
(0 + 2mn)l (which for 6 # 0 or n # 0 immediately follows from simplicity of
the eigenvalues; why is this statement true for 6 = 0 and n = 0? Try to answer
using this lemma once again). Hence, all log R, matrices are similar, logRy =
C~'o(0+2nn)loC, and, as a result of the permutability of matrix similitude
with the exponential function, Ry = C'oRyoC.For =0or 0 =mr, Cin this
equation may be any invertible matrix (as Rp = E, and R, = —E,), but for

a

—b .
b a)kR” [k = la + bil, p = arg

(a + bi)]. (Prove this.) In this case, we have log Ry = (0 + 2nn)l (why?), which
completes the proof.

(4) Unique existence of a logarithm close to 0 and its skew symmetry for an
orthogonal operator close to E. An exponential mapping defines a diffeomorphism
of a neighborhood of zero in the space of linear operators onto a neighborhood of
the identity (by the statement in section P10.18""). Thus, we have the following
uniqueness: small skew-symmetric operators A will be unique small logarithms for
orthogonal operators ¢*. Now establish the following existence: orthogonal
operators that are close to the identity have small logarithms. By (3), the existence

0 # 0,7, it must have the form C = <

9 Similitude transformations A — C~' o A o C with the orientation-preserving linear operators C
transpose the elements inside the hyperboloids’ sheets, whereas transformations with the
orientation-reversing operators C transpose the sheets of every hyperboloid.

9 Any point of a hyperboloid becomes the vertex (corresponding to one of 2znl, —2nnl) for a
suitably defined scalar product in R

3! This description is completely analogous to that in section P7.4 (the “2 x 2 Matrices That Are
Roots of Unity” problem group above), with the difference that log E has a “logarithmic ramifica-
tion,” whereas (I/E has an “‘algebraic ramification.”


http://dx.doi.org/10.1007/978-0-8176-8406-8_7
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holds for Ry because 6-I are the desired logarithms. Also, the existence holds
for the identity operators (of any dimension) because zero operators (of the same
dimension) are the desired logarithms. Consequently, it will hold for block
operators with blocks Ry and (optionally) E; = 1. Establish the existence of all
orthogonal operators that are close to the identity with the help of the spectral
theorem.

(5) O(n) will be a smooth submanifold of dimension dim o(n) = ( ;) in the
space of linear operators on R” if in a neighborhood of any fixed element B it is
defined by a nondegenerate system of n> — (n) = (n Tl ) smooth equations in

2 2
the matrix elements X;;. Using the implicit function theorem, prove that

Yy(X) +Yi(X) =0: 1<i<j<n, for Y(X)=log(B™' oX)

is such a system, where log is the inversion of the exponential function in a
neighborhood of the identity, as discussed in (4). QED.

In the modern language of differential topology, a diffeomorphism X i logX equips the
orthogonal group with smooth coordinates in a neighborhood of the identity /(E), and, similarly,

diffeomorphisms X i log(B~! o X) equip it with smooth coordinates in the neighborhoods /(B)
=BoU(E) of the elements B. The maps p form a smooth atlas, which means that the
“coordinate recalculation maps”

5, © 05, © ¢, (UBI) NUB2)) — 5, (UB1) NU(B))

are diffeomorphisms.*>

A different method for calculating dim O(n) was discussed previously in the
problem group “A Property of Orthogonal Matrices” (section E8.6).

(6) The Gram matrix of a bilinear form with respect to any fixed basis is
degenerate if and only if some nontrivial linear combination of the corresponding
basis elements is left-orthogonal to all these elements and, therefore, left-
orthogonal to the entire space. A similar statement can be made for right orthogo-
nality. (Work out the details.) Thus, nondegeneracy of the Gram matrix with respect
to any basis is equivalent to the absence of left and right kernels of the form.

(7) As discussed previously in the problem group “A Property of Orthogonal
Matrices” (section H8.11), for a nondegenerate form (.,.) on space L, any linear
functional on L can be represented as (., z), with a proper z € L, and the correspon-

dence z—(.,z) determines an isomorphism (duality) L 2 Applying this to the
functionals f;(x) = (Ax,y) (y € L) yields the unique existence and linearity of

the adjoint operator and establishes the formula A* = D~! o F, where F, denotes
the linear map y—f,. (Work out the details; also, find an explicit expression for the

*2n Lie group theory this is referred to as a left-invariant atlas.


http://dx.doi.org/10.1007/978-0-8176-8406-8_8
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matrix A” with respect to a fixed basis. A" should be expressed using the matrix A and
the Gram matrix. Describe how the matrix A” changes if variables change linearly.)

Next, obviously, Fr = D, hence, E" = E. In addition, we have F, = Fj o A*,
which gives

(AoB) =D 'oFy3=D"'oFpoA*=D'oFgoD 'oFy=B"0A".

(Readers have probably noticed the implicit use of the uniqueness of the adjoint
operator in those two deductions, which hide it in the formula A* = D loF,. A
simple exercise is to find arguments that use the uniqueness explicitly.) In particu-
lar, E=(AcA™) = (A1) oA soa™ ) =@

Also, by induction, we have (Ao...o A)* =A*o...0A", and, because of the
continuity of the map A — A",*® ¢") = (¢4)". (Work out the details.)

Using the preceding expression for the matrix of operator A™ prove that the
bilinear form is either symmetric or skew-symmetric if and only if A™ = A, VA.

(8) A verification of the fact that g is a Lie algebra can be made by straightfor-
ward computations; the fact that G is a group follows directly from the equalities
(AoB)"=B*oA*and (A™")" = (A")"". The fact that G is closed is implied by the
continuity of both the map A—A* and the matrix multiplication. Finally, the
inclusion exp (g) € G is shown in exactly the same way as for the previously
discussed skew-symmetric algebras and orthogonal groups in (1). (Work out the
details.)

(9) The inclusion {A: ¢ € G, Vr € R} C g is proved using the asymptotic
formula e o e o e ™ 0™ = E + *[X,Y] + o(f*) as t — 0, established in sec-
tion H10.18, which implies the commutativity of X and Y if eX o e 0 e™X 0 e
= E + o(#*). The rest is done by applying the same method as in (5) discussed
previously.

(10) Establish that 2/ -2/ = uz - iz" = |u|* -2 - 2 (Z,7" € £) is equivalent to
lul* = 1.

. . X z 0 -1 x y\_ (0 —1Y\ .
(11) The matrix equation <y t)o(l 0 >O(z t>_<l O) is

equivalent to the scalar equation xt — yz =1, so SP(2) = SL(2,R), QED.
(We leave it to the reader to fill in the details.)
To determine the structure of this group, consider its subgroups:

G, = {(g x()l): x>0} =~ (R™, g),

oe

*3Recall that all linear maps of finite-dimensional spaces are continuous. Interested readers will
find a far-reaching discussion concerning the map A—A* in infinite-dimensional cases and related
subjects in Riesz and Sz.-Nagy (1972) and references therein.
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1
GZ:{(O {):yeR}g<R7+>,
G3:{<l: _:):M,VER, u2+v2:1}ESl.

Verify that the intersection of each pair of the preceding three subgroups is the
trivial subgroup {E}. Show that the set G = G1G, := {g1 0 g2: g1 € G1, g € Ga}
is also a subgroup. It is not an Abelian group, so it is not a direct product of G, G,
(in fact, G, is an invariant subgroup in G, but G, is not)34; but nonetheless, a map

R?2~R™ xR =

t . . .
(t,y)—(e',y) (i) e}i[> is an obvious homeomorphism and, more-
over, a diffeomorphism of smooth manifolds. (Work out the details.) Next, prove
that the matrix equation

x oy u —v\ _ (a b

(6 2)- ()= (0)
with a, b, ¢, and d such that ad — bc = 1, is uniquely solvable for x > 0 and
W +v? =1, and so SL(2,R) = GGs. (This is not a direct product since neither G
nor Gj is actually an invariant subgroup.) Prove that SL(2,R) as a set is bijective to a
GxGs — SL(2,R) .

is a

(8:83) — gogs
diffeomorphism of smooth manifolds. (Provide the details.)

(12) The Gram matrix of a bilinear skew-symmetric form with respect to any
basis is skew-symmetric. Verify that skew-symmetric matrices of odd dimensions
have zero determinants. Therefore, as follows from (5) discussed previously, there
are no nondegenerate skew-symmetric forms on R*"™*',

Next, fix any symplectic (nondegenerate skew-symmetric) form [,] on R*".
Its Gram matrix with respect to a Darboux basis (if such exists) is
0 -1
1 0
Gp = .. ; the blocks correspond to two-dimensional
0 —1
1 0
orthogonal planes, with respect to [,]. (Usually, orthogonality with respect to a
bilinear skew-symmetric form is referred to as skew-orthogonality.) Obviously,
any two properly normed nonproportional vectors form a Darboux basis in R

Cartesian product G x G5 and, moreover, a map {

3 Such a product is called semidirect.
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Prove by induction on 7 that for any even spatial dimension 27, a Darboux basis
exists and that any nonzero vector can be included in such a basis.

Next, a complex structure is set by a linear operator I such that I* = —E. Using
either the Jordan canonical form over the reals or using induction on the spatial
dimension, verify that any such operator / has the same matrix as G, with respect to
an appropriate basis. (In turn, obviously, G, = —E.)

Finally, the operator I = (—E)'"? defined with respect to a Darboux basis by the
same matrix as Gp, discussed previously, sets a complex structure agreeing with
[,] (why?); consequently, {,) = [I.,.] + i[,] is a Hermitian form. (Verify the details.)
QED.

A subspace L of a space N equipped with a bilinear form [,] is referred to as isotropic, or null
space when [L,L] = 0, that is, [x,y] = 0, Vx,y € L. For a nondegenerate form, show that 2- dim
L < dim N. For a symplectic form on R*", anull space of the maximal dimension 7 is referred to as
a Lagrangian subspace (or Lagrangian plane). For example, for n = 1 the Lagrangian
subspaces are the straight lines passing through the origin. (Why?) Lagrangian planes exist for
any dimension; indeed, for any given Darboux basis, list 2" mutually transversal coordinate
Lagrangian planes. Verify that arguments proving the existence of Darboux bases actually yield
a strengthened claim:

Proposition. In a symplectic space (a vector space with a fixed symplectic form), a
null space is always contained in a Lagrangian plane: [K.K] =0 = 3L DO K:
[LL] =0 & dim L = n. With this, there exists a Darboux basis {&;n;}j — 1, . .a
such that all £; € L, &y,..., Egim xk € K and all n; belong to a transversal to L
Lagrangian plane. Hence, each Lagrangian plane has a transversal one.>
Obviously, the operator I = (-E)"”, setting a complex structure agreeing with a symplectic
form [,], preserves the property of being a Lagrangian plane; show that Lagrangian planes are
actually mapped onto transversal Lagrangian planes: [L,L] = 0& dimL = n = [I(L),/(L)] =0&
L + I(L) = R*". In fact, this is not only a necessary but also a sufficient condition for the
agreement between the complex and the symplectic structures! A complete statement is as follows:

Theorem. The complex structure set by I = (—E)"? agrees with a symplectic form

if and only if I maps Lagrangian planes onto transversal ones. (Therefore, any
complex and symplectic structures on R* agree.) With this, I has the same matrix as
Gp (discussed previously) with respect to an appropriate Darboux basis.

Prove it.

Does I have the same matrices with respect to any Darboux bases?

Is the following formulation correct: “the complex and symplectic structures agree when /
maps some Lagrangian plane onto a transversal one”?

The formalism of symplectic algebra and symplectic geometry based on it plays a great role in
classical and modern branches of mathematical physics, such as Hamiltonian mechanics, geomet-
rical optics, integration of evolutionary equations and others, and applied mathematical branches
such as optimal control and decision making and others; we encourage more advanced readers to
consult Arnol’d (1989, 1990), Arnol’d et al. (1985)and multiple references therein. Here is the
illustration from phenomenological thermodynamics. The points of the four-dimensional posi-
tive orthant (R*")* = {p > 0,v > 0, > 0, T > 0} model the thermodynamically equilibrium
macrostates of a system, where the coordinates correspond to, respectively, the pressure (p), the

35 Also, readers can prove that for any two mutually transversal Lagrangian planes a third
Lagrangian exists that is transversal to both of them.
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volume of a unit mass (v), the entropy (S), and the absolute (Kelvin) temperature (7). The one-
component thermodynamic systems are modeled by specific two-dimensional surfaces 20 in this
orthant, called the Lagrangian surfaces (or the Lagrangian submanifolds). This means that the
tangent plane at any point of that surface is a Lagrangian plane with respect to a symplectic form
dTAdS — dpAdv. An equivalent definition of 20 stipulates that the change in local coordinates (p,v) —
(8,7) on 20 must be area-preserving, dI'AdS = dpAdv, that is, this change has its Jacobian equal

) dT/op OT/ov
to one: det(&?/@p P
(Newton-Leibnitz-Ostrogradskii-Gauss-Green-Stokes-Poincaré) formula from integral calculus]
states the existence on 20 of the following functions (generally multifunctions) referred to as
thermodynamic potentials: internal energy € (d€ = T dS — p dv), enthalpy W (dW =TdS + v
dp), Helmholtz potential (or free) energy F (d F = —S dT — p dv), and Gibbs potential (or free)
energy @ (d® = —S dT + v dp). These potentials are (minus) Legendre images of each other, for
example, VW= &+ pv,F = E_TS,®=E—TS + pv =F + pv=W—TS, or, using coordinate
systems (v,S), (p,S), (v,T), and (p,T) on 20 (when it is diffeomorphically projected onto the
corresponding coordinate planes),

) =1.%% Another equivalent definition [based on the “Stokes”

W(p,S) = min (pv +EW,9)),
FW,T) = mgm (=TS + E(v,S)),

o(p,T) = n‘nsn (pv =TS+ E(v,8)) = mlm (pv+F(,T)) = mSin (=TS +W(p,S)).

Surface 20 coincides with the graphs of gradients of these potentials: 20 = {(—p,T) = VE (v.5)}
etc.’” Readers may associate these formulations with the usual physical foundations of thermody-
namics (Fermi 1937; Feynman et al. 1963; Rumer and Ryvkin 1972; Landau and Lifshitz 1976;
Schutz 1982). Actually, methods of symplectic geometry and singularity theory provide a full
phenomenological description including such important phenomena as phase transitions (following
the Maxwell phase equilibrium condition, e.g., the famous equal area rule for the Van der Waals
equation) and others. Interested readers will find a further development and discussions of related
aspects in Rumer and Ryvkin (1972)), Landau and Lifshitz (1976), Poston and Stewart (1978),
Gilmore (1981), and references therein. A far-reaching development involving Lagrange surfaces in
R*" for multidimensional thermodynamic system (e.g., considering electrodynamic parameters)
appears in recently published works by V.P. Maslov and other authors.

Determinants of symplectomorphisms may be easily found using a technique of
exterior algebra (discussed previously in the problem group “A Property of Orthog-

onal Matrices”) (Arnol’d 1989). A symplectomorphism B remains the skew-

n
symmetric 2-form [,] = Yx;Ay;, and so its nth exterior degree Q = A [,| = n! x;
Ay1 A ... Ax, Ay, remains invariant. Therefore, we have, using the lemma in
section P8.2,

Q(vi,...,vn) = Q(Bvy,...,Bvy,) =detB - Q(vy,...,v2),

36 Actually, this is a restricted formulation because a coordinate system (p,v) [or (S,7)] may be
defined only on open subsets of 2U projected onto this coordinate plane without singularities.

37 A definition and basic properties of the Legendre transform were discussed previously in the
problem group “Convexity and Related Classical Inequalities.”
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which, for linearly independent vy,...,v,,, implies det B = 1. (Work out the
details.)

Finally, the reciprocity of the symplectomorphism characteristic polynomials
may be shown as follows (Arnol’d 1989). For the matrix of a symplectomorphism
with respect to a Darboux basis we have B o Gp o ‘B = Gp; thus, B = G[)l o B!
oGp, and so, taking into account that det "=det =1,

det(zE — B) = det(zE — G,,' o'B™' 0 Gp) = det(:E — 'B™")
= det(zE —'B™") - det'B = det(z'B — E) = (—z)*"det(z"'E — 'B)
=7"det(z 'E—B).

QED. (We leave it to the reader to fill in the details.)

(13) A commonly known spectral theorem for Hermitian forms states that such a
form diagonalizes in appropriate bases of C". [They are called Hermitian bases; the
elements of U(n) corresponding to a fixed Hermitian form just permute its
Hermitian bases.] Verify that if a linear operator A has, with respect to a fixed
Hermitian basis, a matrix ¢, then A" will have, with respect to the same basis, the
matrix A* = ‘A (transposition plus complex conjugation). Derive from this that dim
un) =21+ ...+ m— D] +n=n’

Next, show that if a linear operator A has, with respect to any fixed Darboux

Ap Alz) Tx
Ay Axn )}y
ii ii) of the blocks A}, = —'Ajp, A5, = —"Ay
, Ay ="Apn, A5, ="A;;. Derive from this that dim sp(2n) = 4+ nn+1) =
n(2n + 1).

(14) The invariance of v, and pg with respect to linear changes in variables
follows from the explicit expressions for matrices of X and X" in section E10.27 (7):
X—CoXoC !, X'=CoX oC!= A+A"—Co(A+A*)oC !, BoB*~C
oBoB*oC7!, 50 vy — vsand ug — ug, QED. (We leave it to the reader to fill in
the details.) The rest of the claim can be proved in the same way as in (8), using
(7); in this way, readers will find that the symbol v, is additive (v4,+4, = V4, + Va,),
the symbol up is multiplicative ( ug,.p, = tp tp, ), that both of these
symbols are continuous (Viima = lim vy, ;5 = lim up), and also that A}, A, € cg
= [A,A)) €cg & vy a)=0and A € cg= A eCG & pa=e". (Work
out the details.)

(15) Because pp is multiplicative (obtained in (14)) and uz = 1, B — ugis a
homomorphism. (Work out the details using section H10.0 as a template.) Obvi-
ously, this homomorphism has group G as its kernel.

Next, the equality uz 1+ = pz!, which is necessary for the homomorphism, may
also be verified directly: B* = uzB~',s0 (B~")" = (B*) ' = uz'BandB~' o (B~")"
= ugz'. (Work out the details.)

basis, a block matrix A = ( , then A" will have, with respect to the

same basis, the matrix A* = (
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Next, for B € CG, B commutes with B since B* = ,uBB’l. For the same reason,
we have B = Ug BH = U (B")"!. In turn, this equality implies that pg. = .

Verify that given a nondegenerate bilinear form, on a vector space, the linear operators such
that X" = X form a subalgebra of the operator algebra in this space (which means invariance of
this property with respect to the linear operations and compositions)®; hence, invertible operators
having this property form a subgroup of the linear group. Thus, we have shown that this subgroup
contains CG.

(16) A — v, is a homomorphism of the additive structure of the algebra cg onto
the additive group of the field of scalars, having g as its kernel. (In particular,
v_a = —V4.) This homomorphism is invariant with respect to the conjugation

v4 = va+. In addition, A commutes with A" for A € cg.

(17) For B € CG close to E, up is close to 1 as a result of the continuity of the
map B— pig. The rest is done by proceeding by the same method as in (9) discussed
previously. [Work out the details; specifically, show that because B o B* = uzFE for
B close to E {see section H10.27 (15) } then, for the logarithm A = In B that is close
to zero, the following two equalities are true: [A,A*] —0andA + A" = (In ug) E.]

(18) Using the formula for matrices of adjoint operators from section E10.27 (7)
discussed previously, show that for the bilinear nondegenerate forms det A = det
A" Therefore, the numbers iz are squares in the field of scalars and, specifically, for
the real field they are positive. These arguments are wrong for sesquilinear forms,
but readers can establish that ug > 0 for the unitary groups using the formula for
the matrices of adjoint operators with respect to Hermitian bases from sec-
tion H10.27 (13) discussed previously.

(19) For B € CG, obviously, (,ugl/zE> oB=Bo (,u;l/zE) € G, which

completes the proof. (Work out the details.)

(20) Show that preserving the orthogonality implies the affine property that
consists of transposing affine subspaces of equal dimensions; in particular, two-
dimensional affine planes are mapped onto analogous ones. Next, show that circles
are mapped onto circles and diametrically opposite points are mapped onto diamet-
rically opposite ones. Since straight lines are mapped onto straight lines too, this
gives that the center of a circle is mapped onto the center of the circle image.
(Why?) Therefore, T multiplies the lengths of the affine vectors by the same
constant (why?), so a composition with a shift x—x — T(0) and an appropriate
dilatation makes T an isometry with respect to the Euclidean metric. The proof is
completed with the following lemma.

Lemma. An isometry of a Euclidean space that retains its origin as invariant is
linear (and, thus, orthogonal).

38 As discussed previously in (7), this subalgebra may be distinct from the whole algebra unless the
source bilinear form is neither symmetric nor skew-symmetric.



Hint 245

Advanced readers will find arguments to prove that this lemma is also applicable to infinite-
dimensional spaces with continuous bilinear positive definite forms (pre-Hilbert and Hilbert
39
spaces).

H10.28

Readers may establish the equality det ¢ = ¢ using any of the four following
methods:

Method 1. Use the formula for e* from section P10.19"" and the asymptotic
formula for det (E + ¢A) from section P10.22"".

Method 2. Use the lemma from section H10.27 concerning the eigenvalues of ¢”.

Method 3. Using the permutability of the exponential function with the matrix
similitude (see lemma from section H10.19) and using the determinant and the trace
invariance with respect to the similitude, it is enough to establish the foregoing
equality for a Jordan matrix. Since the determinant (trace) of a block matrix is the
product of determinants (resp. the sum of traces) of the blocks, it is sufficient to
consider a Jordan box. Finally, use the explicit formula for the exponent of a Jordan
box from section H10.18.

Method 4. Apply the differential equation from section P10.22"" to the matrix
function W(r) = ™.

To prove that SL(n,R) is a smooth submanifold of codimension one in the matrix
space, use the equality sl(n,R) = {tr A = 0}. [Apply the theorem of Lie group
theory from section P10.27" (9) and use section H10.27 (§) as a template.]

H10.29

Use the Jordan canonical form to show the equivalence of the existence of
logarithms, the existence of square roots, and the conditions from section P10.29™",
Sufficient and necessary conditions of existence of ¢/ may be formulated as

follows:

1. For B € GL(n,C), {/B always exist in GL(n,C).
2. For B € GL(n,R), /B always exist in GL(n,R).
3. For B € GL(n,R), ¥/B exist in GL(n,R) if and only if the Jordan boxes
corresponding to the negative eigenvalues come in equal pairs.

4. For B with complex (real) entries, {/B with complex (resp. real) entries exist if
and only if B satisfies conditions 1-3 regarding its nonzero eigenvalues, and the

3 Origin-preserving isometries are always linear, at least in any normed spaces, as S. Mazur and S.
Ulam proved; however, for non-Hilbert norms, this claim is not so easily obtained (Banach 1932
and references therein).
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Jordan boxes corresponding to zero eigenvalue can be arranged in (distinct)
groups G}",’r i=12,.,k<={0,1,...},r={0,...,p — 1}), each consisting of
p — rboxes of dimension k and r boxes of dimension k + 1.*°

H10.30

We suggest that readers follow steps A—E below.

A. Prove that a given continuous homomorphism A: (R,+) — (C",*) (resp. A: (R, +)
— <R+*,->) with A(fy) = g, aJordan boxJ = <AO ! . )is included as element
g(#p) in a one-parameter group g(#), which acts on J’s eigenspace by multiplying by
the scalars A(f): g(H)v = A(t)v, where v = '(v,0...). Similarly, given a homomor-
phism 1: (R,+) — (£*,g) with A(fo) = Ao, a Jordan matrix J consisting of two
boxes of equal dimensions corresponding to 4y < 0 or complex conjugate pair
{/10, /1_0} is included as the element g(zy) in a one-parameter group g(¢) in GL(n,R)
such that the complexification of g(#) acts on J’s eigenspace in the complexified space
as the scalar operator A(%).

B. By section P10.2", in the real-valued case, A(f) is uniquely determined as
A(f) = elnb) /o By section P10.13 (C), in complex-valued cases, A(f) is deter-
mined in infinitely many ways, namely, by the equations |A()| = e("%l 7/ and
arg A(r) = (arg Ao + 27n) t/1, for any fixed integer . This completes the solution of
Problem P10.30™" for the complex-valued case and the case of two Jordan boxes of
equal dimensions corresponding to a negative eigenvalue or a complex conjugate
pair. (Work out the details.)

C. Prove that the group g(f) in A is uniquely determined by the
homomorphism A(%).

Ao 1
D. LetJ be a Jordan matrix consisting of boxesJ; = ( . . ) i=1,..,k

of any dimensions m,. .., m; corresponding to the same eigenvalue. According
to A, given a continuous homomorphism 4: (R,+) — (£*,g) (resp. 4: (R, +)
— (R™,g)) with A(to) = A9, J can be included as the element g(t,) in a
one-parameter group g(¢) that acts on J’s eigenspace as scalar operator A(?).
Prove that the group g(¢) is determined uniquely (which generalizes the similar
statement in C for k£ > 1).

E. Consider a Jordan block J of boxes corresponding to a fixed 45 > 0 (as in D).
Assume that the roots from J that can be included in one-parameter linear groups
have only positive eigenvalues. Then these eigenvalues are equal to /4o
(p = 12,...), which uniquely determines A(f) (as A(f) = e("%) /% work out the

40 A Jordan box of dimension zero is “no box.”
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details!) and, thus, the group g(#) (by D). On the other hand, a root from J that can be
included in a one-parameter linear group has a logarithm; hence, if it has negative or
complex conjugate eigenvalues, then (see section P10.29"") the Jordan boxes of
equal dimensions corresponding to the same eigenvalue must exist. Therefore, J will
possess such Jordan boxes as well. (Furnish the details.) This proves that a linear
operator from GL(n,R) having all its eigenvalues positive, with no distinct Jordan
boxes of equal dimensions corresponding to the same eigenvalue, can be included in
the unique one-parameter linear group g in GL(n,R) as g(#y), given #y # 0.

Conversely, verify that a Jordan matrix of two boxes of equal dimensions
corresponding to the same eigenvalue 4o > 0 has p distinct roots of degree p for
any natural p, and there exists a logarithm for each such root (and thus, the root can
be included in a one-parameter linear group). This completes the solution of
Problem P10.30™".

H10.31

Apply the lemma from section H10.27 (3), Gelfand’s formula from section P7.8
(the “2 x 2 Matrices That Are Roots of Unity” problem group discussed previ-
ously), and Euler’s formula (in section P10.24™").

Explanation

E10.0

To show that the image of a group homomorphism g: A — B is always a subgroup
of B, we must verify that

(1) by, by € g(A) = b1b € g(A)
(2) The identity element of B belongs to g(A)
() bE @A) = b ' € gA)

The verification may look as follows:

(1) by = glar), ba = glaz) = biby = glaiaz)

(2) g(A) is a group and has its own identity element e (why?), so we will have
ee” ' = e, and hence, e is an identity element of B (by virtue of uniqueness)

A3) b =gla) = bg(ail) —e=b'= g(ail) (by virtue of uniqueness)
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E10.2

The existence of positive roots from positive numbers follows from the complete-
ness of the real numbers’ field with respect to its topology. (The completeness is in
either case stipulated by defining this field.) The uniqueness of those roots follows
from a monotonicity x >y > 0 = x? > y? (¢ = 1,2,...), which in turn follows
from an elementary formula x? — y? = (x — )7 '+ X7y + ..+ ¥ h.
(Work out the details.)

El10.3

We have for a fixed ¢

QED.

E10.5

A. Z ag

k=m

n n

Z ay S Z |ak|, SO,
k=m k=m
Therefore, absolute convergence implies convergence.

The famous Leibniz series 1 — 1/2 + ... 4+ (=1)*""/k 4 ... gives a simple
and, probably, the most popular example of convergent but absolutely divergent
series. Its convergence is confirmed by the Leibniz test: an alternating series > a,
converges if la,| monotonically decreases (to zero). The series of absolute values

n
<e for large m, n if > |ax|<e for those m, n.
k=m

is the famous harmonic series 1 + 1/2 + ... + 1/k + ...; produce an estimate

2" n
> k~'>n/2 or, equivalently, > k' >log,\/n, so the harmonic series diverges.
k=2 k=2

Create a figure to derive a sharper estimate Inn> > k~!>In(n + 1) — 1. Prove the
k=2

existence of the limit ¢ = lim <Z k' —1In(n+ l)) (which is the famous Euler
=1

n—oo
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n
constant). For this, produce for ¢, = Y k! — In(n + 1) an estimate 0<c,;| — ¢,

Prw e n+2 that yields (0<) ¢,41 — c1<% n+2’ so that ¢, 1<c; +0.5=1.5—1n
2 =~ 0.8069; on the other hand, c,, grows monotonically.

Comparing the series to a geometric progression proves the d’Alembert test by
n

> k| =

k=m+1
0 < apyi/a, < 1 — ¢ for large n.

B. Comparing this to a geometric progression proves Abel’s lemma too. That is,
we have ’c,,tﬁ’ < C< o0, Vi (why?); therefore, for [ £1 < t; < g1, 1c,t" | < Cly/tl",
and so the series Y ¢," converges by the Cauchy criterion:

<_

S oa4<C Y (1—ef >0asmn— ocoif

k=m+1 k=m+1

the Cauchy criterion:

n n n
Z | < Z |ck|t]1‘§C Z |t1/to|kHO as m,n — oo.

k=m+1 k=m+1 k=m+1

A similar estimate is made for a series of the derivatives because the factors of a
polynomial growth cannot disturb the convergence at the rate of a geometric
progression: taking t; < t, < | fo | we will have n < (#,/t,)" for large n, and so,

n n n

Z (k+ Ve | <Crp! Z /01| e /1 = ! Z |62/t — 0

k=m+1 k=m+1 k=m+1

as m, n — oo.
C. Prove that a uniformly convergent series is term-by-term integrable, which
means that a series of integrals of the terms of a source series uniformly converges

to an integral of the sum of this series. Thus, a series J"a,, )dt' converges
fo

uniformly on #y, t € [#1,t,] and

t

JZan yar =% Ja,,(z')dﬂ =3 (alt) — anlto)),

to

which equals Ya,() — Y.a,(t) if a series Y a,(ty) converges, and in this case > a,(f)
converges uniformly on ¢ € [#,,t,]. In addition, it will be differentiable and

%Zan(t) :%<Zan(1) =Y aun) = JZan Yl =3 an(o),

which completes the proof.
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El0.6

A straightforward computation yields

n k
ST, Z (s+1)

skgm
2 i

<y S (5 )

= X 1 <km<n, ntm<2n'" nt+m<2n
2n
1 2n+1
=)™ > (sl 1D < @) (sl + )" — 0
k=n+1

for fixed s, t and n — oco. (Work out the details.)

A proof, using Method 1, that exponential series sums are all continuous solutions
of (*). Apply the implicit function theorem to establish for small ¢ the existence of
unique small K(#) such that g(¢) = e Use Abel’s lemma discussed in sec-
tion H10.5 to verify that the function e satisfies the conditions of this theorem.
Next, using induction on natural p and taking into account the uniqueness of K()
and the fact that the exponential series’ sums satisfy (¥), we can prove that
K(pt) = pK(¢) if both ¢ and pr are small enough. Therefore, using uniqueness,
K(pt/q) = pK(t)/q, provided that pt/q is small enough. Taking into account the
continuity of g(f) we will obtain the linearity of K(#) for small . (Work out all the
details and complete the proof.)

E10.7

Method 1. Given ¢ > 0, fix natural kg large enough so that > (k!)~'|s|* < for

k=ko+1
k=1
large m. For 1 < k < kg and large n, 0<1 — [] %<8 (why?); hence, for a fixed
i=0

large n we will have

(E8) -

ko 8|f|k

<X

e )(l—ii”;")?
+ Z —.<s el

k=ko+1

for any large m. Therefore, for large n,

ST~ (1 t/n)

k=0

le" — (1+1¢t/n)"| = lim <g-ell

m—oo

QED.
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E10.10

Any homomorphism (R, +) 4 (R, +) is a linear function over rationals, @(pt/q)
= pe(t)/q (why?); thus, continuity implies linearity over the reals.

E10.13.B

Start from a property of the real field that was known to ancient mathematicians and
later called, by David Hilbert (1930), “the Archimedes continuity axiom”:

VE >0, Im € {1,2,...}: mé>n.

Taking kK = m — 1 for the minimum of those natural m yields the Euclidean
(division with remainder) property

Ven: £ 0=3k e 2,3 e o, () n=ke+

The remainder ( is a linear combination of &, i with integral coefficients, and
{ < 1€ 1. Therefore, for a subgroup H C (R, +) an element T € H\ {0} of a minimal
absolute value over H, divides any of ¢+ & H. Because of this, H = T Z. As a result,
a subgroup that has no nonzero elements of a minimal absolute value is either {0} or
everywhere dense in R. QED. (We leave it to the reader to fill in the details.)

E10.13.C

Completing the proof of the lemma. We must represent ®, defined in sec-
<)
tion H10.13. C, as ¢ — (+2n#/T) mod 2, that is, as a composition R =~ R E} R

. . ® . .
mod27 with a linear map 7+— (£+27/T)t — so as to have a commutative diagram

R S, R
¥ O 1° (the lower horizontal arrow in the diagram is due to a

Rmod7T — Rmod2n
fundamental homomorphism theorem). Consider a segment I = [0, ¢] C R, where
0 < e < T. Y is a segment on a circle R mod T; hence, ®(J) is a segment on a
circle R mod 27. Let J be the inverse image of ®@(/) with respect to the map ® lying
in + [0, 21).*' J = £[0, 6], where 0 < § < 27, and J is homeomorphically

“!'The sign is “+” (“~) when @ preserves (resp. reverses) the usual orientation of the circle.
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mapped onto @(/). (Why?) Thus, a composition of ® with the foregoing local
inversion @1 @) — J gives a continuous additive map I/ — J, which must be a
restriction of a unique linear map R — R to I; since d/¢ = 2n/T (because of the

commutativity of the lower triangle in the diagram), this map is @. Thus, ® = Ood
on /, and, thus, on the entire R. (Work out all details.)42

E10.13.D

Necessity of conditions (a) and (b).

(1) Method using Euclid’s algorithm. Apply induction on the length of a finite
computation procedure using Euclid’s algorithm to verify that the last nonzero
remainder divides £ and 7. On the other hand, this remainder is divisible by the
common divisors of £ and 7 because it is their linear combination with integral
coefficients, and, thus, it is a GCD. Conversely, the existence of a GCD makes these
linear combinations take their values discretely, with a “quantum” equal to the
GCD. Hence, any computation procedures using Euclid’s algorithm are finite.
(Work out the details. Also, derive from these arguments a characterization of
GCD as a linear combination of £, n with integral coefficients of a minimal
absolute value.)43

(2) Method based on Dirichlet boxe principle; proof of Poincaré recurrence theo-
rem. If this theorem were violated with some S, we would have vol(K) = oo,
in contradiction to the conditions. Indeed, considering a sequence of subsets H,, C
H such that #H,, = n yields

vol(K) > Z vol [ A(S)\ U f(S) | =n-vol(S) — o0 as n— 00.
heH, feH,,f#h

42 Readers familiar with homotopies and coverings will recognize in this argument a special case
of the rising path theorem, which makes it possible, in particular, to rise topological group
structures and homomorphisms to a covering (Massey 1967; Sze-Tsen Hu 1959).

“3The absolute value on a cyclic group, generated by this divisor, serves as the so-called
Euclidean function, which makes this group a Euclidean module. Let M be a module over a
ring R and ¢ a function on M taking values in a partially ordered set with the minimum condition. M
is referred to as a Euclidean module, with Euclidean function &, if division with a remainder can be
performed in M:

Vé&nmeM: &40 = n=ki+( with k € R, (=0, or &{)<e(&).
Any set of elements of the Euclidean module has a GCD, that is, any element of a submodule

generated by this set corresponding to a minimal value of ¢ is a GCD. For the Euclidean module,
computations using Euclid’s algorithm are always finite and yield a GCD.
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QED. (We leave it to the reader to fill in the details.)
Equivalence of two definitions of commensurability modulo a number. Let
mya, — mpa, = nb, with relatively prime m,, m,. Since the GCD of two numbers

is a linear combination of those numbers with integer coefficients, we have
ai+(nki))b _ ar+(nks)
ms - m

1 = komy — kym,. Consequently, b, which completes the proof.

Sufficiency of conditions (a) — (c) (case where 0; are incommensurable with 27).
i. If for some j, / conditions (a)—(c) were not satisfied, then we would have a
system of two independent linear equations on 0;, 0, with integral
coefficients and right-hand sides being integral multiples of 27; thus, 0, 0,
would be rational multiples of 2.
ii. Let GCD(m,, my3) = d, so that m, = ad, m;3 = bd, with relatively prime
a, b. Eliminating 0, from the equations of indices (1,2) and (1,3) produces

0, + 27ky; 03 + 2mks; 27‘[(/(12 — k13)
ma1b msia abd

By (i), vector (m5,3, m3,) is proportional to (m51b, m31a). Therefore, combin-
ing this equation with an equation of index (2,3) brings

ko1 — ko3 _ k31 — k3 n kip — ki3
my1b mza abd

(Work out the details.) By condition, (n1,,, m,) and (m,3, m3;) are pairs of
relatively prime numbers, so m,; and ms; are relatively prime with d, and
hence ki, — kq3 must be divisible by d. A similar proof can be produced for
any indices j, /, and not just 2, 3.

iii. The covectors (kyj, k;) are determined by a linear equation m; ky; — myk;,
= n;. Therefore, all of them can be represented as sums of one of them and
covectors orthogonal to (m;;, —m;). The orthogonal complement is spanned
on (my;, m;;). Because of the relative primality of m,; and m;,, the integral
points on this straight line are integral multiples of (m,;, m;;). (Apply the
description of the closed subgroups of (R, +) discussed previously in
section P10.13. B™" to work out the details.) QED.

iv. Proof of theorem. We suggest using ring-theoretic language [readers who
prefer more elementary arguments may look at two proofs of the most
applicable special case where any pair of m; is relatively prime (Chinese
remainder theorem); the proofs follow in this section]: a relation “a
divides b” corresponds to the principal ideals’ inclusion B C A (A = (a),
B = (b)); furthermore, GCD(A,B) = A + B [because GCD(a,b) generates
A + B]; LCM(A,B) = A N B (because LCM(a,b) generates A N B]; the
relative primality of ideals A, B corresponds to equality of A + B to the ring;
and so on. The result of this proof can be reformulated as follows.



254 One-Parameter Groups of Linear Transformations

Theorem. Given ideals Ay,. .., A, # (0) of ring Z and ry,. . ., r, € Z, a system of
congruences x —r; € Aj: j = 1,..., n is solvable if and only if rj —r; € Aj + A,
Gl=1,..n).

The necessity is obvious: Ix,Vj: x—rj=a, €Aj=ri—rn=a —a; €A+
A;. Consider the sufficiency. We must show that the intersection of the residue
classes r; + A;is nonempty. The case of n = 1 is trivial. Also, the case of n = 2 is
easy: we must verify that r —s € A+ B = (r +A) N (s + B) # (J; but since any
residue class of (A + B) mod A intersects with B, we have (r —s+A)NB # (),
hence,

0 #s+(r—s+A)NB=(r+A)N(s+B).

For n > 2, start from an obvious inclusion of ideals (A+B)NC 2 (ANC)+
(BN C). Use the unique factorization in the ring Z to prove that for Z this inclusion
is an equality. A special case of this equality (for C D A)is (A+B)N(A+C) =

n—1 n—1
A+ (BN C), and by induction, () (A, +A4;) = A, + [ A;.
J=1 J=1

Now, show that ﬂ (rj + A;j) # 0 by induction on the number of ideals. Suppose

n—1
we have already done this for n — 1, and let r € [ (r; + A;). We obtain
j=1

n—1 n—1

n—1 n—1 n—1 _
r+mAign(rj+Aj)+ﬂA[gn(I‘j+Aj+ﬂAi> n FJ+A
= ] i=1 j=1

i=1 j=1 i=1 j=1

n—1

Therefore, it is sufficient to prove that <r +N Aj> N (r, +A,) # 0. We have
j=1

r=r;+ ajwitha; € A; (j=1,...,n — 1), and by the conditions of the theorem,

rn—r=r,—ri—a; € (A, +A)) + A, = A, + A

n—1 n—1 n—1
Thus, we have r, —r € [ (A, +Aj) =A, + () A;, and so r + [ A, intersects
=1 j=1 J=1
with r,, + A, (this is the case of n = 2 discussed previously). This completes the
proof.

We leave it to the reader to make a decision on the applicability of the bounds of this
proof. Readers have probably noticed that for n > 2 the theorem formally follows from the
equality (A +B) N (A+ C) = A+ (BN C), and so it will be applicable whenever such an equality
arises. Readers may establish this equality for the ideals of a Euclidean ring, for the pairwise
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relatively prime ideals of an associative unitary ring, for the vector subspaces of a vector space that
are in a general position,44 and for other cases; therefore, in all of these cases similar theorems are
applicable!

Proof of Chinese remainder theorem using completely elementary arguments. Let us apply
induction on n. For n = 1, the claim is trivial. Let n = 2. For integers ry, 15, there exist integers
q1, > such that r; — r, = gomy — qym (this is because the GCD of natural numbers is present-
able by a linear combination of these numbers with integral coefficients; this fundamental fact of
elementary number theory is implied by Euclid’s algorithm, but it can also be proved directly), so
an integer ¢1m; + r; = g>my + 1, has the residues ry, r, modulo m;y, m,, respectively. Assume
that the claim has been proved for n — 1, so there exist integers having any residues r»,.. ., 1,
modulo my,. . ., m,, respectively. For fixed r,,. .., r,, these integers form arithmetic progressions
with differences ms. . .m,, or, in other words, there exists a unique residue modulo m,. . .m, such
that any integer possessing this residue will also have residues r5,. .., r, modulo mo,..., m,,
respectively. Thus, since m is relative prime with m,. . .m,, the theorem is reduced to its special
case of n = 2, which completes the proof. (Work out the details.)

Proof of Chinese remainder theorem using arguments from elementary number theory. Denote by

Z(m) the ring of all residues modulo integer m. For my,. . ., m,, a direct (or Cartesian) product [[Z
(m)) = {(ry,..., 1) 1y € Z(m;), Vi = 1,.. ., n} furnished with by-component operations becomes a
ring, so that the map p: k +— (k mod my,. . ., k mod m,,) will be a homomorphism of rings Z — [[Z

(m;). The following claim is evident.

Lemma. ker p = () Zm;, i.e., ker p consists of all common multiples of my,. . ., m,,,
so that it is an ideal of the ring 7 generated by the least common multiple.
We will now prove the following theorem.

Factorization theorem. Let m = [[m; be the primary factorization of integer
m(m; = pi', where p; are distinct integer primes). The map ¢: k mod m — (k mod
my,. .., k mod my,) is correctly defined and induces an isomorphism of rings: 7
(m) = [[Z(m).

Proof of factorization theorem. The map o is correctly defined as k; mod m = k, mod m <
dg € Z: ky = ko + gm = ky mod m; = k, mod m;, Vi = 1,..., n. ¢ is a homomorphism of rings
since a difference and a product of residues are equal to the residues of the difference and the
product, respectively. A composition Z — Z(m) — [[Z(m;), where the first map is a reduction
modulo m and the second one is g, equals p. Representatives of distinct elements of Z(m) in Z are
not comparable modulo m, or, in other words, the difference between these representatives is not
divisible by m, and, hence (by the foregoing lemma), this difference does not belong to ker p.
Therefore, o maps distinct elements of Z(m) onto distinct elements of [[Z(m;), or, in other words,
¢ is a monomorphism. Hence, by the Dirichlet box principle (also known as the pigeonhole
principle), it is an isomorphism because Z(m) and []Z(m;) have the same finite number of
elements. QED.

“The subspaces L; are in a general position when codim (\L; = Ycodim L; for any finite
collection of them. For example, the orthogonal complements to vectors of a Euclidean space
that are linearly independent in their totality are in a general position. (Why?)
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Arguments that are similar to those described previously show that if m is a common multiple
of any fixed natural numbers my,. .., m,, then a similar homomorphism o: Z(m) — [|Z(m,) is
correctly defined and a composition Z — Z(m) — [[Z(m;) is equal to p. Denote m’ and ¢’ as the
least common multiples of m;,. . ., m, and the respective homomorphism Z(m') — [[Z(m;). ¢ can

be decomposed as Z (m) mod Z(m') S T] Z(m;), so im ¢ = im ¢', and p can be decomposed
as Z — Z(m) — Z(m") — [1Z(m;). The kernel of p consists of all common multiples of my,. . .,
m,, so it is generated by m’: ker p = () Zm;,= Zm', and hence, ker p is mapped onto a zero element
of Z(m') and ¢’ is a monomorphism. Furthermore, m’ = m;...m, if any pair of m; is relatively
prime, and otherwise m’ < m...m,. Thus, we have established a more general version of the
foregoing theorem:

Factorization theorem. Let m be a common multiple of natural numbers my,. . ., my;
then the preceding homomorphism o is always correctly defined, is a monomorphism
if and only if m is the least common multiple, and is an epimorphism if and only if any
pair of m; is relatively prime.

Thus we have proved the Chinese remainder theorem, as it states that the preceding map p is an
epimorphism [i.e., p covers all of [[Z(m;), or, in other words, for any residues modulo my,. . ., m,,
respectively, there exists k € 7 that has these residues)® if any pair of m; is relatively prime.

The foregoing factorization theorem states, in particular, that the multiplicative group of the
ring Z(m,. . .m,) is isomorphic to a direct (or Cartesian) product of multiplicative groups of Z(m;),
Z(my. . .m,,)* = HZ(m,-)*, if any pair of m; is relatively prime. This gives a proof (one of multiple
known proofs) of Euler’s totient function’s multiplicativity property: o(m;...m,) = [|¢ (m;) if
any pair of m; is relatively prime. Indeed, we have

o(my . .omy) = #Z(my...my)" = [[#Z(mi)" = o(m1) ... o(my).

(Work out the details.) Note that Z(p")" ( p is prime, and v is natural) is a cyclic group forp > 2
orv = 1,2, and otherwise it is a Cartesian product of cyclic groups Z[ZV’Z] and Z[2] having orders
(the total numbers of elements) 2'~2 and 2, respectively*® [v = 2 refers to the intermediate
situation, as Z(2")" = Z4)" =~ Z[2] = {1} x Z[2] = Z[1] x Z[2] = Z[2"~?] x Z[2]]. Note
that in any case the group Z(p")" has the order p'~'(p — 1) since p(p*) = p* — p" ' =p"~!
(p — 1) (as there are p'~' multiples of p in {1,..., p"}).

The foregoing description of Z(p*)" generalizes the fact that readers are probably familiar with
the following statement: Z(p)” is a cyclic group for any prime number p because the ring Z(p) is
actually a field, and a finite multiplicative group in a field is always cyclic. (Readers who had not
encountered this fact previously are encouraged to work out the details; use the structure theorem
for finitely generated Abelian groups and the fact that a polynomial equation of degree » has at
most 7 roots in a field.) Readers can try to prove the foregoing description of Z(p")" on their own or
look at a proof in number theory text such as, for example, Venkov (1937), Hardy and Wright
(1960), Borevich and Shafarevich (1972), and Ireland and Rosen (1982).

4580, the sequence 0 — () Zm; — Z — [[Z(m;) — 0 is exact (in the language of Homological
algebra).
“61n Abelian group theory, a cyclic group of order i is usually denoted Z[pu].
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E10.17

First establish the following lemma.

Lemma. (Arnol’d 1975). For the polynomial P (xy,...xy), the multiplicative
matrix seminorm ., and the matrices Ay,. .. Ay, | P (Aq,.. AN <P I
(MA41,. . AN/, where VPl is a polynomial with the coefficients being absolute
values of the coefficients of ‘P of the same indices.

This lemma follows from (a)—(y) by induction on the complexity of the polyno-
mial P. With this lemma’s help, establish the normal convergence of the exponen-
tial matrix series finding for it a majorant convergent numerical series.*’ In turn, the
normal convergence of a matrix series with respect to the norm lIAll = }la,l
obviously implies (by virtue of statements in section E10.5) convergences of the
series of the entries corresponding to any fixed indices (why?) and, hence (by
definition!), convergence of the source matrix series itself.

The claims in A and B of section H10.5 are deduced for the normal convergence
word for word with the absolute convergence in section E10.5.

E10.18

n

By the binomial formula, S, T, — > (k!)"'(A + B)" = > 4B thus,
k=0 1<km<n, n+m<2n

using the lemma in section E10.17 and proceeding by the same method as in
section E10.6 we have for any multiplicative seminorm

n

SuTu— > (K)'(A+B)*

k=0

< ()~ (Al + 1B — o,

and, hence (according to section H10.17), S, T, — 3 (k) "' (A + B)* — 0. QED.
k=0

In connection with the continuous differentiability of the exponential map, recall
that amap f: U — M, where U is an open set in a finite-dimensional vector space L
and M also is a vector space, is differentiable at a point xo&U if its differential
df(x) exists and is continuously differentiable at x, if it is differentiable throughout
a neighborhood of this point and dfix) — df(xp) as x — xo. The differential at x is a
linear operator L — M [usually denoted df(x), dfy,, or d,f] whose graph is parallel

47 A nonnegative-element numerical series Ya, is a majorant for YA, when lIA,ll < a,, Vn.
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to a tangent plane for the graph of f(x) at the point (x, fixp)) € L x M [so dfix)
exists if and only if this tangent plane exists].*® In equivalent analytical terms,

f(x) =f(x0) = df (xo) (x = x0) + o(|x — x0)-

(Therefore, differentiable functions are continuous.) The directional, in the
direction of increment 4, derivative of function f(x) at x, is defined as

% (xo0) = %'r:o f(xo +th) = lim [l + fht) —f(xo).

If df(xo) exists, then %(xo) equals the derivative of a composition # — f{x(#)) at
t = ty for any differentiable curve ¢ — x(f) emerging from the point x(#y) = xo with
the “initial velocity” x(f9) = h. (Why?)

Given smooth coordinates ul,. ..,u" that are local in a neighborhood of xq, the partial
derivatives offou’ are defined as derivatives of  the compositions
ulf (c(ug, .. ul 'l ™ ul)) (u! = const = uf, Vj # i), respectively. Therefore, partial

derivatives of a differentiable function f with respect to the coordinates of a fixed coordinate
system are directional derivatives, in the directions of unit vectors of the qoordinate lines 0/0u’
[vector fields tangent to these lines and normed and directed so that du'(0/0u’) = 1]. Partial
derivatives with respect to any coordinates can be defined only with the complete coordinate
system.

As readers know, the directional derivative of a univariable function is simply its
derivative, and the existence of the derivative at some point implies differentiability
at that point. However, in the multivariable case, the existence of the directional
derivatives in any number of directions cannot ensure differentiability or even
continuity. (Provide examples.) However, using the Lagrange intermediate value
theorem, readers can prove that

%(x) exists for all x € U and any h and is continuous in x and linear in h if and

only if f(x) is continuously differentiable in U (and in this case, Z—Z(x) = df (x)(h)).*
Given smooth coordinates v',.. v that are local in a neighborhood of f{xo) (in addition to
u',.. " in a neighborhood of xo), if the partial derivatives 0v'/0u’ exist throughout a neighbor-

hood of x( and are continuous at that point, then df{x) will exist, defined as

8 Advanced readers are probably familiar with a generalization of this notion for manifolds and
for infinite-dimensional spaces and manifolds. The differential of a function on an open set in an
infinite-dimensional vector space is often referred to as the Frechét differential (or the Frechét
derivative); for the manifolds, the term tangent map is commonly used. In the infinite-
dimensional case, the definition of dfi(x) includes the continuity requirement (which is automati-
cally fulfilled for the finite-dimensional case).

49 This claim allows infinite-dimensional generalizations. See Hormander (1983) for details and
connected results.
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ulfu(l) Bvl/au'(u('),...,ug) Bv'/(?u"(ué,...,ug) ulfu(l) %
—

;u{; 8v”’/8u1(1;(1),...,u8) 8\/’”/614”(1.4('),...,148) u";ug

u"

Establish the existence of the directional derivative %—”;(X ) for any X and H and its
continuity in X and linearity in H.° For this, verify that term-by-term derivatives of

o0 n
the exponential series form a series > (n!)' > Xo...0XoHoXo...0X,

n=1 k-1 n—k

which converges normally with respect to the norm Al = Zlaijl5 ' (as having a

(o)
majorant numerical series el X! . ||H|| = ||H]|| - 3 (n!)""||X||"). Next, establish a
n=0
generalization of the statement in section H10.5 (C) for the series of univariable
vector/matrix functions (which can be done by the same method as in section E10.5)

and apply it to prove the existence of %(X ).52 Lastly, prove the continuity of the
directional derivatives by producing the following estimate using induction:

n n n—1
|A" = B"||<n-||A =B - max (| A], |BI)";

derive from this that

Ao...0cAoHoAo...0A—Bo...oBoHoBo...oB
— —_—_——— —— ——
k—1 n—k k—1 n—k

n—2
<(n—1)-||H| -[|A - B - max (||All, |B[)"

and, finally, prove that || %(A) - ‘fi‘l’;((B)H <||H|| - ||A = B|| - e™>AILIBI)_ Thus, we
will prove the continuous differentiability of the exponential map and the equality
de*(0) = id [that is, de*(0)(H) = H, VH], and so satisfying the conditions of the
implicit function theorem by the exponential map. (Work out the details.”)

30 Actually, the existence of n — 1 columns of this m x n Jacobi matrix in a neighborhood of
(x0, flxp)), their continuity in xo, plus at least the existence (without continuity) of the last column
in (xq, f(xo)) will ensure the existence of df{x).

5! Therefore, with respect to any matrix norm (here and everywhere subsequently).

52 Also, readers may establish a similar generalization for the series of multivariable vector/matrix
functions; to do this, instead of the integration technique in section E10.5, a multivariable (infinite-
variable) version of the intermediate value theorem should be applied. Interested readers will find a
common scheme of such a proof in Dieudonné (1960).

33 Also, readers may generalize Abel’s lemma (discussed previously in section H10.5) for the sum
of a matrix power series Y a,X" as a function of X (replacing absolute convergence with normal
convergence) and establish the infinite differentiability of this function for IIXIl < IIXyll when a
series Y a,X{ converges.
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Next, to prove the formula etPe e = E + [A,B] + o(IIAII2 + IIBllz), we
suggest proceeding by the following method step by step.

A. Prove that the sum of normally convergent matrix series with respect to the
norm llAll: = Y la;] will not change after permutations of arbitrary finite or infinite
number of series terms. This behavior is similar to the behavior of an absolutely
convergent numerical series.

B. Prove that if YAy ,,..., > Ay, are normally convergent matrix series with
n n

respect to the norm llAll: = 3}la;l, then their term-by-term product

> Ayp 0...0A, is normally convergent,”* with the sum equal to the product
Nyl

of sums of the series cofactors.”® This is similar to the well-known result for
absolutely convergent numerical series.

C. Repeating the arguments from section E10.5 for proving Abel’s lemma,
la,| < Clityl™" for a power series Y a,t" convergent for ¢t = #,. Prove that if this
series starts from a term of index ny, that is, Y a," = " > an,+nt", then a series
quotient Y anint" = > a,t" /1™ converges absolutely and uniformly on |71 < #
< Ity 1. Prove similar claims for the normally convergent matrix series, with respect
to norm llAll: = Y la;l.

D. With the help of a direct series term-by-term multiplication and using
statements in A—C, derive that

Aefete™® = E+ A, B]
+ A% 0 R (A,B) + A20BoRy(A,B) +AoB> o R3(A,B) +AoBoAoTRyA,B)
+BoAoBoRs(A,B)+BoA>oRs(A,B) +B*0AoRy(A,B)+ B oRs(A,B),

where R;(A,B) are sums of power matrix series in A, B that converge normally and
uniformly on lIAll, IBIl < r for any fixed r > 0. Denoting llAll = a, lIBIl = b, the
ratio of a norm v of the sum of the terms in the last two lines to the value of a> + b*
may be estimated as

@ + a*b + ab* + b*
a’ 4 b?

<const - =const-(a+b)=o0(1) as a,b—0

v
a’ 4 b?
(work out the details). QED.

Finally, establish the commutativity of the squares and exponents of

. . 1 0 1 —=n
noncommuting matrices A = ( 0 —1 ) , B= (n 1
may use claims in sections P10.23"", P10.24™", and P10.25"" (without proving them
here) to find ¢”.

) . [To do this, readers

4By virtue of A, the terms’ order is unimportant.

55 This claim may also be applied to a different method of proving the above equality B = AP

for commuting matrices (in both one- and multi-dimensional cases). Give such a proof.
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E10.19

Method 2. Proof of lemma. Similitude commutes by raising to a power and, on the
other hand, is a continuous operator on matrix spaces. (So what?) QED.
A1

Next, for a Jordan box A = JE + N = . ) - of dimension m we

have

(E+A/n)" = ((1+ 2/n)E +N/n)" = mi <Z> (1+2/n)"* <]Z>k

k=0
San—1)...(n—k+1)
7 Knk (1 + A/n)*

k=
et et o et (m—1)

x N¥ — ’ ’ ’ = as n— oo.

(Work out the details.)

E10.21

Proof of the proposition. (ii) = (i). Analyticity of elements of F. By induction,

those elements are infinitely differentiable. Next, for f € F the functions f,. ..,/

where n = dim F, cannot be linearly independent, and so f satisfies a linear
m—1

autonomous ODE (/"] = S af [l for some 0 < m < n. Further differentiation
i=0

m—1 .
yields f"4 = 3™ g;f K (k = 0,1,...). Using this equality, produce by induction
i=0
m—1

the estimate [*}(0)| < /*, with r large enough so that " |a;| <. Derive that the
i=0

Taylor-series expansion of f at the origin converges absolutely and uniformly on
any compact subset of R [as being majorized by the convergent positive-element
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numerical series e =Y m) ). An analytic function
F@) :== 3 (n)"'f"(0) 1 is infinitely differentiable and satisfies the same ODE
as f and the initial conditions for r = 0: f1(0) = f{i] (0) (i = 0,1,...); therefore, by
the uniqueness theorem, f = f, which completes the proof.

Also, the equality f(t) = Z(i1!)71.)‘[”](0)tn follows from the slow growth of the
derivatives since f"Nt)-ro"/n! = o (1) as n — oo uniformly on | t — #o | < ro,
Vro > 0 (as explained subsequently in the footnote to section P10.24"").

Proof of Proposition 2. (ii) = _(iii). 4; = 0, because otherwise the corresponding
elements of F would show exponential growth as ¢t — oo or t — — oo, which
would contradict periodicity and continuity. This is quite evident when w; = 0 and
for w; # 0 can be proved by various methods — for example, using an elementary
identity A cos 0 + B sin 0 = C cos(0 — 0p) (C = VA% + B2, cotly =4%), where,
in our case, A and B are polynomial in 7, A> + B? is a nonzero polynomial, and
0 = wt with o # 0. 6y and C are functions of 7 taking values in R mod 7 and [0,00),
respectively, and having limits as ¢ — oo, and lim C is either a positive number or
infinity. (Why?) Therefore, for infinitely many ¢, such that t — oo, C cos(6 — 0y) is
bounded away from zero, C cos(6 — 0y) > ¢ > 0, and so, for these ¢, C cos(6 — 0)
e with 2 > 0 grows like the exponential function ¢*' (more exactly, not slower
than seh). We leave it to the reader to work out the details.

The same restriction (periodicity + continuity) also excludes polynomial

growth, so all N; =0. Thus, F= > ajcosw;t + b;sinw;t : aj,b; € R} ,
JEIF

corresponding to a finite set Jp. Particularly, F' contains sin w;t. Verify that sin

wt is 2n-periodic if and only if w € Z. [For this use, for example, the argument-

summation formula sin (s + f) = sin s cos ¢ + sin ¢ cos s.] This completes

the proof.

E10.25

Definitions of cosine and sine via their Taylor-series expansions. We must show
that the functions C(#), S(¢), defined as the sums of series that converge absolutely
and uniformly on any compact set

00 t2n 00 t2ﬂ+1
€= Z 2n ’ §= — 2n+1'7

n=l n

must be only cos ¢ and sin ¢, respectively. Readers may proceed as follows. The
functions C(#), S(#) are infinitely differentiable, and their derivatives may be
obtained through term-by-term differentiation of the series (as discussed previously
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in section H10.5). Thus, a direct verification shows that C = =S, S = C, and so these
functions are solutions of the Cauchy initial value problems for the differential
equation ¥ = —x, corresponding to initial data x(0) = 1, £(0) = 0 and x(0) = 0,
x(0) = 1, respectively. Because of the linearity of the equation, the solutions are
extendable to the whole axis — oo < t < oo. Since cos ¢, sin ¢ are solutions of the
same Cauchy problems, we have C(f) = cos ¢ and S(f) = sin ¢, by virtue of their
unique solvability. QED. (We leave it to the reader to fill in the details.)

Also, readers can arrive at the equalities C(f) = cos ¢, S(f) = sin ¢ without
reference to the Cauchy problem but verifying directly that C(¢), S(¢) are, respec-
tively, the abscissa and ordinate of the unit vector of a polar angle z. Consider the
vector function r—V(¢) := (C(t),S(¢)). This function is defined by the foregoing
Taylor series on the whole axis —oo <t < oo. Show that [V
(t)I2 Cz(t) + Sz(t) = 1 [which is obtainable by a direct calculation using the
defining series; alternatively, the reader can prove it using the fact that ¥ = —x is
the oscillation equation, so its solutions obey the energy conservation law, x>
+x% = const; this constant equals 1 as follows from the defining series for C(r)
and S(9)]. For the derivative we will find V(1) = (—S(r), C(¢)), so V(¢) is obtained
from V() by a 90° counterclockwise rotation. This means that V(¢) is a uniform
rotation along the unit circle by angle ¢, starting from the initial position V
(0) = (1,0), which completes the proof. (Work out the details.)

E10.26. A+B

First obtain the identities S(h) = 2- S(h/2)-C(h/2) and 1 — C(h) = 28°(h/2). If
we use these equalities and define 4 = s — ¢, then we obtain

C(t+h) = C(1) = C(1) - (C(h) — 1) = S(z) - S(h)
= —28(h/2) - [C(1) - S(h/2) + S(1) - C(h/2)]
= —2-S(h/2)-S(t+h/2),

which is negative for 4/2, t + h/2 € (0, n/2). QED.
Alternatively, readers may accomplish step A as follows. From

C(r) = C(0) - C(1) + S(0) - S(1) = €(0) - C(1),
we have C(0) = 1. Then carry out step E. Next, using the oddness of S(¢),

deduce the identity C(s — #) = C(s)-C(f) + S(s)-S(¢). Finally, calculate C(s — f)
—C(s + 0.



264 One-Parameter Groups of Linear Transformations

C. Apply induction on n. For n = 1 the statement is true. Show with an
elementary calculation that the system of quadratic equations

2CS = sin «, C?—S?=cosa

has two solutions: (C, S) = = (cos(¢/2), sin(0;/2)). In our case we must take the first
of them (“+”) since § > 0 and sin («/2) > 0.

D. By virtue of C and monotonicity (B), we have S(r) — 0 and C(f) — 1 as
t — 0. (Work out the details.) Using this, derive continuity from the argument’s
addition formulas.

E. For X = C(—t) and Y = S(—1) prove that a system of linear equations

Ct)-X—=8@)-Y=1, C@t)-X+S{t)-Y=0

has the unique solution (X, Y) = (C(¢), — S(¢)).

E10.27

(2) By the spectral theorem, an orientation-preserving orthogonal operator B is
brought by an orthogonal transformation to a block-diagonal form that has
two-dimensional blocks as Ry and, optionally (when dim B is odd), a single one-
dimensional block E; = 1:

Ry

‘GoBoG = (rGZG_I).
Ry

k

To determine skew-symmetric logarithms of A, preserve the skew symmetry by
orthogonal transformations, ‘A = —A='('GoAoG) = —'GoBoG , and the
permutability of the similitude transformation with the exponential function
(lemma in section H10.19 above). (Work out the details.)

(3) Proof of lemma. Construct by induction a basis in which matrix

;L, 1



Explanation 265

has the form

1
o
Proof that Ry commutes only with matrices kR, when 0 # 0,7.

The matrix equation

(2 (5 D) e

is equivalent to the system of two linear equations on unknowns x — ¢,y + z:

Sa—t)+es-(y+z)=0, —cs-(x—t)+s5>(y+z)=0,

which has the determinant D = s* + s°c> = s°. Fors = 0, the unknowns may take
arbitrary values; for s # 0, the solutionisx = 7,y = — z. QED. (We leave it to the
reader to fill in the details.)

(4) We will establish the existence of the logarithm with the help of the spectral
theorem if we verify that closeness to the identity and closeness to zero are
uniformly preserved by the similitude transformations using orthogonal matrices.
(Why?) In terms of a fixed matrix norm IL.Il (see section H10.17 above) this means
existence of K > 0 such that for any orthogonal operator G and ¢ > 0

|X||<e=||'GoXoG| <K, X —E|<e= |'GoXoG — E| <Ke.

Verify that for a multiplicative norm the preceding statement is true for K = sup
IGII?, where the least upper bound (sup) is considered over all orthogonal matrices
G. Specifically, we may take K = 1 for ||A||, = sup |Ax|/|x| = sup |Ax| (why?) and

x#0 |x|=1
K = 1 (the cubed dimension of the space) for llAll, = Yla;l. (Readers may derive
the inequality IIGll, < n*? for orthogonal matrices G from the inequality between
arithmetic and quadratic means discussed previously in the “Convexity and Related
Classical Inequalities” problem group.) QED.

(5) The Jacobi matrix corresponding to the left-hand side of this system is the
composition of nondegenerate matrices: the n* x n* matrix d[log(B~' o X)]/0X
and some (n —; 1 ) x n? matrix. (Work out the details.)

Similar arguments show that a diffeomorphism between manifolds maps submanifolds onto
submanifolds.

(7) For matrix representations of linear operators and the bilinear form () with
respect to any fixed basis, show that the desired expression for the matrix A” via the
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matrix A and the Gram matrix G is A* = G~! o ‘A o G (using for the definition the
dual identity (x, Ay) = (A"x, y) yields A* = '‘G~! 0 ‘A o 'G) and that a linear change
of variables determined by matrix C substitutes matrices ¢ and ¢~ by the same law
A—CoAoC ' A" CoA*oCL)

Using  this, identity A~ =A, VA is equivalent to that
A= (G '0'G)oAo(Go'G)"", VA, which means that G~! o'G commutes
with any matrix and, thus, is a dilatation: G 'o!G = JE. (Work out the details:
show that being a dilatation follows from commuting with n” basis matrices

A= (kM) (k,m=1..., n); here " = { 1O‘f k=i and m=j,

ij=1,..., otherwise
From this, ‘G = AG, and hence, G = /%G, so . = 1 or A = —1, which completes
the proof.

(9) Proof of inclusion {A: ¢ € G, Vt € R} C g. Denoting B, = ¢”* we will
have, according to (7), (B,)" = ¢”" and (B_,)" = (B;!)" = (B_,)" (thus, we may
apply these symbols as B*,, without brackets). We have B,o By oB_,oB* , =E,
which shows the commutativity of A and A”. Therefore, E = ¢ 0 A" = o!(A+47)
thus, for any small ¢ we have #(A + A") = 0, and so (using r # 0) A + A" = 0.
QED. (We leave it to the reader to fill in the details.)

(11) First prove that a map {R*xC* =G x G3 xGy — GL*(2,R) =
{A: detA>0}(g,g3,r)—g o g3 o r., where G is the group of dilatation by positive
scalar factors (G4 = R+*E), is a diffeomorphism of smooth manifolds. For this,
show that the same matrix equation as in section H10.27 (11) with a, b, ¢, d, such
that ad — bc > 0, is uniquely solvable for x > 0 and has the solution

x:r/ c2+d?, y
:(ac—i—bd)/r\/cz—i—dz, u:rd/\/cz—i—dz, v:rc/\/cz—i—dz,

where r = (ad — bc)”2 (x, y and u, v are homogeneous functions of a, b, c, d of

degrees, respectively, zero and one. This means that multiplication of a, b, ¢, d by a
common factor multiplies g3 by this factor but does not affect g.) Thus, between two
four-dimensional smooth manifolds, R*" x R x C* and GL*(2,R) (the second
one is a manifold, being an open subset of a vector space of matrices), with global
coordinates (x,y,u,v) and (a,b,c,d), respectively, there is one-to-one correspondence,
which is bidifferentiable at all points (work out the details using that ¢* + d* # 0),
and, thus, is a diffeomorphism. QED.

Second, show that SL(2,R) is a smooth submanifold of GL*(2,R) (of

codimension one). For this, consider the smooth map GL*(2,R) gt R, which is

a group homomorphism as well, having SL(2,R) as its kernel. Verify that det does
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not degenerate (has a rank of one) at any point; derive from it, with the help of the
implicit function theorem, that SL(2,RR), being the preimage of the single point (that
is, of a smooth submanifold of zero dimension), itself is a smooth submanifold of
codimension equal to 1:

dim GL*(2,R) — dim SL(2,R) = dim R** —dim {1} =1 -0 = 1.

This statement about the preimages of points corresponds to the so-called
transversality theorems. Readers will find an extensive discussion in Arnol’d
(1978), Arnol’d et al. (1982), and references therein.

Finally, the restriction of the preceding diffeomorphism G x Gz x G4 —

GL"(2,R) to the submanifold G x G3 x {E} obviously coincides with the map

{G xGy — SL(2,R) ; hence, the last one is a diffeomorphism, which

(g.83) — 8o
completes the proof. (Work out the details.)

On the other hand, groups SL(2,R) and S' x R? cannot be algebraically
isomorphic because the second group is Abelian, whereas the first is not.

(12) For skew-symmetric matrix A of dimension n we have

det A = det’A = det (—A) = (—1)"det A
(why?); hence, det A = 0 for odd n.

Next, for a symplectic form [,] on R*' and a one-dimensional subspace

1
0, C R*", let M be a hyperplane that is its skew-orthogonal complement, M = 0,.
(We have Q; C M; why?) Let P, be a one-dimensional subspace transversal to M

1
(transversality means that M + P; = Rz"). Since P; ¢ Q,, [,] is nondegenerate on
the two-dimensional subspace P; @ Q;. Now, consider a 2n — 2-dimensional

1
subspace N = (P, @& Q) . We will find
NO(P1®Q1) SMN(PL®01) =01
(why?), so a subspace on the left-hand side is equal to either zero space or Q.
(Why?) The second option cannot be realized because it would imply

1 1
01 C (P1 ® Q1) and, hence, the skew orthogonality of Q, with P, while P, ¢ O,

1
(work out the details). Thus, (P; ® Q) has zero intersection with P, € Q.
(Make a diagram of all considered inclusions and intersections.) Therefore, [,] is a

\
symplectic form on (P; & Q;), so the proof may be completed by induction on 7.
(Work out the details.)
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Next, an operator [ = (—E)l/2 could have its Jordan boxes either as
0 -1 1
1 0 1

N (O —l) or as L 0 -1 [(—E)"? exist only for even

£

1 0

dimensions], but the second option is topologically wrong (bringing II"vl — oo as
n — oo and some v & R*, as discussed previously in section E7.2 from the
“2 x 2 Matrices That Are Roots of Unity” problem group). Therefore, I can be
0 -1
1 0
represented by the matrix - with respect to some basis.
0 -1
1 0
The same statement can be proved also by induction as follows. Let L* be an I-
invariant subspace of dimension 2 k with 0 < k < n and v¢L. A two-dimensional
plane IT spanned on v and Iv is [-invariant, and so its intersection with L is I-
invariant; hence, it cannot be of dimension one, so IINL = {0} (why?), and the
proof may be completed by induction.

Finally, let I = (—E)"? have the same matrix as Gp with respect to some
Darboux basis. Then, agreement of [,] with the complex structure is expressed by
the equation ‘Gp o Gp o Gp = Gp, which is satisfied as being equivalent to a
complex-number equality (—i)-i-i = i. (Work out the details.) Thus, the agreement

holds. QED.

For a null space L we have L C L*, so dim L < dim L* = dim N — dim L if the form is
nondegenerate. Also, readers can establish the inequality 2 dim L < dim N by applying the
following lemma to the orthogonal complements to one-dimensional subspaces spanned on the
elements of any fixed basis of L.

Lemma. [fa bilinear form is nondegenerate, then for linearly independent vectors
V1. . Vi the hyperplanes H; = (Rv,)" are in a general position (which means that
codim (H; =) codimH; =) 1 for any of those intersections).

J J J

(Indeed, we have

€L
> 1=dim)_Rv; = codim (Z ]Rv,-,.) <codim (|H; < Y codim H; =Y 1.
J J J J i J

QED. Work out the details.) Lastly, readers may establish the inequality 2 dim L < dim N
proceeding by a combinatorial method, for instance, by calculating the determinant of the Gram
matrix via the Laplace decomposition (discussed previously in section E8.8 from the “A Property
of Orthogonal Matrices” problem group) with respect to the rows (or columns) corresponding to L.


http://dx.doi.org/10.1007/978-0-8176-8406-8_7
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Proof of theorem from section H10.27 (12). Necessity. Under agreement of symplectic and
complex structures, / maps Lagrangian planes onto transversal ones as these planes are orthogonal
with respect to a positive-definite form (,) = [/.,.]: (L, I(L)) = [I(L), I(L)] = [L, L] = 0.

Sufficiency. Let the condition of the theorem be satisfied, L a Lagrangian plane, and O, a one-
dimensional subspace of L and P; = I(Q;). Py cannot be skew-orthogonal with Q; because
otherwise P; + Q; would be contained in a Lagrangian plane [by the proposition from
section H10.27 (12)], which is not transversal with its /-image. (Work out the details.) Therefore,

IL) ¢ Qf; thus, an intersection M = I(L) N Qf is a hyperplane in I(L). (Why?) Next, we have
I(M) C L (create a diagram of all considered inclusions and intersections), so I (M) is skew-
orthogonal to Q; (since L is a null space), and thus M @ I(M) is skew-orthogonal to Q. Also, M is
skew-orthogonal to Py (since M + P, is a null space). In addition, Q; + M is a null space, and, by
the conditions of the theorem, I(Q; + M) = I(Q;) + I(M) is a null space, so [ (M) is skew-
orthogonal to P;. Finally, O, @ I(Q,) and M € I(M) are skew-orthogonal complements of
each other. Since R? is a sum of these subspaces, they have zero intersection (why?); hence, on
each of them the symplectic form is nondegenerate. Therefore, we may complete this proof by
induction, having established the theorem for n = 1. [Work out the details using (11) and the
equality det 7 = 1.] QED.

The operator [ = (—E)"? cannot have the same matrices with respect to any Darboux bases
because the elements of such a basis may be nonorthogonal and have distinct lengths (with respect
to the positive definite form [/.,.]). We suggest that more advanced readers carry out the following
calculation for n = 1: the set of Darboux bases is parameterized by the elements of SP(2) (how?);

in turn, the set of bases with respect to which / has the matrix ((1) _01 ) is parameterized,
according to section H10.27 3) above, by the elements of
R*™ x SO(2) = {(§ _j) - 0} >~ £* (how?); but these groups (considered as

smooth submanifolds in the matrix space) cannot be diffeomorphic (even homeomorphic) with
each other because dim C* < dim SP(2). [Work out the details using (11).]

For n > 1, mapping some Lagrangian plane onto a transversal one by
I = (—E)"? does not imply agreement of the complex and symplectic
structures. Readers are encouraged to find counterexamples on their own.

(20) Preserving orthogonality implies an affine property since a subspace of codimension & that
passes through a fixed point x is a set of the points x such that vectors x — x, are orthogonal to a
set of fixed mutually orthogonal other vectors ey,. . .,e; (work out the details.) Circles are mapped
onto circles and diametrically opposite points are mapped onto diametrically opposite ones
because planes are mapped onto planes and a circle is a set of the points in a plane from which
any fixed diameter is observed at a right angle. The centers are mapped onto the centers as they are
intersections of the diameters. (Work out the details.)

Proof of lemma. Using well-known elementary-geometric arguments, show that preserving the
lengths of vectors implies preserving the angles between vectors. In turn, preserving the lengths
and angles implies preserving the scalar product

(Tx,Ty)  {x,y)
e = T =[x, [Ty = |y = (T, Ty) = (x,y).
[Tx| - 1Ty [x] - Iyl

This implies the additive property of T

(T +y) = Tx =Ty, Tz) = (T(x + ), Tz) = {Tx, Tz) = (T, T2)
= <X+y,Z> - <X7Z> - <y,z> =0.
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Since the scalar product is a nondegenerate form, Vx,y,z, we have T(x + y) = Tx + Ty. In turn,
the additivity and preservation of the origin imply Z-linearity, T(nx) = nTx (n € Z), which is
equivalent to Q-linearity: Tx = T(nx/n) = nT(x/n). (Work out the details.) Finally, this yields, by
virtue of the continuity of T (why is it continuous?) and the density of QQ everywhere in R, the
desired R-linearity. QED. (We leave it to the reader to fill in the details.)

E10.28

Method 1 (Arnol’d 1975). By virtue of continuity of the determinant we have

dete® = det lim (E +A/n)" = lim det(E +A/n)"

n—o0 n—oo

lim (1 + trA/n+0(n"?))".

Finally, calculating the limit on the right-hand side in the same way as in
section H10.24 yields e A QED. (We leave it to the reader to fill in the details.)
Method 2. We have, taking into account the lemma in section H10.27,

S
deteA = H e)L — e/ieSpm-(A) — etrA.

A € Spec(A)

QED. (We leave it to the reader to fill in the details.)
Method 3. We have for a Jordan box, using the explicit formula from
section H10.18,

m ,
det e).E+N — (el) — oM — o ().E+N).

QED. (We leave it to the reader to fill in the details.)

Method 4. Applying the formula (*) from section P10.22"" with W(r) = ¢*" and
taking into account the differential equation for the exponential function from
section P10.15"" yields the differential equation D = D - trA for D(r) = det ™.
The obvious initial condition D(0) = 1 implies that the solution is D = "™ A and
D(1) = ¢"“. QED. (We leave it to the reader to fill in the details.)

E10.29

Existence of logarithms in space of matrices with complex entries. Since Jordan
boxes corresponding to different root subspaces commute, it is enough to consider
only one Jordan box. (Why? Answer using the results of section P10.18"".) For the
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A1
Jordan box - . - of dimension m determine by induction a basis with
o1
w1
iAo Af(m=1)! |
respect to which it has the matrix E ) R : =e K
A
A

(w=1In 2 =InlAl + iarg 1). QED. Also, these arguments show the existence of a
logarithm in the space of matrices with real entries when 4 > 0. (Work out the details.)

The existence of logarithms implies the existence of square roots (and any rational
powers) in the space of matrices (over any ring containing the rational field). Indeed,
I InB = (eMB/0)! = gnBla o o MB/1 = (B — B (Work out the details.)

q

The existence of square roots in the space of matrices with real entries implies

the condition in section P10.29"". If 2 < 0 is an eigenvalue of a source matrix, then

a square root has eigenvalues =+ iv/—A4, so the corresponding boxes of the Jordan
1| 1

canonical form over the reals have the form v —A1- ,

—1 -2 1
-1 |2 1

which has the matrix — 4 - as its square.

(Work out the details.) Convert the latter matrix to a matrix that consists of two
A1
equal diagonal blocks ( — ) of half-matrix dimension each by an

appropriate change in the basis, which will complete the proof.
The condition in section P10.29™" implies the existence of logarithms in the
space of matrices with real entries.
(a) A logarithm of a matrix consisting of equal Jordan boxes corresponding to
A < 0 is found in a few successive steps as follows. First, move to a basis with
-1 1
-1 1

respect to which the matrix has the form | /| - . Second,
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find a basis providing the form
-1 -1 —1/2! —1/3!
-1 -1 —1/2! —1/3!
Finally, verify that the last matrix has a logarithm
—n| 1

In|Z|-E+ | [T 1

(b) A logarithm of a block matrix consisting of a pair of equal Jordan
boxes corresponding to A = pgiie is produced by a generalization of the
previous construction (which corresponds to the special case 6 = m).

cosO —sinf0| 1
First, move to the form p - sinf  cos 0 1 , then to the form
cosf) —sinf| |cosf —sinf| |cosf/2! —sinB/2!| [cosf/3! —sind/3!
o sin@  cosO | |sin@ cosO| |sin0/2! cosO/2! sin0/3!  cos0/3!
-0 1
having Inp - E + 0 1 as one of its logarithms.

The existence of /B in GL(n,C) and, for B € GL(n,R) which satisfies the condition
from section P10.29", in GL(n,R) follows from the existence of the logarithms.
Also, the existence of {/B in GL(n,C) for all B and p and, for B € GL(n,R) and odd
p, in GL(n,R) can be established with the help of the following calculation: for the

A
Jordan box ( T ) of dimension m determine the basis with respect to
p -1 L. p p—m+1
W (m i )u
which it has the matrix : (u = P,
'upfl
Mp

p
w1
and verify its equality to ( . . > .
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Next, the conditions of the existence of roots of the matrices with zero

0 1
eigenvalues can be obtained by raising the Jordan box < — ) of dimen-

p
1
sion m to power p because ( . . ) has p — r Jordan boxes of dimension

[m/p] and r Jordan boxes of dimension [m/p] + 1, where r = m — [m/p] p (the
remainder from dividing m by p). (Work out the details.)

E10.30. A
Applying the same method as in section E10.29, find the basis with respect to which
o Aotp - )Lot{)”_l/(m— 1)'
J has the matrix - : = Ato) - "N
)v()t()
v

0 N

(N= — ) and define the necessary one-parameter group as g(f) = A(f)-e"".

Work out the details.

C. By virtue of continuity, it is sufficient to verify the uniqueness of the roots,
which means that

for any natural p, there exists a unique X such that X = J and on J’ s eigenspace
X = Atolp)E.

The uniqueness is established as follows. Since X commutes with J, it leaves the
root flag of J invariant:

L=Lo>Li>...oL,= {0} & [dmL = m—1 & | (}E —J) (L) = {0}
- KL=L.v]

(Why?) Therefore, for a Jordan basis eq,. . ..e,,_1 (Jeg = Aoeg, Je1 = eg + Aoey,
Je,_1 = e,_> + Ape,n_1) we have

Xeo = A(to/p) - eo,
Xey = ajpep + ay1e7,
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Xem_1 = tm_1,0€0 + Cm—1m—1€m—1-

p—1 )
Prove thateg + Age; = Je; = XPe| = {oclo > [i(to/p)]roﬂl’flﬂ }eo + off ey and,
r=0

hence, o, = Jo = [A(t9/p)]’. Therefore, oy, = A(to/p) (as otherwise we would have
P 5 r p—1l—r P [ )|’ 1, —
L= a0 22 [At/p) oy = o0 AL — 0) and oy0 = {pLAolp)P )

Proceed by a similar method to establish the uniqueness of «;; by induction [prove
that o; = A(fo/p) and a; with j < i are included in the corresponding equations with
the same coefficients p-[A(to/p))" " # 0]. QED.

D. Applying a similar method as in C, show that for any natural p there exists a
unique X such that X” = J and on J’s eigenspace X = A(to/p)-E. Consider the root
flag of J. (This flag differs from that in C as follows: the dimensions of the

: : 1 1 k

subspaces L; will decrease by any of 1,..., k as i grows.) Let ey, ... e, _1,..., ¢,
k . . l k . . .

.+, €, 1 be aJordan basis, so that L; is spanned one, ,, ..., €%, ;. Similarly, as in C,

we will have invariance of the subspaces L; with respect to operator X. Suppose we
have proved that

k

Xe’;:ZocieB—i—ﬁe{ (je{],...,k}, mj>1). *)

i=1
Find that in this case, similarly to the case in C,

p—1

k
el + doel = Je = XPe| = {Z [i(zo/p)]"ﬁ”“} DY el + Brel;
i=1

r=0

therefore, f = A(to/p), o; = {p-[Atolp)P~ "}, and a; = O for i # j. More gener-
ally, if we have proved that

k
Xe; = Z i€y + By + ...+ uej, (%)
P

then we could uniquely determine the coefficients by induction. Specifically, we
will find that 5;; = A(ty/p) and o; = O for i # j. (Verify!) Therefore, readers need to
establish the relations (**).

To do so, verify that the set *;, of linear operators on a space L, such that they
map a fixed subspace M into itself, forms a subalgebra of the operator algebra gl (L)
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(which means that *,, is closed with respect to the linear operations over
their elements and their compositions). Also, verify that the formula A% := Ax+
M X=x+MecL=LmodM = L/M) provides a correct definition of a linear
operator A on the quotient space L/M for A € *,; and the correspondence A—A
defines a homomorphism of R, into (in fact, onto) gl (L/M): kA = kA, A+ B =
A+B,AoB=AoB,E; =E;(s0 (A)"' = AT when A~ exists). Applying this to
L spannedone’ |, ... ,e"<1 and M spanned one), . . ., 6’5 (which is J’s eigenspace)
yields J = /g - E.

Next, since commuting operators always have common eigenspaces, X has the
same eigenspace as J, and so it has all its eigenvalues equal to A(fo/p), and
the characteristic polynomial is yx(1) = (4 — Ato/p))*. (Work out the details.) By
the Cayley-Hamilton theorem, X satisfies the polynomial equation (X — A(fo/p)-E)*
=0, s0 (X = A(to/p) - E)* =0 (why?); thus, X has all its eigenvalues equal to
Mtolp). Since X is a root of the identity (X = J = E) it must be a scalar operator:
X = Aty/p) - E. (Why? Apply the same topological arguments as discussed previ-
ously in section E7.2 from the “2 x 2 Matrices That Are Roots of Unity” problem
group to establish that X cannot have Jordan boxes of dimensions greater than one.)
This proves relation (*) and yields f = A(to/p). (Why?)

To prove (**), apply the induction on the length of the root flag of J using
equations (*). That is, assuming the relations )255 = /3/15€ + ...+ ﬁ,,é{ G=1,.,k
I =1,...,m; — 1) on the quotient space Lo/M, where, as described previously, L is
the whole space and M is J’s eigenspace, yields the relations (**) on Lo; in turn,
(**) = a;; = 0 for i # j (as discussed previously), so the assumed relations are
inductively reproduced. QED. (We leave it to the reader to fill in the details.)

E. For a Jordan matrix J of two boxes of equal dimensions corresponding to the

same eigenvalue 2o > 0, let e},... el |, €3 ... e | be aJordan basis as in D.
ViR ooRy - o1 0Rk
Verify that the matrices . . : , Wwhere
Ocmfl.,m72Rk

/2R

P = (COS 2nk/p  —sin an/p) and o;; are the same as in D, define linear

sin2znk/p  cos2mk/p
operators that are roots of degree p from J (with respect to the rearranged basis
e(l), eﬁ, e},e%7 ...). Verify that for k = 0,..., p — 1 these roots are distinct from

each other and that a logarithm exists for each of them. (Use section P10.29"" to
work out the details.) QED.
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Completing the Solution

S10.5. A

To prove the Leibnitz test for an alternating series, consider the sequences of its
partial sums of odd and, respectively, of even number of elements. One of these
sequences monotone grows, being bounded above (by the elements of the second
one), while the second one monotone decreases, being bounded below (by the
elements of the first one). Furthermore, the sequences have a common limit, since

the differences between their members tend to zero. (Work out the details.)
2’!
The estimate > k~!'>n/2 is easily derived by induction, using an obvious
k=2

n
inequality 5 + . .. + 547>2" - 537 = 5. To produce sharper estimates Inn> Y
k=2

k~'>1In(n+ 1) — 1, consider the graph of a function y = x' on [1,00) and two
series of rectangles based on segments [1,2], [2,3], [3,4], ... of the abscissas’ axes:
first, of heights 1, 1/2, 1/3,. . ., and the second, of heights 1/2, 1/3, 1/4, .... (Make a

1

n n
. P . . . . dx -1
figure.) Derive (giving attention to all details!) from it estimates J7> k;k and
n+1 n
f %< 3" k™!, which are equivalent to those being proved. Next, ¢, are sums of
1 k=1
areas of curvilinear triangles cut from the rectangles of the second series by the
curve y = x ', which shows a monotone growth of ¢, and brings all estimates in
section E10.5 concerning them. (Work out the details.”®)
C. Let a series ) f,(f) converge uniformly on ¢ € [a,b], which means, using the

S £)|<e

Cauchy criterion, that Ve > 0, Im,: Vn > m > m,, Vt € [a,b],

i=m+1
Then fora < t; <t, <b,
n 5] 5]
> Jroa) = [ 3 o Jzﬁ <t
i:m+ltl i=m+1 i=m+1

which proves the term-by-term integrability. (We leave it to the reader to work out
the details.)

n
36 Direct using inequalities Inn> > k~'>1In(n+ 1) — 1 brings rougher estimates ¢, < 1 + In
k=2
n—Inn+1@l+Inn—Inr+1)>3/2—-1/(n+ 1) — In 2; provide more details).
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S$10.6

On the proof, using Method 1, that the exponential series’ sums are all continuous
solutions of (*). While solving the Problem P10.5", we have proved continuous
differentiability of the exponential function (the sum of the exponential series) and
found that its derivative does not vanish (anywhere). For the readers’ convenience,
we briefly repeat those arguments here. By the d’Alembert test discussed in
section H10.5, the exponential series converges at any point. From this, using the
Abel’s lemma (also discussed in section H10.5), it converges uniformly on
any segment [—a,a] (in the complex version, on any disk centered at the origin),
so on any compact set, and the same is true for the series of its term-by-term
derivatives of any order. Using section H10.5C, the sum of exponential series is
infinitely differentiable (even infinitely continuously differentiable; why?).’
Finally, de'/dt = ' # 0.

Due to these considerations, ¢ satisfies the condition of the implicit function
theorem. Using this theorem, the exponential map realizes a homeomorphism (in
fact, an infinitely smooth, moreover, analytic diffeomorphism) of a neighborhood
of zero onto a neighborhood of unit. (In fact, it is an analytic diffeomorphism of R
onto R*".) Therefore, the inverse (logarithmic) map exists in a neighborhood of unit
and is continuous, so the function ¢ — In g(f) = K(¢) is continuous. (In fact, the
logarithmic map exists in R*" and is analytic there, but its Taylor-series has a finite
convergence radius with any center; can you find the relationship between the
radius and the center?’®) The rest of the proof is straightforward.

S10.13. D

Proof of the Dirichlet theorem (Cassels 1957, Schmidt 1980, and references therein). First consider
integer Q. To prove the first statement (existence of integer p and 0 < ¢ < Q, such that | p — ug
| < 071, consider the following Q + 1 numbers from the half-interval [0,1): O, {u}, ..., {Qu}

57 Experienced readers probably are familiar with the Weierstrass theorem stating that the sum of
a uniformly convergent series (in other terms, the limit of a uniformly convergent sequence) of
continuous functions itself is continuous. It is not difficult to prove, but we do not refer to this
theorem here.

38 Readers familiar with elements of complex analysis know that the complex exponential function
maps C onto C”, analytically, but not one-to-one. Indeed, this map is not one-sheeted but periodic
(or infinite-sheeted), having 2miZ as its group of periods. [This is also discussed in this problem
group (section H10.24).] Or the global complex logarithmic map is infinite-valued. The ramifica-
tion (branching) relates to a nonsimple connectedness of the domain C* = C\{0}. This map
cannot, due to its branching, be expanded into the Laurent series centered at the origin, although
C" is an annulus, and actually, a one-valued (or univalent) branch exists in a simply connected
domain obtained from C by removing a ray of the vertex at the origin. In addition, the convergence
radius of the Taylor series for (any branch of) the logarithmic map is finite with any center because
it is equal to the distance from the center to the nearest singular point (which is the origin).
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(where {.} denotes the fractional part of the corresponding number). If we partition [0,1) into O
half-intervals [#/Q, (n + 1)/Q): n = 0,...,Q — 1, at least two of these numbers will be contained
in one interval, therefore, there exist integers p1, ps, q1, g2, such that 0 < ¢; < ¢, < Q and |
(Ug2 — p2) — (ug1 — pl < o (Why?) Now we will complete the proof by setting p = p, —
p1 and g = g — ¢;. Similarly may be proved, the second statement (existence of integer p and
0<g<Q,such that | p — pug | < 0™ ". (Provide the details.) In turn, having proved that
statement for integer Q, existence of integer p and 0 < ¢ < Q, such that I p — ug | < Q™' will
be proved for noninteger Q (by considering [Q] + 1, where [.] is the integral part; work out the
details), which will complete the proof of the theorem.

Deduction of multidimensional generalization using Minkowski Theorem 1. The system of
inequalities appearing in the theorem formulation defines, in the space ]R{;’fy*”, a closed (m + n-
dimensional) parallelepiped, having the (m-dimensional) area of its (m-dimensional) base (2Q)"
and the (n-dimensional) length of its (n-dimensional) height (2Q7'"/ """ (provide a figure), so
having the (m + n-dimensional) volume (20)"- (20™"""Y" = 2™*" Thus, a straightforward appli-
cation of the Minkowski theorem yields the required result.

Deduction of Minkowski Theorem 2 from Theorem 3. With respect to the coordinates y = Mx,
the system of inequalities as in Theorem 2 determines a parallelepiped of volume 2* ¢;. . .c; with
the center at the origin of the coordinates, and returning to coordinates x retains the property of
being a parallelepiped and the center and multiplies the volume by Idet MI™'. (Work out the
details.)

Deduction of Minkowski Theorem 1 from Theorem 4 (Cassels 1957). Let K denote a convex
body as in Theorem 1. Application of Theorem 4 to a body (1 + &)K (¢ > 0) brings a nonempty set
of nonzero integral points of it, which is bounded and discrete and, thus, finite. Hence, since
(1 + &)K 2 (1 + &)K when ¢ > &,, there exists a nonzero integral point belonging to all of
(1 4+ ¢)K or, which is the same thing, belonging to ({(1 + &)K: &¢ > 0} = {the closure of
K} = K. (Work out the details.)

Deduction of Minkowski Theorem 3 from Theorem 4 (Cassels 1957). Do not widen the
preceding K in all possible directions producing (1 + ¢€)K; do so only in the direction of edges
coming in one of the contained faces. (We leave it to the reader to work out the details.)

(iii) For relatively prime integers my,...,m,, all integer-valued vectors (the
vectors of integer components) proportional to (my,...,m,) are integral multiples
of (my,. . .,m,). Indeed, consider a subgroup G = (R, +) of additive group (R", +),
formed by the vectors proportional to (my,...,m,). H= G N Z" is its closed
subgroup. Using the previous description in section P10.13. B™", H is a discrete
subgroup: H = 7Z. (Why?)59 Let (¢1,. . -,g,) be a generator of H; so we have (m;,. . .,
m,) = k-(q1,. . ..q,) for some k € Z, which implies k = +1 (by virtue of the
relative primality of my,. . .,m,), completing the proof.

(iv) On the proof of the theorem. If for the ideals of a ring the equality (A + B)

NC = (ANC) + (BNC) holds, putting A + C in place of C yields

3 There is a generalization stating that a subgroup of a direct sum of infinite cyclic groups is a
similar direct sum itself. (The number of summands, called rank, is invariant, similar to the
dimension of a vector space.) For finite ranks, this can be proved geometrically, generalizing the
approach developed in section S10.13. D (iii). Also, it may be proved with purely algebraic
methods using the following formulation: a subgroup of a free Abelian group is free itself.
Interested readers will find such a proof in Lang (1965). A complete proof, considering infinite
ranks, is in Fuchs (1970). Connected results, concerning free objects in categories of groups,
modules, and others, are discussed in group theory and homological algebra.
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A4+B)NA+C)=AN(A+C)+BN(A+C)=A+ (BNA)+(BNC)
=A+(BNC).

In turn, the equality (A + B) NC = (ANC) + (BNC) holds for the principal
ideals domain. Indeed, let a, b, and ¢ be generators for A, B, and C, respectively.
Consider factorizations by primesa = [[ p%, b = [] pl, ¢ = [ p™ (which formally
are taken over all equivalence classes of primes, but actually each contains a finite
number of factors with nonzero exponents). The ideals (A + B) NC and (ANC) +
(BNC) in the ring Z (more generally, in any Euclidean ring®”) are generated by

11 p?ax(nl”min<k”l“)) and J] p?in(max(k"m’)"max(l“"m“)), respectively, so establishing the

equality max (m,min(k,/)) = min(max (k,m),max (/,m)) for elements k, I, m of a
linearly ordered set (say, of the natural numbers) will complete the proof; we leave

the details to the reader.

The preceding deduction of the implication (A + B) NC = (ANC) + (BNC) = (A + B) N(A
+ C) = A + (BNC) shows that the implication holds for any sets of idealsK = {A,B,...} of aring
R, closed with respect to sums [that is, (A + B) K if A € K and B € K]. And so the result will
hold for the ideals from K, as long as the antecedent holds. That implication holds for a set of
mutually prime ideals of an associative unitary ring R, including R itself. Also, for such K, the
antecedent holds; indeed, since R has a unit, we have

(A+B)NC=RNC=C=R-C=(A+B)-C=A-C+B-C C (ANC)+(BNC)
g C7
and so for these K the result holds.

On the other hand, one may easily give examples of rings and ideals such that both antecedent
and consequent are strict inclusions, but not equalities. Indeed, in the ring of polynomials in x, y,
with the coefficients from an infinite field, consider the ideals A, B, C generated by x + y, x, y,
respectively. (We leave it to the reader to work out the details.)

S10.13. F

Let 0, 0, be complex arguments of the eigenvalues of B, incommensurable with

27 and commensurable modulo 27: my0; = m;0, mod (27) for some relatively

]+27'Ek1 7é 92+2nk

prime m,, m,. Choosing integers k1, k, such that=--"=t 2and the remaining £;

%0 This is a ring for which any computation using Euclid’s algorithm is finite. More formally, it is
defined as an integral domain considered as a Euclidean module (as defined in section E10.13. D)
over itself whose Euclidean function has the following extra property: ab = ¢ = ¢ (a), e (b) < ¢
(c). The Euclidean ring is a unitary one because the existence of the identity element is implied by
the property of being a Euclidean module; indeed, if ¢ (a) = min(¢) and ae = a, then e is that
element. (Fill in the details. Warning: the ring of even integers is a Euclidean module over Z, but it
is not a Euclidean ring!) Also, the Euclidean ring is a principal ideal domain, but the unique
factorization theorem (holding for any such domains) may be proved for Euclidean rings without
use of an axiom of choice (using an induction on the ordering in the range of the Euclidean
function). Interested readers will find the details in Van der Waerden (1971, 1967).
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arbitrarily, and defining the corresponding angular velocities as w; = (0; + 27nk)/ty
for any fixed o # 0 yields the one-parameter group g, with g(fo) = B, which on the
eigenspaces acts as multiplications by scalars cos ;¢ + i sin wjt, respectively, but
w;t will never (for any f) become integral multiples of 27 simultaneously for all ;.
(We leave it to the reader to work out the details.)

S10.17

By the lemma in section P10.17"", ¢""

for the matrix series e”.

A generalization of the statement in section H10.5C for the series of univariable
vector or matrix functions may be established by the same method as in sec-
tion E10.5, employing vector- valued (resp. matrix- valued) integrals instead of
scalar ones.

is a majorant convergent numerical series

S$10.18

A simple example of a nondifferentiable function, but with directional derivatives, is produced by

Flry) = {x~ sin(2 arctg?) = ‘%‘j}’z for X2 +y2#0
0, for > 4+y2=0
graph at (0,0,0) € Ri.y.f,
y = 0 of this plane), so the differential would be zero at the origin. Readers may verify that the
directional derivative at the origin in the direction of any increment v = (cosf, sinf)) exists,

. Indeed, if it had the tangent plane to its

it would be f = O (because the graph contains straight lines x = 0 and

equaling %(0,0) = cos 0 - sin20, which in general is distinct from zero, thereby making the
function nondifferentiable. The directional derivative depends on the increment nonlinearly
(since cos 0 - sin 20 is identical with a-cos 6 + b-sin 0 for no constants a, b). Also this proves

2
xye’l/"

nondifferentiability at the origin. f(x,y) = { 22 for x,y #0, yields a finer example of a
0, forx=00ry=0

nondifferentiable function with a directional derivative at the origin, linear with respect to
the increment (in fact, the derivative equals zero). A limit relation f(x,y)/(x2 + yz)'/2 — Y5 for y
=(—1In|x |)"/2, as x — 0, shows nondifferentiability at the origin. (Fill in all the details.)

The functions of the preceding examples were continuous. Readers may find discontinuous
functions having directional derivatives one their own; also, examples may be found in Gelbaum
and Olmsted (1964).

Next, readers may obtain the estimates in section E10.18 as follows. First,

|4" =B"|| = [|A" —AoB" ' +AcB ' —B"| < [JA|-|lA""" —B""|
n—1
+ [IA[" -1l = B,
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which yields the desired result by using the inductive hypothesis. (Work out the
details.) Using it and adding +Bo...oBoHoAo...0A to Ao...0cAoHo
—— — —
k—1 n—k k—1
Ao...0cA—Bo...oBoHoBo...oB yields
—_—— N —_——
n—k k—1 n—k

Ao...cAoHoAo...0cA—Bo...oBoHoBo...oB
N—— —— Y——— S——
k—1 n—k k—1 n—k

n—k k—2
<|H|-|A =Bl - [(k=DIA[" " max (|A],[|B]])

+ (= B IBI max (4], 181)"],

which produces the desired result. (Work out the details.) From this, in turn,

¥ deX = 1
) -G @) < o0y

n
I
k=1

—

Ao...0AoHoAo...0A
—
k—1 n—k

—Bo...oBoHoBo...oB|
—_— ——
k—1 n—k

<|[IH]| - l|A - BI| - i () 'n(n = 1) - max (JA], |B])"?

n=1

= ||H| - ||A - B . emax(AlLIBI)

QED. (We leave it to the reader to fill in the details.)

We do not want the previous calculations to give the reader the impression that the exponential
series have some special properties of differentiability. This is wrong, and, in fact, similar
estimates are valid for any matrix series with nonzero convergence radii; indeed, the coefficients’
decreasing at the rate of a geometric progression will remain after multiplying them by factors of a
polynomial growth.

A. The sum of a convergent numerical series ) a, of nonnegative elements, S, is

n
the least upper bound for the partial sums: S =sup > a;. Therefore, Ve > 0,
noi=1
dn = n(e) such that > a;<e for any finite index set I of elements greater than n
i€l
(¢). This implies commutative convergence, which means that the sum remains
invariant after any permutations of the terms. Indeed, with the notation n,(¢) =

max (o7 !(i)), relative to a permutation ¢ on the natural number series, we have
1<i<n(e)

n k
Y_ai— ) as;|<e for any n > n(e) and k > ng(e). (Work out the details.)
i=1 j=1
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Similarly, for a normally convergent series Y /A, for any ¢ > 0 there exists a natural

n(e) such that > ||A;||<e for any finite index set I consisting of elements greater
iel

than n(e), which implies the commutative convergence of Y A,, keeping the sum

n k
invariant. Indeed, we have ||> A; — > A(;)||<e for any n > n(e) and k > nq(e).
i=1 j=1
(We leave it to the reader to work out the details.)

A famous classic theorem established by Bernhard Riemann states that the commutative
convergence of a numerical series implies absolute one (and so is equivalent to it),%" which may be
generalized for series in finite-dimensional vector spaces (replacing absolute convergence by
normal one).

In the foregoing considerations, the permutations were assumed finite, that is, there was always a
finite number of elements of the rearranged series {(0), a(1), ...} between any two elements (1)
and o(n + 1). May we expect an equivalence of commutative and absolute (resp. normal)
convergences using transfinite rearrangements that break the natural-type ordering®? Our intuition
votes for the positive answer; but first we must define commutative and normal convergences of
series of such exotically ordered index sets!

Such definitions might comprise a transfinite induction on the ordering; however, in the end we
will have to deal with the supremum on sums of positive numbers taken over finite index subsets,
so we do not need any unjustified complications. Following Schwartz and Huet (1961), let us call a
countable family {v;};=; in a vector space that is complete with respect to a fixed norm IL.Il (e.g., in a
finite-dimensional space it may be the maximum, or the sum of absolute values of coordinates with
respect to a fixed basis) summable to a sum S = > v; if, given Ve > 0, there exists a finite subset

icl
J. C I such that ‘S — Y vi||<e for any finite set J, C J C I. As readers may easily verify,
iel
summability is equivalent to the existence, Ve > 0, of a finite subset J, C I such that || > v;||<e
ick

for any finite set K C I\, (the Cauchy criterion), which in turn implies the uniqueness of the sum.

A normal summability is defined in a similar way, using the inequality > ||v;||<e. (In other
ik

words, the normal summability of a family is the summability of the family of its term-by-term
norms in R*.) Note that we do not consider the index set / as having any order, so that the
summability is commutative by definition.

As discussed previously in the “2 x 2 Matrices That Are Roots of Unity” problem group (see
section H7.6), the norms in a finite-dimensional space are equivalent, c;-Ivll; < Ivlly < cp:lvlly,
Vv, with appropriate (constant) ¢1,c, > 0, and so we may do without the norm’s specification when
dealing with finite-dimensional spaces.

STA proof close to the original can be found in Fichtengoltz (1970).

62 For example, defining a new order “<”as2 k < 2n,2k+ 1 <2n+ lfork<n2k+1<
2n, Yk,n, or even in a more sophisticated way, as pr‘ < pr", if, for some n, o; < f;,Vi > n
and o, < f,. (In the last formula, the products are formally taken over all primes p; = 2,

p2 = 3,..., but actually each contains a finite number of factors with nonzero exponents.)
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The reader should verify that normally convergent series (single or multiple) are normally
summable families, and a convergent, but not absolutely convergent, numerical series is not a
summable family. (Use Riemann’s theorem to find inadmissible sets J D J..)

Evidently, normal summability implies summability. The analog of Riemann’s theorem also
holds.

Theorem. A summable family in a finite-dimensional space is normally summable.
(Specifically, this theorem concerns real-, complex-, quaternion-, matrix-, and
similar valued families.) A proof is made using the following lemma.

Lemma. A family is summable if, for some finite partition of the index set I = \ I,
the corresponding subfamilies are summable, and in this case S = }S,. Con-
versely, for any finite partition of the index set, the subfamilies are summable if
the whole family is summable.

This claim is directly implied by the Cauchy criterion. (Work out the details.) Now, a common
proof of the theorem for scalar (real-valued) families uses partitions into nonnegative and negative
subfamilies, as the summability of these subfamilies obviously is equivalent to absolute summa-
bility. (Work out the details.) Actually, all finite-dimensional families allow similar partitions!
Finding them will require a bit more consideration. Cover the unit sphere by a finite number of
convex bodies (say, balls) of diameters less than one-half. (Why is this possible?) Using for the
vectors the spherical coordinates v < (r,0) (r = Ivl, @ = v/Ivl), partition the source family into
subfamilies of ¢ belonging to those bodies, respectively. We must establish the normal summabil-
ity of these subfamilies, so consider any of them as a separate family. Let J, be a finite index subset

> vi

ick

such that <e¢ for any finite set K C I\, (in accordance with the Cauchy criterion). We

obtain

e> Zriai = Zri . Ziriai.

ick ick =

Our convex body contains the vector Y X
iek £4"
jeK

a; (why?), so its modulus cannot be less than one-

half, and, finally, 2¢> > r;, which, using the Euclidean norm (since any norm may be employed),
iekK
shows normal summability. QED. (We leave it to the reader to fill in the details.)
B. (A special case of this theorem concerning absolutely convergent numerical
series was established by A.L. Cauchy.) Consider, for simplicity, the product of two
normally convergent series. (The general case follows from it by induction.) We

have, using the notations a; = lA]ll, b; = B,

k n

> aib; = <Z a,-) | 3> b; |, which, accounting for the lemma in sec-

0<i<k0<j<n i=0 j=0

tion E10.17, shows the (normal) convergence of the double series > Ay o B,. To
k.n

find its sum, we may, due to the normal convergence, use partial sums of k = n
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only. (Why? Readers may fill in the details drawing some quite elementary
arguments or using a more advanced technique discussed previously in paragraph

A.) And the sequence of those partial sums of series Y . A; o B, is the same as that of
k.n
products of partial sums of series Y'A,, and Y B,,, which completes the proof.
Applying the proof to the exponential series e*™ = 37 (kln!) "' A* o B" (for commuting A, B)
k.n
yields the equality of this series to the product of the sums of series ¢” and e®. (We leave it to the
reader to work out the details.)

C. We have
n n-+ngp n+ng
—ng —ng k
E ak+,,0tk Sl‘l E \ak|t’{§Ct1 E |t1/t0| — 0 as
k=m+1 k=m-+ny+1 k=m+no+1
m,n — oo,

which yields the required result using the Cauchy criterion.

D. Denoting max (llAILIIBI) = ¢ and replacing coefficients of the series R;(A,B)
by their absolute values yields majorizing numerical series, having uniformly
bounded sums for bounded 7. (Apply paragraph C to work out the details.)

S$10.20

On the proof of the lemma in section H10.20. Consider, fixing any basis, matrices
for the linear operators of a sequence, convergent with application to any vector.
Show that the sequence of these matrices converges in the matrix space. (Consider
the convergences of the sequences of columns corresponding to any fixed indices.)
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$10.21

On the step “(if) = (iii)” in the proof (in section H10.21) of the proposition from

section P10.21"", All quasimonomials, including (k;!) ' %", and (k;!) ™' 5e%" cos
ot , (kj!)_lt"-fei-f’ sinw;jt for w; #0, of k;=0,1,...,N;, for any fixed set of
nonnegative integers N; and any fixed set of distinct complex numbers z; = A; + i),
are intheir totality linearly independent because they form a fundamental
base (a basis of the vector space) of solutions of a linear autonomous
ODE of order > (N;+1)+2 Y (N;+1) * (namely, “ [] (4— 4E)N+H!
;=0 w;#0 W=

I1 [(% — LE)? + wsz} Ni+l x = 0”). A straightforward verification shows that,
;70

actually, for the operator d/dt on the space of solutions S, z; (taken with their
multiplicities) are the eigenvalues, and those quasimonomials form a Jordan
basis (over the reals). (The reader is encouraged to perform all the necessary

63 Readers not experienced enough in ODE are encouraged to use a different method of establishing
the linear independence of those quasimonomials (as functions on R). Let some linear combination
of these monomilas be identical to zero: f := Y (p;(¢) cos w;t + ¢;(t) sinw;t) €*' = 0. The same
arguments as were used in section E10.21 to prove Proposition 2 show that f cannot include
nontrivial exponential or polynomial terms (because otherwise f would be unbounded; complete
the details), so f has the form f = > Ajcosw;t + B;sinw;t, with constant coefficients Aj, B;.
We may assume that all w; > 0. (Why?) We must verify that the coefficients vanish. (The
summand B; sin 0 corresponding to w; = 0 may be excluded from consideration.) The summands
of f may be expanded into power series, convergent for any ¢, so f may be expanded into power
series itself. Such a series is unique (and thus is a Taylor series) because a function that is the sum
of a convergent power series cannot possess a nondiscrete zero set. (Fill in the details.) Hence,
Taylor expansions of the summands of f are summed in a zero series, which, using commutative
convergence (as discussed in section S10.18 above), yields the equations

D A=0, > Awl=0, > Aw!=0,... and » Bjw;=0, » Bjw] =0,

ki k
wOO e wno

The generalized Vandermonde determinants det| : : are positive for 0 < wg <
0)’5" ol

... < wyand ky < ... < k,. [Readers should try to prove these relations; also, we give a proof

subsequently in the “Least Squares and Chebyshev Systems” problem group: a quite elementary
proof, for a special case of natural kj, is discussed in section H12.4, and in the general case, a proof
follows from the results of section P12.10; in addition, a different proof can be found in Polya et al.
(1964).] Therefore, we will find that A; and B; vanish. QED. (We leave it to the reader to fill in the
details.)


http://dx.doi.org/10.1007/978-0-8176-8406-8_12
http://dx.doi.org/10.1007/978-0-8176-8406-8_12

286 One-Parameter Groups of Linear Transformations

computations! The linear independence of the preceding solutions may be
proved using the proposition discussed later in this section.)

We must prove that a vector space of differentiable functions, closed with
respect to the derivatives of its elements, will contain all of * if it contains a
quasipolynomial  f =3 (p;(r) cos w;t + ¢;(r) sinw;t) €'  with max (deg p;,

deg g;) = N;, Vj. Arrange the quasimonomial basis as a sequence up, . .. ,u}vl s
VG WG -5 VR s Wh - - - (Vectors ufq and vﬁq, wﬁfj correspond, respectively, to real and
nonreal z;) and consider the related Jordan flagi =iy O ... D .'.11\/1 D...DI0y D...

Dy D ... D {0} (of the dimensions decreasing, respectively, by one and two in
its first and second parts). By construction, the flag is invariant with respect to d/dt
(which means that d/df maps all subspaces of the flag into themselves). Verify that
for real eigenvalues, d/dt — A;E maps 'I",;] onto T;;,f 41 (where vaj = 'I’{)H) and is an
isomorphism on a root subspace corresponding to a distinct z;, but for nonreal
eigenvalues, d/dt — /,E is an isomorphism on a root subspace corresponding to
both z; and any other nonreal eigenvalue (because dx/dt and x are not real-
proportional, regardless of the x chosen in such a subspace), and along with it, (d/

dt — /l,E)2 + ijE maps "TL, onto 'I'f{/_ +1 (where '1/\/, = ]). Derive from it the linear

independence of the vectors

d ) d Ni+1 d Ni+1 d
f7 (E—A1E>f,...7 (E—AIE> f7 (E_ilE> (E_;QE)]C’"'?

d N;+1 d . N;+1 d
1) (o) oo

J

d Nj+1 d . 2 '

J

(what is the last term?), completing the proof.

Note that similar results may be proved concerning a Jordan flag for any linear
operator on a finite-dimensional vector space that possesses a single Jordan box (in
a complexified space) corresponding to any of its eigenvalues! In particular, the
following proposition is true.

Proposition. If, for nonzero elements ey,...,e1n,...,€k1,... ,€kn Of some
vector space, a linear operator A on it, and distinct scalars Ay,. . ., A, (A — LE)e;
=e41 for r=1,..,nm —1and (A—AE)ei,, =0, VYi=1,.., k, then these
vectors are linearly independent.

Proof. If, for nonzero elements vy,..., v, of some vector space and a linear
operator B on it, Bv; = v,, ..., Bv,_; = v, and By, = 0, then these vectors are
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linearly independent: a linear combination / = ) o;v; equaling zero does not contain
the term o;v; with o; # 0, because that would imply that 0 # ov, = B" ' [ =
B0 = 0, and so on. Hence, ¢;1, ..., ¢;,, are linearly independent for any i. The
subspaces L; spanned on these vectors are invariant with respect to all of A — A;E.
For j # i, the restriction of A — ;E to L; is an isomorphism because it does not map
a nonzero vector onto zero: that is, a linear combination ) ,¢;, that has its first
nonzero coefficient at » = r( is mapped onto a vector of the form (4; — 4;)o €, +
terms proportional to e, with r > rq, which is distinct from zero. Thus, L; intersects

with a kernel of ] (A — /le)""“, which contains the sum of the rest of L;, by {0}.
J#i
We leave it to the reader to complete the proof.
As readers familiar with linear differential equations know, an ODE of nth order f ! + a,f
l=ll g 4 a,f =0 may be considered a linear system x=Ax: x= (Xp,....X;—1),
0 1
A= 0 E O e Such a matrix possesses a single Jordan box (in a complexified
—a, - o —a
space) corresponding to any of its eigenvalues (and, of course, conversely, a matrix with this property
is similar to A, with certain aj,...,a,), and has the characteristic polynomial y5(4) = 1 " 4+ a;4
"=l 4+ ..+ a, Indeed, a direct computation yields for an eigenvector x corresponding to an
eigenvalue / equations

X| = AX0y v vy Xnog = AXy_p, A+ a1y + ...+ apxo =0,

from which, taking into account that x # 0, so that x, may be set to 1, we obtain, in succession,
x; = 2, and from the final equation, 4 " + a4 =l 4 .+ a,=0. QED. (We leave it to the
reader to fill in the details.) Another version of the proof using linear differential equations is in
Arnol’d (1975).

S10.24

More advanced readers familiar with differential forms and the complex (Cauchy) integration may
determine ker exp by arguing as follows. It is a discrete group, and so the (many-valued) complex
logarithm satisfies the equations (**) from section P10. 10" for s close to 1 and any t. (Why? Work
out the details.) Derive from it the differential equation for a logarithmic function. (Also, this
equation may be obtained from the differential equation for the exponential function from
section P10.3", using the implicit function theorem as discussed in section H10.10.) We have
the differential form d In z = dz/z, which is one-valued on the punctured complex straight line
C"=C\{0}).Itis a holomorphic, then (by the Cauchy theorem; work out the details) a closed
form, and therefore, it is an exact form (a differential) on a simply connected domain obtained
from C by removing a ray with its vertex at the origin. Thus, a one-valued logarithm’s branch

exists in such a domain, that is, defined as Inz = f%, with the integral on the right-hand side taken
1

along any rectifiable curve in this domain between 1 and z. However, dz/z is not a differential
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on C" because values of the preceding integral taken along different curves in C* may differ by a
multiple of a certain number because it is just a generator of the group ker exp. (In turn, the
multiplicity equals the index of the curve, that is, the number of complete counterclockwise minus
clockwise rotations around the origin.)®* Thus, the generator may be found by contour integration
L “i along any (rectifiable) closed loop, one time going around the origin (any such loop will do
because of the closure of dz/z, which implies equality to zero of the integral along a boundary; fill
in the details). Finally, integration along a circle centered at the origin gives 27 for the integral,
resulting in 27iZ for ker exp. QED. (We leave it to the reader to fill in the details.)

S10.27

(5) The Jacobi matrix can be decomposed into the following three factors: (1) an
n® x n* matrix, corresponding to an invertible, thus nondegenerate, linear map
X — B~ "o X; (2) n* x n® matrix 0 log X/0X, nondegenerate in a neighborhood
n+1
2

to the linear system Yy, + Y, = 0: k,m = 1,...,n, nondegenerate because

it has (;) linearly independent solutions {Y,E::,’;)}k

of E, by section P10.27"" (4); and (3) an ( ) x n* matrix, corresponding

(1<j<i<n)of

m=

1 for k=i, m=j

Y,EZ) =4 —1 for k=j m=i. (We leave it to the reader to complete the
0 otherwise
proof.)

(7) The desired formula A"—CoA"o(C! formally follows from the formulas
A"—G 'o/AoG,c—CocoC 'andG—'C "' oG o C'. (Weleave it to the
reader to work out the details.)

(9) Alternatively, readers may prove the implication ¢4 0 e4” = E, Vt = A + A*
A"

= 0 via differentiation. Differentiating the left-hand side of the identity ¢ o e
= FE at t = 0 by the differentiation formula for composite functions (or maps)

| 0,00, ) = (), ¥(0), ) (1)
+%(u(to),v(t0), o T )+

64 Readers familiar as well with coverings know that, topologically, an exponential map realizes an
~ RxR — R™xS§'~C
= x+yi a e e
[0,27] — C”, rotating n times around the origin, into the total space of the covering is an open loop
connecting points u, v, of the kth and (k + n)th sheets of this covering, respectively, such that
e" = ¢". (Produce a figure.) Pay attention to the realization of the raising, as it is made by the
logarithmic map (inverse to the exponential), defined by integrating the differential form dz/z
along the source loop in C"!

infinite-sheeted covering { ((z: . The raising of a closed loop
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or, more exactly, by its special case commonly known as the Leibniz differentiation
rule for multilinear functions (or maps) f, yields A + A",andsoA + A" = 0. QED.
(We leave it to the reader to fill in the details.)

(11) Obviously, the map (x,y,u,v) — (a,b,c,d) is (infinitely) differentiable
(actually, rational, with no poles if x # 0). It is also invertible since the
denominators in the explicit inversion formulas from section E10.27 (11) do not
vanish (so the definition of the inverse map by these formulas is correct for any a, b, c,
and d with ad — bc > 0). The map defined by the inversion formulas is (infinitely)
differentiable since the nonvanishing of the denominators makes the partial
derivatives continuous everywhere. (Use the results discussed previously in sec-
tion E10.18.) Therefore, the (source and inverse) map is (infinitely) bidifferentiable.

Actually this map is bianalytic (an analytic diffeomorphism), which may be verified by direct
expansion into a Taylor series. (Work out the details.) Also, it may be found using the implicit
function theorem because the map is analytic and has a nonvanishing Jacobian [equal to
2% + ) (compute it!), which does not vanish if x # 0 and W+ 2 #0].

(12) A general example of disagreement of complex and symplectic structures
while some Lagrangian plane is mapped by I = (—E)"? onto a transversal one may
be given as follows. Consider a symplectic space R* with a Darboux basis &}, 7;,
€2, M (so that for v/ = "1 &y +y' 1y + 28, +yomy and V' = X1 &y + " my + 12
E+yom, [V V'] = Y ¥y —x"1y;). Readers may verify that a linear operator

i=1.2

mapping the basis vectors onto, respectively, 7., &, —n;, —&; is a square root
from — FE and disagrees with [.,.]. (Work out the details; for instance, verify that /
maps the Lagrangian space spanned on &; + 7, and &, + 7, onto itself, and not
onto a transversal plane.)

(13) A complex n x n matrix ¢ satisfying the equation A 4 ‘A = 0 is uniquely
defined, given any n complex entries above its diagonal and any n real diagonal
entries, so the dimension, over the reals, is dim u(n) = n%. In turn, a real 2n X 2n
matrix (A“ A21> satisfying the equations A, + 'Ajp = 0, Ay + 'Ayy =0,

A Ap
and A;; — 'Ay, = 0 is uniquely determined by n(n + 1) entries of Aj, and A,
placed above and on their diagonals and n” entries of G11, 0 dim sp(n) = n(n + 1)
+n*=n@n+1).

(20) To complete the proof, we must show that if the map T preserves orthogo-
nality, it will preserve parallelism and coefficients of proportionality between affine
vectors. Preserving orthogonality implies preserving parallelism, so the vertices of
a parallelogram are mapped onto the vertices of a parallelogram; therefore,
establishing proportional lengthening of the vectors of the same starting point is
enough. With this, since vectors of equal lengths and of the same starting point are
lengthened equally, it is enough to consider collinear vectors. (Work out the
details.) Therefore, restrict T to a straight line. Since for three sequential points
X, ¥, z on this line y is always a basis of the height of a rectangular triangle with a
hypotenuse xz, T preserves or inverts the order of the points, in other words, is
monotone. (Why?) Since preserving the equality of lengths implies proportionally
lengthening the vectors of commensurable lengths (why?), T has no gaps of
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nonempty interior in the range of its images and so, taking the monotonicity into
account, is continuous on this straight line. (Work out the details.) As a result, T
lengthens all vectors proportionally. QED.



Some Problems in Combinatorics and Analysis
That Can Be Explored Using Generating
Functions

Problems

P11.0

Preliminaries. For a finite (or countably infinite) sequence a,, the generating
function is defined as the polynomial (resp. formal series) >a, 7. For a multi-
sequence a,, . . , the generating function is a polynomial or series in several variables
Yamp,. - U "

“Readers familiar with formal power series and partial fractions probably know that
generating functions can be effectively used for the explicit determination of general terms of
linear recursive sequences.2 Let us consider the sequence {f,,}, — 0.1... with fo = 1 satisfying the
recursion relation f,,; = Af,. These conditions impose on the generating function F(¢) = Y f," a
linear equation F — 1 = AtF, or (1 — Af)-F = 1, having the solution F = (1 — i~ = >(n",
so that f, = A". Generalizing, a sequence obeys a linear k-term recursion relation f,, ;= myf, 41
+ ... + myf, (m; # 0) if and only if its generating function F(7) satisfies the equation F — f}(,lt’(*1

— i —fo=mt (F — i 2 — . —f) + ... + md"F, or [t )-F = p(), where y(1) =
— m~" — ... — myand p is a polynomial of degree smaller than or equal to k — 1 defined viaf,. . .,
fi_1 and my,. . ., my; this polynomial is linear on tuples (fy,. . ., fr_;) and has the constant term f,.> If

Aty - ., A; are the distinct roots of y(f) and have multiplicities ky,. .., k; (k; + ... + k; = k), then the
partial fraction expansion of F = p(f)/[¢(:~")] over the field C gives a linear combination with
numerical coefficients of (1 — ;)i = 0,..., I, s = 0,..., k;. In turn, there are formal expansions
suchas (1 — 20~ = Y(con* ™' + ... + ¢,_1)(A)", with numerical coefficients ¢; depending only on
s and A; and such that ¢, # 0, which follows directly from the foregoing expansion of (1 — A1)~ " and
the identity &~ '[(1 — A)~'Ydr'™" = (s — 1)! 2*~'(1 — Ar)~". This makes it possible to define a

! Readers experienced in analysis will probably notice that the generating function resembles a
Laplace transform.

2The algorithm described subsequently is important for the design of recursive digital filters
(Williams 1986).

3 How would the equation for F change if sequences were assumed to obey the recursion relation
for n > ny, depending on the sequence?

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 291
DOI 10.1007/978-0-8176-8406-8_11, © Springer Science+Business Media, LLC 2013
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canonical basis in the vector space of all sequences of the preceding recursion relation” in terms of the
distinct roots Ay,. .., 4; of y and their multiplicities k. . ., k.. Over the field C, this basis consists of
{0, {1, AN Y {07127}, and over R (when my,..., my are real), it
includes {A!},..., {n“~'2"} for the real roots 4; and {ReA!},..., {n""'ReA!}, {Imi},...,
{n"" TmA! } for the complex conjugate pairs Z;, ;. (WAy are these sequences linearly independent?)
Thus, a sequence {f,} is a linear combination with numerical coefficients of elements of a canonical
basis, related to fixed nonzero 1. . ., A;and positive integers ky,. . ., k; if and only if it obeys the linear k-
term recursion relation f,,  , = mify i1 + ... + myfy, suchthatk = ky + ... + k;and y(t) = ~—
mltk’ — ... — my is a polynomial of the distinct roots A,. .., A, with the multiplicities ky,. . ., k;,
respectively. Also, using the fact that the aforementioned polynomial p has the constant term f;,, we can
conclude that a finite-dimensional vector space of sequences consists of all sequences obeying the same
linear recursion relation if and only if a sequence remains in the space after the substitution of the
generating function as F — (F — fo)/t, which is equivalent to removing the first element, f, from the
sequence.’

For example, using A = 1 of multiplicity k results in y(r) = (t — 1)*, and therefore,
every polynomial sequence of degree smaller than or equal to k — 1, f, = agn*™' + ... + a_1,

satisfies the linear k-term recursion relation with m, = (71)’77l (5) ,qg=1,.., k.° Hence,

k .
1 k 7V — 0 lf k7 . . 7
Igo( 1)(1>(n l)]—{k! if k:jformtegeranijZO.

For a sequence of a linear k-term recursion relation, the coefficients with respect to the
canonical basis can be obtained by decomposing the first k terms of the sequence with respect to
the corresponding terms of elements of the basis. Consider, for example, a generalized Fibonacci
sequence f_1, fo, f1, f2,. .. defined by the initial conditions f_| = ¢, fo = n and the recursion
relation f,, = m f,,_| + f,_» for n > 0 [usually, m, &, and 7 are integers and m > 0, so that

“It is a k-dimensional space isomorphic to the space of all k-tuples (fo,. . ., fr_1).

51t can also be proved without using generating functions. (How?) A “continuous” analog, related
to functions and ordinary linear differential equations instead of discrete sequences and linear
recursion relations, was discussed previously in sections P10.20, P10.21 and P10.22 ( “One-
Parameter Groups of Linear Transformations” problem group). To learn more about the close
ties between linear recursion relations and autonomous ordinary linear differential equations see
Arnol’d (1975).

(’mq can also be found by a different method — from a system of linear equations with a

Vandermonde determinant as i = mh_ + ... mkhOj:j =0,.,k—1,using iy =1, VI =0,
..., k; the solution of the system, my_; = [] (hx — hy)/(hi — hy) = (—l)kflfi(l;> ,i=0,...,
S, SF#1

k — 1, is obtained by Cramer’s rule taking into account the explicit expression for the
Vandermonde determinant (see, e.g., section E1.1, the “Jacobi Identities and Related Combinato-
rial Formulas” problem group above), by means of the Jacobi identities (section P1.1), or using the
fact that m;_;, as a function of /;, is a Lagrange interpolating polynomial of degree k — 1 in A,
becoming 6;; for iy = hj, j = 0,..., k — 1. See also a proof in Zalenko (2006).

"For k = j the result is implied by the related Jacobi identity from section P1.1 using x, = n — [,
I = 0,..., k. (Similarly, the result can be deduced from the identities of section P1.1 for any £ > j;
readers can also formulate the results for k& < j and for negative j, which can be derived from the
identities of sections P1.5 and P1.7, respectively. Fill in the details.) In addition, readers may
prove these identities differently using combinatorial arguments.
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(m* + 4)' is irrational; m = 1, £ = 0, and n = 1 are used most frequently]. The generating
function F(f) = ¥ f,_,¢" is sought from the equation F — nt — & = mt (F — &) + °F, or (1 —
mt — £)F = (n — m&) t + & which gives f, = $75=41 — 747" | where iy = [m + (m®
+ 4. Using ¢=0 and n=1, f, =0 =20y — i) =@ =2y
(m* + H'2.

Various problems of combinatorial analysis and probability theory are success-
fully explored with such powerful tools as generating functions. In this problem
group readers will encounter several problems related to the combinatorics of
binomial coefficients (sections P11.1, P11. 2, P11. 3, P11. 4 and P11. 5), the theory
of partitions (sections P11.6*, P11.7*, P11.8*, P11.9%, P11.10* and P11.11%¥), and
renewal processes in probability theory (sections P11.12%* P11.13%% P11.14%**
and P11.15%%*), which can be explored using generating functions. We would like to
emphasize that the problems in sections P11.1, P11.2, P11.3, P11.4, P11.5, P11.6%,
P11.7*%,P11.9%,P11.10* and P11.11* does not require an ability to deal with power
series (likewise, the problems in sections P11.6%, P11.7*, P11.8*, P11.9*, P11.10*
and P11.11* assume no familiarity with the theory of partitions) and can be solved
by readers with limited experience.®

Pl1.1

Fstablish identities

Z (- (’713) . (;) = 1, fornatural numbers m > 1.

P11.2

Fstablish the identities

s—b . .
s—1i i s+ 1
. = >a+
;:a ( b ) (a) (a b 1), for natural numbers s > a + b .

8 However, readers familiar with these techniques will be able to find shorter solutions — due to
more efficient use of generating functions!
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P11.3

We will need the multi-index notation for the problems below. A multi-index is an
ordered set of natural numbers (including zero) of a fixed (finite) dimension o =
(0q,. - ,0); itsnorm is | o | = > o; For a numerical sequence y = (yy,. . .,y;) of length
[ we define y* := [ y%. For o, § of equal dimensions, o > f3 if o;; > f; for each

% >.9 Establish the following

. 1 a .
component; also, we use the notation B =11 8,
1

generalization of identities in section P11.2:

Z BY_ ([ s+n—1 , Vs >0, Vn>0, VYo of dimn and norm <s.
B> pl=s N o 40 =1

State and prove a similar identity having (g ) on the left-hand side.

B>, Bl <s

Pi114

Establish a generalization of identities in section P11.1:

S (- ( °‘||ﬁ+f‘$”> (5) =1, k>0, Yn>0, Vo of dim n
B2 1< ok

(section P11.1 is related to n = 1).

P11.5

Establish a generalization of section P11.4:

- o] +k+n+m B
(1) 94( > < )
ﬁza,%:gmw 1Bl +n+m o

k+m .
= , Yk,m>0, Vn>0, Vo of dim n.
m

°In particular, this symbol vanishes when « is not greater than or equal to f (i.e., f; > o; for
some i).



Problems 295
PI11.6"

Denote by p,, (m) the number of k-element subsets of {0, ..., n — 1} with the sum
of all elements in the subset equal to m.'® Fstablish the following properties of the
generating series P, (1) := > pui(m) ™
m=0
» For any n and £, the series P, ; terminates (is a polynomial; of what degree?);
e P,o=1andP,; = 0 when k > n;
« The polynomial P, is divided by /*~ %2,
« The polynomial ¢~ *~ " 2P,7’k is reciprocal [a polynomial azt* + a; /' + ... +
ag (ag # 0) with real coefficients is called reciprocal if a; = a4_;, Vi = 0,. .., d];
» Coefficients of P, are stabilized with growing n [that is, the numbers p,, ;(m)
cease to depend on n when n is large enough for fixed k and m].

Pi1.7"

Fstablish the formula

L= (1 =)
P, (f) = k- Dk2 ( k>0.
(1) I-n..a-& %
PI1.8"
k(n—k) )
Coefficients of a polynomial > p,l‘k((kal)k + m) M= t*("*Uk/zP,,‘k(t) =
m=0
% will be the same as of the Euler series (or the Euler function)
p(): =] —) = S opm)t=141422+365 + 54 +70 + ..
i=1 m=0

while m < min (n — k, k). (Prove.)

97 the terminology of combinatorial analysis, p, (/) is the number of partitions of a natural
number m into k distinct natural summands, not exceeding n — 1.
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It is easy to establish that p(0) = 1 and for m > 0, p(m) is the number of all partitions of m into
(positive) natural summands (partitions differing only in the order of summands are considered to
be the same partition). One can quickly obtain the coefficients p(m) of the Euler series from
recursion equations:

p(0) =1,

p(1) —p(0)=0,

p(2) —p(1) —p(0) =0,

p(3) —p(2) —p(1)=0,

p(m) —p(m—1)—p(m—2)+pm—5)+pm-17) — ...=0.

These equations are obtained from the functional equation

1=]Ja-)-p@t)=0—t=F+F2+7—..) (pO)+p(1)t+p2)F +...).

—

i

The identity used in the preceding equation is the famous Euler identity:
o0 i 2 7 - Pf 3 Al
Hizl(l_t)zl—[—t +ts+f —:1+Z(—1) (t T 4 f2 )
i=1

This identity can be proved in an elementary way using the bijection between partitions
such that the number of summands differs by 1 (this proof was discovered by F. Franklin).
(Try to derive this proof yourself or find it in the literature listed below.) However, there are
remarkable identities for degrees of the Euler function [¢(¢)]" with selected n > 1 (namely,
n = 3,8,10,14,15,21,24,26,28,35,36,. . .) discovered by C.F. Gauss, C.G.J. Jacobi, F. Klein, and
other scientists, proofs of which are many times more complicated! The subject is very deep and
has a far-reaching further development; we will indicate three directions of it: combinatorial
analysis, number theory, and homological algebra. Readers are encouraged to familiarize
themselves with the Euler identity and related topics, as presented in Franklin (1881), Polya
(1954), Hall (1967), Stanley (1999), Andrews (1976), Andrews and Eriksson (2004), Hardy and
Wright (1960), Rademacher (1973), Niven and Zuckerman (1973), Gupta (1980), Grosswald
(1983), Apostol (1990), Dyson (1972), Fuchs (1981, 1984), MacDonald (1972, 1979), Kac
(1978, 1994), and references therein.

PI11.9"

Write out the polynomials P, (f) :=¢t~@~V4/2p, () for prime ¢ = 2,3,5 and
n = 2¢,3¢q in the usual form Ya,,/”. {To make your computation short, use sec-
tion P11.7 to find higher coefficients and reciprocity for lower ones; also, you may
write out P, ,(¢) for a larger number of primes ¢ and n = 2q, 3¢, 44, 54.. .. using a
computer.} In all those P,,(f), sum the coefficients whose indices have equal
remainders modulo g. Formulate, based on what you have found, the general result
in this direction. Compare your statement with that in section P11.10%.



Problems

P11.10°

297

Establish that for a prime ¢, the number of g-element subsets of {0, ..., kg — 1},

with the sums of elements having the remainder i modulo ¢, is equal to
()
N1)

q
(kq
q

) i
< +k wheng>2&i=00rqg=2&i=1.
q

, when ¢>2&i>00rg=2&i =0,

Pll1.11"

Prove that for a prime ¢ and £ > 1,

zk: (- (’;) : (’;’) =0 mod ¢~ .

=1

(The left-hand side becomes zero when k > ¢; why?)

PI11.12"

This and the next three problems are related to the renewal processes in probability
theory."' Let f = {f,}, — 0,1,... be a nonnegative sequence with f, = 0 and sy = )’

f» < 1. Define a sequence u = {u,}, — o1.... by the recursion relations

uo=1, u, = ka Up—k (l’l>0).
k=0

Prove that s, <1 if and only if s,;=Yu, <oo, and in this case

sp= (s, — Dfs,.

"'Here we are interested in a quite elementary combinatorial aspect. The probabilistic meaning
and a far-reaching development are exhaustively discussed in Feller (1966) and references therein.
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ek
P11.13

We will call a period of a nonnegative-element series . f,, the greatest common
divisor of indices n with f,, > 0 and call the series periodic (nonperiodic) if the
period is greater than (resp. equal to) 1. Prove that under conditions of the previous
problem, nlirrolo u, = 0if s < 1 and nlirrolo u, = u~Lif Y f, is nonperiodic and sp=1,

where u = Y nf,, (in particular, u#, — 0 for u = oc0).

Pl1.14™

(Generalization of section P11.12** and P11.13**.) Let a = {a,}, —o1.... be a
nonnegative sequence with ag < 1, and let > b, be a convergent series with non-
negative elements b, some of which are strictly positive. Define a sequence u =
{ttn}n — 0.1... by the recursion relations

Up = bn + Zak Un—k (n > 0)
k=0

bo
lfa(]

__ bytajuy_1+...Fayip

(more explicitly, up = T—a

claims (1)—(4):

and u, , n>0). Prove the following

1. The sequence u is bounded if and only if s,: = Ya, < 1.

2. For s, = 1, u does not tend to zero if ag + ... + ay = 1 and ay,; = ay,o =
... = 0 for some natural N.

3. The series Y u, converges if and only if s, < 1, and in this case s, = s,/(1 — s,,)
(sp = an)

4. If the series ) a, is nonperiodic, then:

1

e For s, =1, lim u,=spu~", with u = Yna, (in particular, u, — 0 for
n—oo

f = 09),
e For s, > 1 (including s, = o0), if the sequence a is bounded, an equation
A(?) = 1, with the generating function of a on the left-hand side, has a unique

positive root 7y < 1, and in this case u, ~ ﬁ((tr?) -t," [here B() is the

generating function of {b,} and the symbol ~ means that the ratio of its
left- and right-hand sides tends to 1]."?

'2In particular, u grows by an exponential law. Note that the derivative A’(fo) is finite. [ Why? Use
arguments similar to those in section E11.13, using convergence of the power series A(f) for
I < 1.]
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PI11.15"

Let, under the conditions of section P11.14**  Ya, be a series of period 4 > 1.

Define a subsequence a®: = {ani}n =01, . of the sequence {a,} and for j = O,

..,2 — 1, subsequences u?: = {u,, +iln=01,. . bY: = (b, +jln=o01,.. of the
sequences u = {u,}, b = {b,}, respectively. Prove that three sequences a9, b,
u? satisfy the recursion relations from section P11.14**, substituting a, b, u,

respectively. Deduce from it that lim u,4; = )Lsh@,u’l for s, = 1, where
n—oo

Spi) = Zbg) (which is called the asymptotic periodicity of the sequence u).

Hint
HI11.0

If a sequence obeys a recursion relation f,, ., = mf, k1 + ... + myf, (my # 0) for n > ny, then
np—1

its generating function satisfies the equation [rk ;((t")] A\ F =3 fur" | =¥p(r), where x(7) is
n=0

the same as in section P11.0 and p is a polynomial of degree less than or equal to k¥ — 1, defined by
using ., . . . fu;+4—1 and my,. . ., ny; this polynomial is linear on a tuple ( e 7fnf+k71) and has
the constant term f,, .

The first method to prove the linear independence of the sequences belonging to the canonical
basis (so that the “canonical basis” really is a basis): y(f) is the characteristic polynomial for the

mp oMy
. 1 0 -0 . . . .
matrix —_— . which has the type discussed in sections S7.10 and S10.21 (resp.
1 0

from the “2 x 2 Matrices That Are Roots of Unity” and “One-Parameter Groups of Linear
Transformations” problem groups discussed previously). When they are considered vectors in
IR¥, the tuples of the first k elements of the sequences that belong to the canonical basis form a
Jordan basis for this matrix; thus, these k-tuples are linearly independent. (The independence
follows from the proposition in section S10.21 because this matrix has a single Jordan box in the
complexified space corresponding to any eigenvalue; we leave it to the reader to work out all the
details.) Hence, the sequences belonging to the canonical basis are linearly independent.

Second method: let some linear combination of elements of the canonical basis with numerical
coefficients equal zero. Using an identity A cos 0+ B sin 0= C cos(0 — 0o
(C =A%+ B2, cotly = %) , this linear combination can be transformed into a linear combina-
tion of sequences with common terms n°p;"-cos(wn — 0y;) (p; = IAl, w; = arg J;, s =0,...,
k; — 1, and 6, is not an odd multiple of 7/2 if w; is a multiple of 27). (In the proof of Proposition
2 in section E10.21, a similar transformation was applied to quasipolynomials.) If @; is commen-
surable with 27, then Icos(w;n — 6y;)! > cos d > 0 for infinitely many n, where d is the distance
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between 0y; and the closest element (distinct from itself) of a cyclic group as generated by w; and
27 If w; is incommensurable with 27, then w;n — 0y; can become arbitrarily small (as discussed
previously in section H10.13.D, the “One-Parameter Groups of Linear Transformations” problem
group), so that |cos(wn — 0p;)| > ¥ for infinitely many n. Hence, cos(w;n — 0p;) is bounded
away from zero for infinitely many n. Using this fact, we can eliminate from the linear combina-
tion all elements having p; # 1 or s > 0 by induction based on their different growths as n — oo:
we make the term-by-term division by a current maximum of p;" and by n’, where s equals the
maximal k; — 1 for all j such that p; are equal to this maximal p;. Thus, the linear independence
problem can be reduced to a special case where all 4; are simple (nonmultiple) roots of
the characteristic polynomial y and the desired result follows from the nondegeneracy of the
Vandermonde matrix (4;"); = 1. &, n=o. .. x—1; We leave it to the reader to fill in all details.
(Warning: C and 0, in the foregoing deduction are functions of n).

Third method: readers who can use convergent power series may proceed as follows. The correspon-
dence between sequences and their generating functions is a linear isomorphism, so let us prove the
linear independence of the generating functions. An inductive argument shows that a sequence
obeying a linear recursion relation cannot grow faster than at a geometric progression, that is, 1",
such that 121X > In 257! + ... + Imyl; therefore, the generating function is given by a power series
having nonzero convergence radius. In particular, for the elements of a canonical basis these series
converge to rational functions (1 — 2,)™%: i = 0,..., [, s = 0,..., k;, respectively. Thus, we must
prove the linear independence of these functions on a common domain {: lfl < min 247" c C. Let
some linear combination with numerical coefficients of these functions be equal to zero; we can
eliminate these functions from this combination by an inductive procedure based on their different
behavior near the point r = 4;~' having the minimal modulus over the /; that remained after the
previous step. (We leave it to the reader to work out the details.)

A proof of the fact that a finite-dimensional vector space of sequences consists of all sequences
obeying the same linear recursion relation if and only if a sequence remains in the space after
removal of the first element from the sequence without using generating functions. A sequence
obeys a recursion relation starting from any element, and after removing the first element it will
remain in the space. Conversely, sequences {fo, f1, /25 - - }» {f15/25 - - }s- = s {fs- - - },- . . Delonging to a
finite-dimensional space cannot be linearly independent, and therefore {f,,} obeys a linear recursion
relation. The space of all sequences obeying the shortest of these relations is generated by the
foregoing sequences (why?), and hence, it is a subspace of the considered space. If this subspace
coincides with the whole space, then the proof is complete. If not, we must take a sequence {g,} that
does not belong to the subspace and build a similar subspace with {g,}. The sum of these subspaces
possesses a canonical basis that is the union of the canonical bases of the summands; thus it is the
space of all sequences obeying some linear recursion relation. Therefore, the proof may be
completed by induction on the spatial dimension. Note that the shortest recursion relation is the
same for a sequence and for the same sequence with the first element removed. (We leave it to the
interested reader to fill in all the details.)

HI11.1

m

For fixed m, introduce the generating function ) a;t', where a; denotes the left-hand
1=0

sides of the identities to be proved. Changing the order of summation, show that all

coefficients equal 1.
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H11.2

Show that the left-hand side depends on a + b, but not on a and b separately; then
confirm identity by an elementary computation, replacing a by 0 and b by a + b.

H11.3

Apply induction on n: for n = 1 the equality is trivial, and the transition of
induction is performed using the identities in section P11.2. Alternatively, one
may argue as follows: the left-hand side depends only on /o/ (which can be proved
as in section H11.2, using a multigenerating function). Considering o« = (0, ..., 0, a)
one has

B\ < b ~~ (s—b+n-2 b
> (M=x o (@)=x (s
BrssBu1 20, Zﬂi:S*b
i=1
_ [ s+tn-—1
S\ e +n—1)’
by virtue of the identities in section P11.2. The summation on |f| yields

Z (ﬁ>:<s+n ),Vs>07 Vn>0, Vo of dim n and norm <s.
B2 <s e+

H11.4

Using the identities in section P11.3, reduce the identities in section P11.4 to their
special case in section P11.1.

HI11.5

Apply induction on k + m. Under m = 0, the left-hand sides are equal to unity by
virtue of the identities in section P11.4; and under k = 0, they contain only one term
with f = o and are also unity. Therefore, the values of the left-hand sides fill the
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Pascal triangular table. (Why?) On the other hand, values of the right-hand sides fill
the same table in the same sequence.

H1l.6

The degree of P, (f) isequal to (n — k) + ...+ (n — 1) =2n — k — 1) k/2.
P, «(t) is divisible by {4~ DR2 gince the minimal sum of the elements of a k-element
subset is O + ... + (k — 1) = (k — 1) k/2. The reciprocity of f(kfl)k/an,k is
bound with the involution on the set of k-element subsets of {0, ..., n — 1} 13,

{xi,0om) m{n—=1=x,....n—1—x} (<. .. <xp),

which transforms the sum of the elements into s — (2n — k — 1) k/2 — s.

HI11.7
Establish the recursion formula
n 71
Po(t)- (=)= D5 Py ()

(k > 0), which is equivalent to the explicit formula being proved.

HI11.10

Consider the classes of g-element subsets with equal remainders of the sums of
elements modulo g. Denote them by Ry, ..., R,_;. We must establish that all, except
one, R; have the same number of elements, but the exceptional class is larger by k. We
must find that class. To do this, represent the set M = {0, ..., kg — 1} asadisjunctive
union of its subsets M; = {(Il — 1)q,...,lg — 1}, =1,.. ., k. Let,forL C {1,...,k},
R; 1 be the subclass of R; consisting of the g-element subsets of M that intersect with M,

'3 An involution is an automorphism of a set equal to its own inversion.
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if and only if /EL. Thus, we have the disjunctive unionsR; = |J Ri, Vi.
LC{1,....k}
Now, for a given L C {1,...,k}, define a cyclic group of transformations of | J M;
leL

G =Gy :={o,0%,...,0" =e} 2 7Z(q),
where ¢ permutes points of M; with the least index /EL by the formula

olx) € M;, ox)=(x+1)modqg (xe€ M)

and leaves the elements of ] M; fixed. G permutes the elements of qU; Rip,
. =

thereby acting on the uniorjl.elﬁ\l{rll}vestigate the behavior of orbits of the induced

action.'” How many times do the orbits Gs = {75, ..., 6%s = s} (s € qL_Jl R,-,L>

intersect with a class R;;, for a fixed i€{0, ..., ¢ — 1}, when #L l>:OI, and

when #L = 1?

HIIl.11

Represent the set M = {0, ..., kg — 1} asaunionof M; = {(l — l)q, ..., lqg — 1},
as in section H11.10. Also, let K be the class of all g-element subsets of M that
intersect with all M,. (How many elements does K consist of?) Consider cyclic
groups of transformations of M, G, = Z(q), [ = 1,..., k, that permute points of,
respectively, M, in the same way as in section H11.10 and leave the points of
the remaining M, fixed. Consider the induced action of the direct product G = []G;
on K. Show that K is invariant with respect to this action (K consists of entire orbits
of G) and that all orbits in K are regular (qk—element).

HI11.12

We can prove this by applying the relationship between the generating functions of
the sequences f and u, respectively, F(f) = Y f,t" and U(t) = Yu,t".

14 This action is referred to as an induced action.

15 Orbits of an action of a group H on a set S are equivalence classes with respect to the equivalence
relation s, = s, < 3 h€ H: hs; = s,. An equivalent definition is that the orbits are the sets
Hs = {hs: h& H} (s€S).
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HI11.13

According to the relationship between the generating functions F(¢), U(?), as
obtained in section E11.12, U(¥) = (1 — F(t))7l for | | < 1. Moving on to the
limit as + — 1 — 0 shows that the series }u, = U(1) converges when s, < 1, and
so u, — 0. Calculating the limit of u, for s, = 1, pay attention to the fact that
u = Ynf, is the derivative of F at t = 1, u = F'(1). By the relationship between
F(t) and U(2),

(1-0)-U@) =155 (<)

oving on to the limit when + — 1 — 0, using I’Hopital’s rule on the right-hand
side yields

lim lim [U,(t) —t-U,_(£)] = lim (1 —1)-U(t) =pu"",

t—1-0 n—oo t—1-0

n
where U,(t) = Y uy * are partial sums of series U(?). If the limits are permutable
=0
with one another, the left-hand side will be equal to lim [U,(1) — U,—1(1)] = lim

n—oo
Uy.

One could think that to complete the solution, we need to substantiate the
permutability of those limits. But in fact this would be incorrect reasoning because
so far we have not considered the nonperiodicity of the series ) f,. And the
importance of this condition is obvious because a similar statement is invalid in
the periodic case (as will emerge subsequently in section P11.15%%)! We suggest
proceeding as in Feller (1966). Start from an easy observation followed by induc-
tion from the recursion relations 0 < u, < 1. In particular, u, have their upper and
lower limits lying in the segment [0,1]. Show that both of them are equal to .
(Warning: in the periodic case these limits will be distinct unless ¢ = 00.) Do this

in the following steps:

Step 1. Prove that if a subsequence {u,, },_, , _tends to the upper (lower) limit, then
for any j, such that f; > 0, u,,_; will tend to the same limit.

Step 2. Consider the tails (remainders) of the series Y f,,, 70 = foe1 + fuez + - - -
Deduce from the recursion relations the identities

ron + 1y + ... +rug =1, Vn.

Next, establish an identity u = Y r,, that is, prove the following lemma.
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Lemma 1. For a convergent series Y a, with nonnegative elements, the equality
Sr, = Yna, with a series of the tails on the left-hand side, r, = Eak,m holds
k

including the case where one (and then both) of the sides is infinite.
(An outline of the proof can be found subsequently in this section below. For
further details, readers may turn to section E11.13.)

Step 3. Derive, using the result of step 1 and the identities established in step 2, that
n- h_m Up > 1 > - m Up,

which will complete the solution of section P11.13**. At first, readers may derive
these inequalities under the simplified assumption that f; > 0, then drop this
simplification using the following lemma.

Lemma from number theory (J.J. Sylvester). Let ky,..., k,, (m > 2) be rela-
tively prime positive integers, with at most one of them equal to one if m > 2. Then
any positive integer exceeding [|k; can be represented by a linear combination with
positive integer coefficients of k;.

Proving this lemma is a fairly good exercise in the geometry of numbers.
However, readers who are not yet advanced enough may look at the outline of
the proof at the end of section H11.13.

Outline of proof of Lemma 1. The equality Y r,, = Y na, can be derived using the
commutative convergence of nonnegative-element series. This was discussed pre-
viously, including cases of infinities, in the “One-Parameter Groups of Linear
Transformations” problem group (section S10.18) and can also be found in
handbooks on analysis, e.g., Schwartz and Huet (1961) and Fichtengoltz (1970).
Also, this equality can be established using the relationship between the generating
functions A(f) = Ya,t" and R(¢) = Yr,t".

A case of Lemma 1 corresponding to Y na, < oo is a special case of a more general assertion
holding independently of absolute convergence:

Lemma 1. If a series (with arbitrary a,) Y.na, converges, then Y a, and the series
of its tails Yr, also converge and Y r, = Yna,.

[This is a fine lemma, and proving it by elementary methods is a nice exercise in mathematical
analysis. Pay attention to the fact that convergences of Y @, and ) r,, do not imply convergence of

Yna,, as appears from a simple example when a, := (—1)" <ﬁ + ﬁ) Examples like this are

similar to those of divergent double series, while the related iterated series converge.]

16 Convergence of a series implies convergence of the tails.
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Outline of proof of Sylvester’s lemma. Start with the following two
observations, the first of which, we believe, will prevent the reader from proceeding
by false methods:

1. The product of k; cannot be replaced by their least common multiple (provide
examples).

2. The natural numbers starting from ) k; can be represented by linear combinations
with positive integer coefficients of k; if some k; = 1. With this, an induction
shows that Yk; < [[k; + 1 if k; = 1 only for one of i (which holds including
m = 1 but may be broken when k; = 1 for more than one 7).

Considering the last observation, we may restrict ourselves to the case where all
k; > 1. Apply induction on m as follows:

When m = 2, a vector k= (k1,k2) of relatively prime components can be
included as /?0 in a basis I;O, /gl of the integer grid Z x Z C R x R = R,
(Why? Also, generalize this claim for any m). There exists a dual basis of the same
grid consisting of the vectors K, &' such that <1‘c’i, I;]> = K{Ikli + Kfzké = ;. (Why?
Also, generalize this claim for any m). Use this basis to show that the right triangle
cut from the first (positive) quadrant by the straight line {(fl, &) <E, E> =1 }

Sl 2
does not contain integer points except for the origin, and the integer points & , ¢ of
this line lying in the interior of the second and fourth quadrants, respectively, that

ﬂ =
)
V/k? + k3. (Produce a figure.) This the vectors 7', 77" parallel to & , & , respectively,

having the endpoints (k;,0), (0,k;) have a common starting point (which is an
integer point lying in the interior of the first quadrant). (Why?) Use this statement

are closest to the origin are removed from one another by a distance of

to define, by induction, a sequence of points Z: (? " in the interior of the first
quadrant lying on the lines {(Cl, 0H): <z, 1;> =kiky +n } (n =1,2,...), respec-

tively. (Readers should make use of their figure.) QED.
m > 2. Establish an elementary inequality

s

d- kh

ki + H (kt/d)l <
i~ i=1

where dis the greatestcommondivisorof ky,. . ., k,,,(m > 2andk; > 1foreachi).Using

this inequality we will find for N> [[k; that N=kid+ N, +d-]] (ki/d)
i=1 i>1
with N\EZ" = {1,2,...}. By the inductive hypothesis, k;d + N, = z1k; + Z'd
(z1, ZEZY), so N = z1k; + zod with zo =2’ + [ (ki/d)> ] (ki/d) . Applying
i>1 i>1
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theinductivehypothesisonceagainyieldszg = > z; - (k;/d) (z;£Z")and, finally,
i>1

m
N = Z Z,'k,',QED.

i=1

HI11.14

The boundedness (unboundedness) of u for s, < 1 (resp. s, > 1) is obtained by

induction directly from recursion relations. To be exact, show that (0 <) u, <

n
(1- ao)71 > by fors, < 1,and fors, > 1, Upinse - - Upson—1 > gM when u,,,. . .,
k=0

N
Upin—1 > M and N is large so that > a, > ¢g(l —ag) (¢ > 1). A similar
n=1

computation yields u, > M, Vn > m, if u, > M forn =m,..., m + N — 1, and
N

N is large enough so that > a, > 1. Divergence of Y u, for s, > 1 is produced by
n=0

the unboundedness of u#. The remaining claims in section P11.14 are formal

consequences of the relationships among the generating functions of the sequences

a, b, and u, respectively, A(r) = Ya,t", B(f) = Yb,t", and U(t) = Yu,t", which are

equivalent to the recursion relations from section H11.14 and of statements in

sections P11.12 and P11.13. No additional fine analytic consideration is necessary.

HI11.15

(Feller 1966). Show, using the relationship among generating functions A(?), B(?),
U(t) from section H11.14, that for any j =0,..., 4 — 1 the terms of U(¢)
of the indices nl + j, n = 0,1,... depend only on the terms of B(z) of the

indices m/. + j, m = 0,1,.. .. Explicitly, UY)(r) = % with UY) := 37wy,
n=0

and BU) := buitj *. The change in variables #* ¢ makes it possible to establish
n=0

the relationships among the generating functions of a(o), b(/), u”, which are equiva-
lent to the recursion relations being proved. Asymptotic periodicity now follows
from section P11.14**. (Why?) Explain why / appears in the asymptotic formula.
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Explanation

Ell.1

A generating function is

SrS e (1) ()5 () 5 ()

12

and therefore, all ¢, = 1.

El11.2

Dependence of the left-hand side on only @ + b may be established by various
methods. For example, the equality

s—b i i s—b+1 i i
Z(b)'(a):AZ (b—1>'<a+l)
i=a i=a+1

may be checked directly, after a series of elementary computations with binomial

coefficients. Proceeding by a different method, apply the double-generating
function

S flab) e S i(;)ta-i(s;i>ub

ab>0,a+b<s i=0 a=0

(t+ 1) (u+ 1),

s—b o .
where f(a,b) =>" (S b l) (;) . We must prove that the coefficients at the
monomials #u” depend only on a + b, or, in different terms, that fla — 1,b)
= fla,b — 1). Prove this using the obtained explicit expression for the generating
function.
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Ell 4

Writing the left-hand side of identities from section P11.4 which are being proved

as > (=1)° < Jod + K+ n> > <ﬁ> and using identities
5t o] < 5 |l +k s+n pa |fl=s \ %

from section P11.3 for the internal sum brings the identities in section P11.4
to those in section P11.1.

E11.7

Multiplication of P, 4(#) by the binomial #* — 1 yields

Pn,k(t) ' (tk — 1) = Z [;x . ([k _ 1)

AC{0,....n—1}, #A=k

Z (x41) Z X
= Z [ €A — [xeA
=k

(k > 0). The terms on the right-hand side that correspond to those subsets of {0,. . .,
n — 1} that contain neither 0 nor n — 1 will annihilate each other. (Why?) Thus,
we will obtain

Z(,H»l)
Pt - (F=1) = > 1A
AC{0,....n—1}, #A=k, n—1€A
- > t;> =("-1) > z;
AC{0,...n—1}, #A=k, 0€A AC{1,...n—1}, #A=k—1
= ("= 1)~ > tz =" = 1) (1)
AC{0,....,n—2}, #A=k—1

El11.10

Since G is a group of a prime order, the orbits consist of either g or 1 element of
q—1

U Rir (being, respectively, regular or singular). Any orbit is regular and
i=0
intersects only once with all R;; when #L > 1. (Why?) For #L = 1 the orbits are
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singular. The corresponding k g-element subsets of M (which ones?) have sums of
elements of the remainder O (1) modulo g if ¢ > 2 (resp. ¢ = 2) so that R, (resp. R;)
is larger by k than the remaining R;.

El1l.11

By the principle of inclusion—exclusion, K consists of

#K:i (-1 (’l‘) , ((k—ql)q) :i (_l)k,(/lc> _ (1;1,)

elements. (In particular, #K = ¢? for k = ¢, and K is empty, #K = 0, for any
k > g.) The invariance of K is obvious. Next, some xEK are brought by two
elements g; = (a1",..., 0;"*), g2 = (61, ..., a/*) of G to the same point if and
only if ¢//(x N M;) = a/'(xNM,), VI =1,..., k, that is, when g; = g,. (Why?)
Deduce from the preceding statement that the orbits of G on K are ¢*-element and,
therefore, that #K is divisible by ¢*.

El1.12

(Feller 1966) A power series F(f) converges for | ¢+ | < 1. (Why?) In turn, U(¢)
converges for | #| < 1; indeed, from th recursion relation we have, by induction, the
boundedness of u,

0<L)uy < Cfork = 0<)u, < fi-ttyq+...+f-u < C,

and therefore,

S| < ¢S =C-(1-li) <0 (<1

(what does this mean?). The recursion relation on u# with regard to uo = 1 imposes
the following relationship on the generating functions:

U(t) grows with ¢ when ¢ > 0 (why?); hence, for any N

o0
Zu" = z_l}{rloU(t) < nz:;u":s“’
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and thus, 1i{nOU(t) =s,. But U(t) — (1 —sp~ " if sy< 1 and U(H) — oo if
m

Sy = 1,"” which completes the proof.

El1.13

Step 1. If u,,_; did not tend to the same limit (say, upper limit), one could find
arbitrarily large n so that

Up> — €, <A <.

o0
Choose N so large that > f,<e. Since u; < 1, we have
n=N+1

Uy < foun—|—...—|—fNu,,,N+8.

For large n any u; on the right-hand side is less than 1 + ¢; therefore,

un < (ot Hfatfi . f) - Gte) +fi) +e
<(I—f)-Q+e)+fil+e < r+2e—f(h—N),

which, provided that ¢ is so small that f(1 — A') > 3e, contradicts the inequality
u, > 4 — & The case of the lower limit is processed similarly.

Step 2. The identities rou, + riu,—1 + ... 4+ ryup = 1 are obtained by induction
from the recursion relations on sequence u. A detailed proof of Lemma 1 is at the
end of this section.

Step 3. According to step 1, if f; > 0, then
Uy — A = Upyej = A = Up2j = A = Upy_3j — A

Whenj = 1, u,_; — Zfor any i. Applying the identities obtained in step 2 ton =
N

ng, we have " r;u, ; < 1. Consider the upper limit 2 = /4 := lim u,,. For a fixed
i=0
_ _ N _
N any u,,; — A, hence, /- Y r; < 1and, because of the arbitrariness of N, ip < 1.
i=0

Specifically for ¢ = oo, u, will have zero upper limit, so u, — 0 (as u, > 0).

00
TAsU(t) = (1= F(t)) " = S [F(1)]" for |¢| < 1and [F(5)]" > Y forrclose to 1 — 0, if sy = 1,
n=0

then U(t) > 1 + n/2 for t close to 1 — 0 when sy = 1; what does this imply?
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Suppose now that i < oo, and consider the lower limit 4 = A := lim u,,. If N is large

00 N
enoughsothat > ri<ethen > riuy—;+¢ > 1(as0 < u, < 1).Sinceu,,_; — A
i=N+1 i=0

N
forany i, A- > ri+¢ > 1, therefore, L u>1.
i=0
If f{ = 0, then using the nonperiodicity condition we can find a finite set of
indices jj,. .. with the greatest common divisor 1 such that f;,>0, VI. We have

Uy, — A = Un—miji—mojo—... = A, Vfixed my >0, my >0, ...

According to the cited lemma from number theory, any natural number exceed-
ing []j; can be represented by a linear combination of j, with positive integer
coefficients. Check that we will arrive at the same inequalities Ax < 1 and A u>
1 by applying the identities obtained in step 2 to n,’ = n; — []/; in place of n;. This
completes step 3.

Proof of lemma 1 with the generating functions A(z), R(t) (Feller 1966).
Convergence of a number series Y a, means convergence of the power series A(?)
for t = 1. Abel’s famous lemma implies uniform, over | ¢t | < 6 [VO € (0,1)],
convergence of A(¢) itself and a series of A(#)’s derivatives, which provides the
differentiability A'(r) = Yna,"~" for | t | < 1."® (Why?) As a consequence of
nonnegativity, A'(f) — Yna, and R(f) — Yr, when t — 1 — 0." The equations
a, =r,_1 — r,,n = 1,2,... mean that A(t) — ag = t-R(t) — R(¢) + ro, that is,

__ao+ro—A(t)
R(t) = ==~
By the Lagrange intermediate value theorem, Vt<(0,1), 30 €(1,1): R(t) = A'(v),
and moving on to the limit as t — 1 — 0 will yield the required equality.
Proof of Lemma 1’. Proceed using a method similar to that in Polya et al. (1964). Let d,, be the
tails of Yna,: d, = (n+ 1) aps1 + (n 4+ 2) apy2 + . ... We will have a, = ’1”’—;' — ndﬁ, hence,

atatazt...=dy—di+3(d—dr)+i(dr—d3)+... .

The series on the right-hand side converges, as can be seen from the following lemma.

'® By induction, we will have infinite differentiability.

n n—1
! For a nonnegative-element series Yc,, if ¢, > 0, then > ¢; > 3" ¢; for ¢ close to 1 — 0.
k=0 k=0
Hence, lilln o >~ ent" =Y ¢y, including the case where Y¢, = co. (Why?) A similar limit relation
t— 1

holds for a convergent series with arbitrary elements Y ¢, (which is proved on the basis of Lemma
2’ (see below on this page); prove it!).
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Lemma 2'. (Fichtengoltz 1970). If a sequence u,, is monotone, then

< max [B,]- (o] + 2lem),

1<n<m

m
Z oi;
i=1

n
where B, := )" f;.
i=1
Prove Lemma 2’ using Abel’s transform (a discrete analog of an integration-by-parts for-
mula). Thus, the series ) @, converges. For the tails we find

1
by = do*d]ﬁ’%(d] *d2)+§(d2*d3)+...,

1

1
by = (d1*d2)+§(dz*d3)+---,

— N

by=-(d—d3)+...,

(95

m

and so on. Therefore, > b, =dy — dp1 + (m+1) - (% + d*fn;é" +.. ) With regard to
n=0

d, — 0,as n — oo, Lemma 2’ shows that Y b, converges to dy. QED.

Ell1.14

(Feller 1966). The desired relationship between generating functions is

B(1)
U(t) - 1 —A(t)’
generalizing the relationship in section E11.12. Convergence for s, < 1 and diver-
gence for s, =1 of Yu, is proved by arguments similar to those used in
section E11.12.

Now let the series Y a, be nonperiodic. For s, = 1, let v, be coefficients at " in
the expansion

A =S @)

n=0

£

= +
1 —ag (1—610)2

agp apt ay i ar
(1—ap) (1—ap)’

In accordance with section P11.13, v,, — ,ufl. Next,

Uy, = vpybo +vu_1by + ... + vob,.
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For any fixed k, v,_by — p 'by as n — oco. In addition, v, are bounded
(because v, has a finite limit). From the foregoing discussion, u,, differs arbitrarily
little from v,by + ... 4+ v,,_n by for large N; in turn, the last value tends to (by +
... + by)-u~ ", which differs arbitrarily little from s,u~'. QED.

For s, > 1, when the sequence « is bounded, the power series A(¢) converges for
| #| < 1 (at the rate of a geometric progression in #) and monotonically increases
with the growth of 7. This, with @y < 1, provides the unique solvability of the
equation A(¢#) = 1 for ¢ > 0, with the root #y, < 1. The recursion relation from

yeen

completes the proof.

Completing the Solution

S11.2

A generating function is W Therefore, extending the symbol f(a,b) by

zero to the domain {a < 0}U{b < 0}, we have

[fla—1.b) —fla.b— D] £ = 1+ 1) = (w4 1",
ab>0, a+b<s+1

This proves the equalities fla — 1,b) = fla,b — 1) since the right-hand side does
not contain terms with #u” for a > 0 and b > 0. QED.
Also, it provides the complete solution of section P11.2 by comparing coefficients

of the monomials on both sides, yielding (f(d,0) =f(d—1,1) = ... =)f(0,d) =

(21 11 ) . (We leave it to the reader to work out the details.)

S11.5
. .. o] +k+n+m\ _ (|e|+k+n+(m—1)
Inserting decomposition < Bl +n+m = Bl +n+ (m—1) +
ol + (k= 1) +n+m into the left-hand side of the identitiesresults, by the
Bl +n+m
inductive hypothesis, in (ker B 1) + (k -1 er) = (ker) . QED.
m—1 m m

(We leave it to the reader to fill in the details.)
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S11.6

The stabilization of coefficients, meaning that p,, ;(m) = p,..14(M) = ppi2im) = ...,
arises for k = 0O starting from » = 1 and, for k > 0, when n > m + 1 — (k — 1)
(k — 2)/2. (Why?)

S11.10

Proof of divisibility of order (cardinality) of a finite group of transformations
by cardinality of any of its orbits. Let a group H act on a set S. Consider an orbit Hj.
Let H, be a stationary subgroup of the element s, H, = {h€H: hs = s}. (Verify that
it is a subgroup.) The left residue classes modulo H, hH,; (h=H) coincide or do not
intersect (why?), and, evidently, each of them has the same number of elements as H.
Hence, the order of H equals the product of the order of Hy and the number of the left (or
right) residue classes. (This assertion is usually referred to as Lagrange’s theorem.)
Thus, since the points of the orbit H, correspond one-to-one to the left residue classes
(why?),%° the cardinality of the orbit divides the order of H. QED.

Let #L > 1 and [ be the least of L. A g-element subset A intersects with M, by
m < g elements, so that applying the transformations o, 6°.. . ., 67 = e will change
the remainder modulo ¢ summed over the elements of A by m, 2 m,. . ., gm mod ¢,
respectively; all these numbers are distinct since rm £=0 mod g for r,m < q. (Why?)
Therefore, any R;; is once, and only once, mapped onto any other R; ;. (We leave it
to the reader to work out the details.) QED.

S11.11

The famous principle of inclusion—exclusion from elementary combinatorics gives
for a finite set A and its subsets A; (i€]) the cardinality of the complement to the
union of A; as

#ANJA) =#A =D #Ai+ D _#Aina) -+ (DA

20We will have a one-to-one correspondence of the orbit to the set of right residue classes if we
denote the group’s action by A: s — sh (hEH).
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(Readers who have not yet come across this formula may establish it on their
own using quite obvious arguments, or they may find a proof in handbooks on
combinatorial analysis.) Apply this formula to A, which is the total class of
g-element subsets of {0,..., kg — 1}, and A;, which are the subclasses consisting
of all of those subsets that do not intersect with M;, respectively, which yields a
description of K just as K = A\ UA;. (Work out the details.)

The same approach as in section S11.10 shows that applying distinct
transformations from the group G, to SEK will change the summarized remainders
modulo g of the elements of S NM, by distinct values. (Fill in the details using
the primality of ¢.*') Hence, only identity transformation from G leaves the set
S invariant; therefore, the orbits are regular, as claimed. QED. (We leave it to the
reader to fill in the details.)

S11.12

For a convergent nonnegative-element series Y. f;,, a power series Y f,f" converges
(even absolutely) for Ifl < 1 since it is majorized by the first series. (Work out the
details.)

However, readers may give simple examples showing that a convergent radius
(the supremum of numbers r such that ) £, converges for lzl < r) greater than 1 is
not guaranteed by the convergence of ) f,.

S11.13

Step 2. Proof of identities rou,, £ ... &+ rug = 1,Vn = 0,1,.... For n = 0, it holds
that fo = 0, Y.f,, = 1 and uy = 1. If these identities hold Vn < k, then we find

roug + ...+ g = I‘o(fluk,l +... +fku0) +r (fll/lk,z + ... +fk71140) +...
+ re-ifiug + o = fi(rour—1 + ..+ reqtg) +

+frouo + ritto = fi + .+ fi+ o = fr=1,
n=0

QED.

2! This does not hold for composite numbers, which may be verified immediately by considering
the first one, 4. (Do this!) Accordingly, the claim of section P11.11* does not hold for composite q.
(Consider an example of ¢ = 4 and k = 2.)
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On the proof of Lemma 1 from section H11.13 with the generating functions
A(2), B(f). Readers may establish that the series Y ¢, converges = Yc,t" — >c,as

t — 1 — 0% using the following arguments. Given & > 0, let N be large so that

M

ch

n=N+1
< 1, an estimate

<¢ for M > N. Using Lemma 2’ from section E11.13 yields, for 0 < ¢

n

>

i=N+1

< max
N+1<n<M

(VT 2M)<3e

M
Z cpt"

n=N+1

(which also proves the convergence of >c,t" without employing Abel’s lemma;

00 N 0 N
Sen— Y. ¢ et — > cpt”
n=1 n=1 n=1 n=1

(Why?) Using this, and applying once again the previously cited Lemma 2/, yields

furnish the details). Thus, we have <eand <3e

o0

Z Cp — 200: cpt"
n=1

n=1

N

<e+3e+ (1 =17

n=1

< 4e+2N-(1 —1)- max

which is less than 5¢ for ¢ close to 1 — 0. (Work out the details; note that an estimate
N

STen(l1—1")

n=1

<¢ for ¢ close to 1 may also be obtained using such an obvious

N
argument as the continuity of a polynomial > c,") QED.
n=1
Proof of Lemma 2’ from section E11.13. Abel’s transform moves a sum of products
to the form

m

Zdiﬁi = O(]Bl —|—O(2(Bz —Bl) +... —|—O£m(Bm _Bm—l)
i=1

m—1

- OCmBm - Z (aiJrl - O(i)Bi-

i=1

22The series Y " will converge (even absolutely) for It < 1 by Abel’s lemma.
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For a monotone sequence of o, the differences on the right-hand side will be of

the same sign, so we have, with the notation M := 1r<na<x |B;|, the estimate
<i<m
m m—1 m—1
Z%’ﬁf = |%mBm — Z (i1 —0)Bi| < M| Joun| + (i1 — o) | <
i=1 i=1 i=1
M(Jon| + 2]om|),

as claimed. QED.

Step 3. To prove the relations ft,u <1, and, for u < oo, Au> 1, inthe case of f; = 0,
readers may proceed by the same method as for f; > 0 (section E11.13). That is,
considering n;’ = n; — []/; and taking into account the lemma from number theory
in section H11.13 yields the equalities ny — i =ny — (my — n)) — i = ny —
> myyj; with fixed, for fixed i > 0, nonnegative (for i > 0, even positive) integers
m;;, showing that u, _; of any fixed i > O tends to the same limit, as does u,,;
andthus, the rest of the proof may be accomplished in the same way as for f; > 0 in
section E11.13. (Complete the proof.)

S11.15

© arises, which plays the same role for the

,(,0). But since u© = Yna,;, = u/l, we

In the asymptotic formula for u,,;.;, 1

sequence a'” as u does for a: u(® = > na

. _1 " _1
have nhn;@ tnirj = Spo (W) 71 = Asou"



Least Squares and Chebyshev Systems

Problems

PI12.0"

Preliminaries. As readers know, polynomials of degree n, in other words linear
combinations of n + 1 monomials 1,.. ., ', may have at most n real zeros. A far-
reaching generalization of this fact raises a fundamental concept of nonoscillatory
by Sturm, or Chebyshev systems, T-systems for short (T is the first letter of
German spelling of the discoverer’s surname, which is “Tchebyscheff”). Those
systems are defined as follows. For a set (or system) of functions F = {fy,...}, a
linear combination of a finite number of elements, f = ) 'c/f;, is called a polynomial
on F (considered nonzero when 3i: ¢; # 0). A system of n + 1 functions F =
{fos- - -f»} on an interval (or a half-interval, or a non-one-point segment) / C R is
referred to as having the Chebyshev property, or T-system, when nonzero
polynomials on F may have at most n distinct zeros in / (zeros of extensions outside
I are not counted). Geometrically, the Chebyshev property means that the curve ¢ —
Lfo(®),. . ., f(D)] in R+ may have at most n distinct common points with any
hyperplane passing through the origin. (Why?)

The elements of a T-system are always linearly independent. (Prove.)

Many works are devoted to the history, comprehensive theory, and numerous
applications of T-systems; interested readers may consult Karlin and Studden
(1966), Krein and Nudelman (1973), Gantmacher and Krein (1950)and multiple
references therein. However, the basic ideas of the theory of T-systems may be
understood by readers with relatively limited experience. In this problem group we
focus both on these ideas and on some nice applications of this theory such as
estimation of numbers of zeros and critical points of functions (in analysis and
geometry: sections P12.15""" and P12.25""), real-life problems in tomography
(section P12.17"), interpolation theory (sections P12.18" and P12.19"), approxi-

mation theory (sections P12.26 , P12.27 ', P12.28 ,P12.29 ,P12.30 , and

A.A. Roytvarf, Thinking in Problems: How Mathematicians Find Creative Solutions, 319
DOI 10.1007/978-0-8176-8406-8_12, © Springer Science+Business Media, LLC 2013
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Pl2.31***), and, of course, least squares (sections P12.32**, P12.33**, P12.34**,
P12.35", P12.36™, P12.37", P12.38"", P12.39"", P12.40™"", and P12.417").

We undertake a comprehensive discussion of the linear least-squares technique.
We present its analytic, algebraic, and geometric versions (section P12.32"%), and
we examine its connections with linear algebra (sections P12.33"" and P12.34™)
and combinatorial analysis (in this connection we discuss some problems previ-
ously considered in “A Combinatorial Algorithm in Multiexponential Analysis”
and “Convexity and Related Classic Inequalities” problem groups: section P12.35,
from a different point of view). We also discuss some features of the least-squares
solutions (e.g., passing through determinate points, asymptotic properties;
sections P12.36**, P12.37**, and P12.38**). In addition, we outline ties of the
least squares with probability theory and statistics (section P12.40°"). Finally,
we discuss real-life applications to polynomial interpolation (such as finding the
best polynomial fitting for two-dimensional surfaces: section P12.39")," and
signal processing in nuclear magnetic resonance technology (such as finding
covariance matrices for maximal likelihood estimating parameters:

EEES

section P12.41 ).

PI2.1"

Showthat F = {fy,...,f,} is T-system on / if and only if det (fi(¢)));; —¢,..., » 7 O for
any distinct points f,..., t, € I. (Therefore, for continuous functions f;, these
determinants have the same signs while an order of the points is kept unchanged
(say, tp <...< t,); prove.) To what is this determinant equal for F = {1,..., "}?

From the preceding discussion derive that for a nondegenerate matrix A =

@pij = o, .. AF =<3 ajif will be a T-system if F is. Therefore, the
j

this property remains after multiplying all f; by another such function that does not
have zero valrcues.

'The problem of polynomial interpolation (or polynomial fitting) appears in numerous
applications, both theoretical and practical, including high-order numerical methods, signal and
image processing, and a variety of other applications. As a very small sample, see Wiener and
Yomdin (2000) and Yomdin and Zahavi (2006) for an analysis of the stability of polynomial fitting
and applications in high-order numerical solutions of linear and nonlinear partial differential
equations (PDEs), Elichai and Yomdin (1993), Briskin et al. (2000), and Haviv and Yomdin
(pers. communication: Model based representation of surfaces) for high-order polynomial fitting
in image processing, and Yomdin (submitted) and Brudnyi and Yomdin (pers. communication:
Remez Sets) for a geometric analysis of “fitting sets,” as appear in Problem P12.39""". (We thank
Yosef Yomdin for kindly giving us the details.)
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PI12.2"

The property of being a T-system is connected to I. Provide examples of losing this
property if / is extended by one point.

PI12.3"

Provide examples showing that subsystems of T-systems may not be T-systems
themselves. Actually, T-systems for which some or all of their subsystems are
T-systems deserve special consideration. A system of functions F = { fy,...,f,} on
I C R is referred to as having the Markov property, or being a Markov system
(M-system), when subsystems {fy,. . ..f;,;} are T-systems on / for 0 < m < n [which
is equivalent, according to section P12.17, to det it)ij=o0,...n7#0for 0 <m
< n and distinct points f,. . .,t,, € I]. The same system of functions is referred to as
having the Descartes property, or being a Descartes system (D-system), when all
its subsystems are T-systems on / [which is equivalent, according to section P12.17,

0 <ip<...<1i, < n], with the signs of these determinants for fixed f,..., f,,
being the same for all sequences 0 < iy <...< i,, < n. (For continuous f;, these
signs are the same also for any ¢ty <...< t,,; prove.) Obviously, the subsystems of D-
systems themselves are D-systems.

Provide examples showing that the inclusion {M-systems} C {T-systems} is
strict.

Provide examples of losing the Markov property with an appropriate permuta-
tion of f;. (Therefore, the inclusion {D-systems} C {M-systems} is strict.)

Obviously, the Markov (Descartes) property remains after replacement of f;
by k;f,, with constant k; # 0 (resp. the constant k; of the same sign), and
after multiplying each f; by a function (the same for all i) that does not have zero
values. (Why?) Verify a more general statement: for a lower-triangular matrix A =

(@ij—o,. . nWitha; #0,AF = {Z a,jfj} will be an M-system if F is.
J i=0,...,n
PI2.4
Show that monomials 1,. .., ' form a D-system on (0,00), and the same holds for
/(,' .
polynomialsp; = ) a;t (Ck; = n) having all coefficients in their totality either
J=ki-1+1

positive or negative. (They will simply form an M-system if these coefficients obey
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a weaker condition sign(ay._,+1) = ... = sign(ay.), Vi, but the Markov property
will remain following any permutations.)

PI12.5"

Fstablish a generalization of the statement in section P12.4™: polynomials on a
ki
D-system F = {fo,... u}, pi= > ajfi QCk; = n), will form a D-system if all

J=ki-1+1
their coefficients together are either positive or negative and an M-system when
those coefficients obey a weaker condition sign(ay, ,+1) = ... = sign(ay,), Vi.

PI12.6"

Provethat a system F of functions on/ C R is a D-system if and only if it obeys the
Descartes rule of signs: the number N of distinct zeros of a polynomial on F in /
does not exceed the number W of sign changes in the sequence of coefficients of this
polynomial, N < W (the changes are counted between adjacent coefficients and
zero coefficients are not counted in the sequence) (Gantmacher and Krein 1950).

PI12.7"

Let I and J be intervals (or half-intervals, or non-one-point segments) of R.
A continuous function K: I x J — R is referred to as a kernel of regular sign
when det(K(s;,))ij —o,...,» 7 0forn > 0 and distinct sq,. . .,s, I and to,. . .,t, E J.

Show that K(s;,.) form a D-system for any » and distinct sy,. . .,s,, € I.

PI12.8"

A T-system of n times differentiable functions on I, F = {fy,. . ..f,,}, is referred to as
an ET-system when nonzero polynomials on F have at most n zeros, considering
multiplicity. Consider, for fy,....t, € I, a determinant W = W, ((f)(#)ij = 0,.. ., n
with the columns (fi(#)); — o, . , for the distinct #; and (f/(#))i = 0. . n>-- -
( fi["*l](tj)); — o,..., n for the second,..., rth repetitions of t;, respectively. Show
that F = {fy,...f,} is an ET-system on [ if and only if W # 0 for any (perhaps
equal) tg,. . .,t, € I. [Therefore, for functions f; having a continuous nth derivative,
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these determinants have the same signs while an order of the points is kept
unchanged (say, 7o <...< t,); prove.z]
From the preceding discussion derive that for a nondegenerate matrix A =

@)ij = o,.., n AF = {Za,jf,} will be an ET-system if F is one as well.
J i=0,...,n

Therefore, this property will remain after replacing f; by k;f;, with constant k; # 0.

Also, this property remains after multiplying all of f; by a function (the same for all

1) that does not have zero values.

PI2.9"

Formulate definitions of EM-systems and ED-systems in terms of numbers of zeros
and their equivalents in terms of signs of determinants. [Therefore, the property of
being an EM- (ED-) system remains after replacing f; by k;f;, with constant k; # 0
(resp. constant k; of the same sign), or multiplying them by a n times differentiable
function (the same for all i) that does not have zero values.]

The preceding examples of T- (M-, D-) systems were actually ET- (EM-, ED-)
systems (e.g., 1,..., ' form an ED-system on I = (0,00): section P12.10*.) Show
that 1,.. ., t"_l,f(t) form an ET- (and so, EM-) system on/ C R if nth derivative of f
keeps sign in /. (Further examples are discussed below.)

Establish, for ED-systems, analogs of the statements in sections P 12.5" and
P12.6" [in the second, it is stated that a set of n times differentiable functions
F = {fy,...f,} is an ED-system on [ if and only if the number of zeros of a
polynomial on F in I, considering multiplicity, does not exceed the number of
changes in signs in the sequence of coefficients of this polynomial (the changes are
counted between adjacent coefficients and zero coefficients are not counted in the
sequence)].

E3
PI12.10
Prove that the functions ¢®', ... ™' (59 <...< s,) form an ED-system on I = R.
Next, derivethat £, ... ¢ form an ED-system on I = (0,00) for any sy <...< s,,.

2For n > 0, this sign is unchanged regardless of the continuity of the nth derivatives. Readers may
prove this with the help of the lemma from section E12.11 below, taking into account the
continuity of differentiable functions.
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*
Pi12.11

The Wronskian of n times differentiable functions fy,..., f, is a determinant
foo) .. fu0)

Wai1(fo, - - . fu)(2) = det . Find it for the exponential

IRONNZA0)
functions in section P12.10 .
Fstablish a generalization of the statements in section P12.10" claiming that:

1. n times differentiable functions f,. . ., [, form an EM-system if and only if Vt<I,
Wm+1(fO5' . 7fm) ([) 7é OfOI‘O <m S I’[.3

2. n times differentiable functions fy,. . ., f, form an ED-system if and only if Vt€l,
W1 (figs - -5 fi ) () £ 0for0 < m < nand0 < iy <...< i, < n,and W, at
a fixed t€1 has the same sign for all these sequences. In this case, this sign is kept
throughout I when n > 0, or when n = 0 and fy is continuous.*

3. Let a function K(s,t) be continuous in (s,t) and n times differentiable in t. K is a
“kernel of regular sign (defined in section P12.7%), considering multiplicity,”
that is, functions fi(t) = K(s;,t) form an ED-system for distinct sg,. . ., S, if and
only if €L Wyi1(fiy, - - - /i, ) (1) Z 0for0 < m < nand0 < iy <...< i, < n.
In this case, W, | has the same sign for all these sequences and t<lI.

A number of classic examples of ED-systems, some variations, and generalizations of the Rolle
theorem and other related topics are discussed in Polya and Szegd (1964).

PI12.12°

Show that go = _jt_zj:n(i" ey 81 = —(‘jf”;;‘, gm = —%,. e 8nel = —jﬂff (for a fixed

m&<{0,. .., n}) form an ED-system on [ if fy,. . ., f,, do (Polya and Szegd 1964).

* This is a multivariate version of the Rolle theorem. Warning: a single inequality W, | (fo,. . .. f,)
# 0, considered separately from the whole family of these inequalities for 0 < m < n, does not
guarantee the Chebyshev property of fy,. . ., f,; provide counterexamples.

*For n = 0, the continuity of f, needs to be assumed also because differentiability of the zero order
commonly means nothing. Of course, it might be defined as continuity since representability of f
(x 4+ h) by a polynomial of degree n in & with accuracy o(I4l") is equivalent to continuity at x for
n = 0 and the nth-order differentiability atx for n > 0. However, the definition of continuity as the
zero-order differentiability is not commonly accepted.
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PI12.13°

Show that, for a D-system consisting of continuous functions on /, the ratios f;(t)/f(t)
are positive in /, and for an ED-system, those ratios with i < j all together strictly
increase or strictly decrease (Polya and Szegod 1964).

PI2.14"

Prove, for polynomials on an ED-system {fy,. . .}, that W = N mod 2 (where W is as
defined in section P12.6" and N is the number of roots in /, considering multiplicity)
if the ratios fj(1)/f(¢) with i < j have zero limits at one end of / and infinite limits at
the other end. (This condition is satisfied for the systems from section P12.10%.)

PI12.15"

This problem is addressed to readers familiar with linear differential equations.
A linear combination of exponential functions with polynomial coefficients f =
S pi(t) e¥' is referred to as a quasipolynomial. Prove that a quasipolynomial
has at most > (degp;+1)—1 real zeros, considering multiplicity. Does
a similar claim hold for quasipolynomials of a more general form
=" (pi(t) cos wit + q;(t) sinw;t) e*'?

The estimation of the number of zeros is very important in multiple applications. A number of

classic examples of such estimations are discussed in Polya and Szegd (1964). Far-reaching
developments of this subject are presented in Khovanskii (1997).

PI12.16°

The claims from section P12.10" may be reformulated to state that the functions e*
and ¢’ are “kernels of regular sign, considering multiplicity” [in the same sense as in
section P12.1 1*; for these functions, respectively, I =J = (—o00,00) and I =
J = (0,00)]. Prove the same claim for the functions (s + t)71 (the Cauchy kernel)
using [ = J = (0,00) or any other intervals (or half-intervals, or non-one-point
segments) [, J such that 0 ¢ I + J = {s + : s€I, t<J} and e+’ (the Gaussian
kernel), using I = J = (—00,00).



326 Least Squares and Chebyshev Systems

PI2.17"

Prove that h;(0) = (cos 0)'(sin0)"" (i = 0,. .., n) form an ET-system on [0,7).
This paragraph shows a real-life example from computerized tomography and is addressed to
readers familiar with Radon transform. The Chebyshev property of the foregoing trigonometric
polynomials makes it possible to determine the moments of a planar density distribution (which
are proportional to the Taylor coefficients of a Fourier image) via moments of its Radon image,
which finds practical applications in tomography. Specifically, for a function K(s) such that
K (x) cos 0 + x; sin 0) is summable with the density f(x) (x = (x;,xp) € R?), there is the equality

J K(x) cos 0+ x; sin 0) f (x1,x2) dxidx, = J K(s)p(0,s)ds,

R2 —00

where p(6,s) is the Radon image of f(x) (Gelfand et al. 1959—-1962; Helgason 1980, 1984). (A proof
is immediately obtained using the Fubini theorem.) Inserting here a function K(s) = s” yields the
formula known in tomography as the moment-projection theorem (Smith et al. 1977; Herman
1980, and references therein):

[ (x1 €08 0 + xp sin 0)" f(x1,x2) dxidxy = [ s"p(0,s) ds.
b2 e
Taking the integral on the right-hand side of this equality for distinct values 0y,. . ., 0, yields a

system of n + 1 linear equations on the desired moments fx’ixg’i (x1,x2)dx1dx, (i = 0,..., n)
RZ

with the matrix of coefficients ((:’)h,((),)) , which is uniquely resolvable because of the
ij=0,..n

Chebyshev property of {4;}.

PI12.18"

Prove the existence, for a system F = {fy,. . .,f,,} of functions on I and given distinct
points tq,..., t,, € I (m < n), of a nonzero polynomial on F having those points
among its zeros. Prove that for a T-system these polynomials form an n — m +
I-dimensional vector subspace. Specifically, for m = n this polynomial is defined
uniquely, up to proportionality; define it explicitly via f; and #;. Make equivalent
geometric formulations regarding a curve ¢ — (fo(?).. . ., f,,(f)) in R

—irs

5 Similarly, setting K(s) = e~ yields an expression of the two-dimensional Fourier image of f(x)
via the one-dimensional Fourier image of p(6,s) with respect to variable s, known in tomography as
the slice-projection theorem. All these formulas have obvious generalizations for multivariable
distributions.
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PI12.19°

Show that, given a system F = {fy,...f,,} of functions on /, distinct points #,. . .,
t, € I, and values y,. . .,y,, one cannot guarantee the existence (or uniqueness, if it
exists) of a polynomial on F taking values y; at ¢;, respectively; and actually, the
unique existence of this polynomial, for any #,. . .,t, and yy,. . .,y,, is equivalent to
the Chebyshev property. Interpret this statement in terms of an n + 1-dimensional
vector space of functions on an n + l-point set and its vector subspace
corresponding to the polynomials on F. More generally, make a similar description
for a set of the polynomials on a T-system F on [ taking given values yq,. . .,y,,_1 at
distinct points t,. . ., ¢, € I, respectively (m < #F).

Come up with a formulation regarding the points (fy(#;), . . . ./, (), ;) € Rﬁjzx y
(j = 0,..., n) equivalent to the unique existence of a polynomial taking the values
Y0»- « sYVns At tg,. . .1, Polynomials on a T-system F, taking given values at n + 1 (=
#F) given distinct points, are referred to as Lagrange interpolating polynomials
(on F). Their coefficients, co,...,c,, are defined by a system of linear equations
Yeifit) =y, j=0,..., n. For large n, a direct solution becomes impractical;
fortunately, in some important cases there are different ways to find the solution.

n n
For p(1) = Z%)citi obtain the representation p(f) = z%) p(t) - ] %’ decomposing p
i= Jj= i#f

(t) with respect to a d-basis in the space of functions on n + 1-point set {¢,. . ., , };’

Notice that a leading coefficient ¢, may be defined using the Jacobi identities (section P1.1""
above):

=y i:t;’ Jl@-w" =

=0 kA =0

j: i=0 =0

ki i

Warning. The Lagrange polynomial using {f,. . ., ¢,} may have its degree smaller
than n» and may even become equal to a zero polynomial!

PI12.20"""

A real-valued continuous function f'is referred to as changing signs passing through
a point if f > 0 but does not vanish identically in one of that point’s half-
neighborhoods and if f < 0 but does not vanish identically in the other. Following

1 for i=j
0 otherwise
restrictions to the set {f,. . ., #,} of certain Lagrange polynomials; we leave it to the reader to find
out which polynomials are restricted in this way.

6 5-basis p,. .., p, is defined as pi(ty) = 0 = { . These functions also provide


http://dx.doi.org/10.1007/978-0-8176-8406-8_1

328 Least Squares and Chebyshev Systems

Nodal zero Nonnodal zero

Fig. 1 Nodal and nonnodal zeros

Krein and Nudelman (1973), we will call zeros that do (do not) change signs nodal
(resp. nonnodal) (Fig. 1).

Interpret, for a polynomial on fy,. . ., f,, nodal and nonnodal zeros geometri-
cally, in terms of a curve ¢t — (fo(?),. . ., f,(£)) in R"*!. Prove the following theorem
generalizing a statement from section P12.18" to T-systems consisting of continu-
ous functions. In this theorem, in the cases where the domain of fis a segment, zeros
at the endpoints are considered nodal:

Theorem For a T-system F = {fq,. .., f,} on I consisting of continuous functions,
given distinct points ty,. . ., ty ., € I with ty,. .., t, € int I, there exists a polynomial
on F having only zeros ty,. . ., t,,,, specifically, t,. . ..t; nonnodal, and t 1,.. .,t,;
nodal, only if 2k + 1 < n. If n = I mod 2 or I is a segment, then this condition is
also sufficient.

[(Therefore, for even n or I = [a,b], there is a positive polynomial (k = / = 0).]

PI2.217

For a continuous function/ LR R a number of sign changes is defined as a supremum
of natural numbers n for which there exist n + 1 distinct points such that the signs
of f on these points alternate. Let f change sign n < oo times and ¢, <...< ¢, be
such points that sign f(t;,{) = —sign f(t;) # 0, i = 0,..., n. Show the unique
existence, for each i, of two (perhaps coinciding) points a; < b; of the interval
(#;,t;+1) with the following properties:

1. f=0on [a;b;].

2. For certainty, if f(¢;) > 0 and f{(t;;;) < O, then f > 0 on [#;,a;] and f < 0 on
[b;.t; 1], and there are points in any left half-neighborhood of @; where f > 0 and
points in any right half-neighborhood of b; where f < 0.
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Show that the set of nodal zeros of f (defined in section P12.20") coincides with
Ula;,b;] (a “strict,” meaning from plus to minus or vice versa, sign change
corresponds to passing through the whole segment [a;,b;]).

Prove that a continuous function [a, b] 7, R, not vanishing identically, changes
b b
sign in (a,b) at least n times if [f(t)dt=0,..., [f()e"'dt=0 (Hurwitz’s
theorem).

Prove the following generalization: a continuous function [a, b] LR, not
vanishing identically, changes sign in (a,b) at least n times if it is orthogonal to

the elements of a T-system of contmuous functions on [a,b], F = {fo,. .., f,—1} with
respect to a scalar product (f, J f(t)g(t)dr. (The same holds using more
general scalar products ( f, g f f(6)g(t)w(t) dt, with a positive (except perhaps

on a set having zero volume) Welght functions w.)

PI12.22°

The functions fj,. .. on the segment / = [a,b] taking equal values at the ends and
forming a T- (ET-) system on [a,b) (equivalently, on (a,b]) are referred to as
forming a periodic T- (ET-) system on /, or, using different terminology,
a T- (ET-) system on the circle R mod (b — a). Give examples of periodic
T-systems on [a,b] that are not T-systems on [a,b]. Show that a periodic T-system
consisting of continuous functions has an odd number of elements.’

PI12.23"

Show that the trigonometric harmonics 1, cos0, ..., cosnf, sinf, ..., sinnfform
a periodic ET-system on the unit circle S' = R mod 2.

PI2.247

The definition for the number of sign changes of a real-valued continuous function
in section P12.21°"" is not applicable to the functions on a circle. (Whay?) Let us

7 Therefore, a reasonable way of defining periodic M- (EM-) systems {f,. . .f>,} is as follows:
subsystems {fp,. . .,f>,} must be periodic T- (ET-) systems on / for 0 < m < n.
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modify to make the definition applicable. For a finite subset P in the domain of

function f let P denote a set of the pairs of geometrically adjacent elements of P such
thatf > 0 on one of them and f < 0 on another. Call the number of sign changes the

supremum, over all P, of cardinalities #P. Verify that for functions on intervals (or
half-intervals, or segments) this new definition is equivalent to the definition from
section P12.21°"", SAow that the number of sign changes on a circle is even if it is
finite. Establish that if the number of sign changes on a circle equals n, then the set
of nodal zeros of f coincides with a union of the segments [a;,b;] C (f;,t;41)
(i = (0,...,n — 1) mod n) (defined in section P12.20"").

Prove that areal-valued continuous function on a circle not vanishing identically
changes sign at least 2n times if it is orthogonal to the elements of a T-system of
continuous functions on this circle, F = {fo,. .., fan_2}, with respect to a scalar
product (f, g gg (0 [The same holds using a scalar product of a more
general kind ( f , 39 f 0) df, with a positive (except perhaps on a set
having zero volume) wclght functlon w.]

PI12.25

A famous theorem states that a 2z-periodic (in other words, defined on S D)
continuous (or at least square-integrable on S') function fis expanded in a Fourier series,
which is convergent, in the sense of term-by-term integrability with any 2n-periodic
continuous (or at least square-integrable on S') multipliers g:

2n

2n . 27:5
Jf(O)g(G) do == J 2(0)do + ;an [ cos n0 - g(0)d0 + b, J sin n0 - g(0) do.
0 B 0

Prove that f has at least as many distinct zeros on the circle as its first nonvan-
ishing harmonics:

0) ~> aycosnd +b,sinnd = #{0mod (2r) :f(0) =0} >2N,
n=N

and, moreover, that f changes signs at least 2N times (C. Sturm, A. Hurwitz).
This paragraph is addressed to readers familiar with linear differential equations. Trigono-

metric harmonics are eigenfunctions of a periodic boundary value problem ff = Jf,f(0) = f(2n)
A, = nn=0,1,.. .) (for ordinary differential equations, we use dots to denote derivatives, as is
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usual in physics). Many widely applicable periodic and nonperiodic EM-systems are formed by
eigenfunctions of corresponding Sturm-Liouville boundary eigenvalue problems. In such
problems, the linear differential operator of the second order is symmetric with respect to an
integral (perhaps weighted) scalar product in the space of functions satisfying the respective
boundary conditions, so that the eigenfunctions corresponding to distinct eigenvalues are orthog-
onal. The Sturm theorem states that zeros of the eigenfunctions separate zeros of any other
eigenfunctions that correspond to smaller eigenvalues, so the number of zeros of the eigenfunction
increases with the next eigenvalue by one in the nonperiodic case and by two in the periodic case.
(In the nonperiodic case, the eigenvalues are simple. In the periodic case, the eigenvalue of the
minimal magnitude is simple, and the rest are double.) Interested readers will find discussions of
this subject, its further development, and related topics in Gantmacher and Krein (1950), Karlin
and Studden (1966), Courant and Hilbert (1953-1962)), and references therein.

Application to the four-vertex problem. This paragraph is addressed to readers familiar with
the fundamentals of differential geometry of planar curves. A continuous, periodic, of period L,
function k(s) is a curvature of a connected naturally parameterized planar curve of length L

() = xo+ J cosO() dr,  y(s) =yo+ J sin 0(r) d,
0 0

where 0 is a polar angle of a tangent vector (x',y) (the prime denotes d /ds), 0(s) = 0y + jk(l) dt.
0

[Taking into account that p := |(’, y')| = 1, the curve is defined by the Frenet equations p’ = 0,
0" = «, or, using Cartesian coordinates, X" = —xy’, y” = kx’.] Functions x(s), y(s) are L-periodic,
and 0(s) increases on [0,L] by 27n (a multiple of 27t). Assume that k > O and n = 1. Such a curve is
referred to as a smooth planar oval; it is free of self-intersections and bounds a convex set. (Prove.)
Verify that a continuously differentiable substitution of independent variable s by 0 yields the
preceding parametric equations to the form (we may always assume that 6, = 0)

0 0
x(0) =x0 + [R(n) cosndn, y(0) =yo + JR(’!)) sinndn
0 0

[ROO) =k ' is the radius of curvature]. Take an oscillatory component of R,
2n 2n 2n 2n

Ro=R—(2n)"" [RdO. Verify that [ Ro(0)d0 = [ Ro(0)cos0dO = [ Ro(0)sin0d0 =0.
0 0 0 0

Hence, by the preceding theorem, R, changes sign on S' at least four times. Therefore, Ry has at
least four extrema (among them, two maxima and two minima) (why?), and the same is true for
R = Ry + const and k = R™". Thus, we have proved

The four-vertex theorem: The curvature of a smooth planar oval has at least four extrema.

[We recommend that readers analyze circles, ellipses (Fig. 2), and further special cases.]

The name of this theorem derives from the fundamental geometrical fact that critical points of a
curve’s curvature correspond to cusps (“vertices”) of its evolute. This classic theorem, proved in
the early twentieth century by S. Mukhopadhyaya and A. Kneser, lies at a junction of several
powerful mathematical theories. A proof similar to the preceding one appeared in a work of S.L.
Tabachnikov. Interested readers will become familiar with the impressive far-reaching develop-
ment of the subject and find the names of the researchers that contributed to it in Arnol’d (1994,
2002) and references therein.
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Fig. 2 Evolute of an ellipse b2/a

a?/b

x2/a?+y?/b?=1

PI12.26™""

Definitions. In section P12.19” we encountered an interpolation problem for finite-
dimensional spaces of functions on finite-point sets. (For the same spaces, a
problem of a more general kind, the famous least-squares problem, is discussed
below.) In sections P12.26™", P12.27"", P12.28"", P12.29"", P12.30"", and
P12.31"" we consider an approximation problem for an (infinite-dimensional)
space of continuous functions on a segment. Given a system F = {fy,...} of

continuous functions on I = [a,b], a polynomial p on F with the least value of malx
te

If(#) — p(#)| over all those polynomials is referred to as a polynomial of best
approximation for the (continuous) function f on I. In geometrical terms, the
preceding definition means the following. Consider a subspace of the space of
continuous functions on / spanned on F and f. Let H be a hyperplane spanned on F.
(H consists of the polynomials on F.) The polynomial of best approximation is an

element of H closest to f if the distance between functions is defined as max
te

|f(t) — g(¢)|. Hence, a polynomial of best approximation exists on / for any f and
finite F' (prove) but may not exist with infinite F’ (give an example). Verify that p is
a polynomial of best approximation if and only if f — p is an element of an affine
hyperplane f + H of the least deviation from zero (the closest to the origin) on I.

PI12.27°

Prove the central claim regarding the polynomials of best approximation:

Theorem (P.L. Chebyshev) A polynomial p on a T-system is a polynomial of best

approximation for f on [a,b] if and only if f(t) — p(¢) takes, in turn, values +d

and —d at some #F + 1 pointsa <ty< ... <typ <b, whered = max, IF (1) — p(2)].
a<it<
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skesiesk

P12.28

Prove the following complement to the previous claim:

Theorem (A. Haar) Given a system F of continuous functions on I = [a,b], a
polynomial of best approximation is unique for any continuous function f on I if
and only if F is a T-system.

PI12.29™"

The famous Chebyshev polynomials 7,(f) (n = 0,1,2,...) are defined as To = 1

and, for n > 0, as polynomials a,_;t', of the least deviation from zero on [—1,1]
i=0

over the polynomials of degree 7 in ¢ with leading coefficients aq = 2"~'. In other
words, T,,(f) = 2" '" — p,_1(t), where p,,_, is a polynomial of degree n — 1 int of
best approximation for 2"~ '#* on [—1,1]. The Haar theorem gives the unique
existence of T,(t), Vn =1,2,.... Derive from it the evenness of T,(¢) for even n
and the oddness of T,,(¢) for odd n. (Therefore, the extrema are located symmetri-
cally, with respect to zero.)

By the Chebyshev theorem, T,,(¢) has at least n + 1 extrema in [—1,1]. Actually,
there are exactly n + 1 extrema, and the first and last ones coincide with the
endpoints. (Why?)

PI12.30°"

Verify that cos (n arccos f) are polynomials in ¢ and satisfy the condition of the
Chebyshev theorem. From this deduce that T,(f) = cos (n arccos t). Derive the
explicit representations for the Chebyshev polynomials (Fig. 3):

Ty=t T,=2—1, Tyi=48 —3t, Tys=8t"—87 +1,
Ts = 161 — 20 +5¢,....

Interestedreaders will find more about the properties of Chebyshev polynomials and their role
in approximation theory in multiple publications; the following classic guides are recommended:
Polya and Szeg5(1964) and Berezin and Zhidkov (1959) and the monographs by Szegé (1981) and
Erdelyi (1953). Also, Chebyshev polynomials play a very important role in mathematical physics,
including such topics as vibrations of circles, Poisson integrals for disks, and others. In connection
with this function, the Chebyshev polynomials represent in dimension two a hierarchy having
representatives in other dimensions as well. In this hierarchy, the Chebyshev polynomials are
called cyclotomic. The representatives in dimension three are the famous Legendre, or spherical,
polynomials. The members of the hierarchy in aggregate are called Gegenbauer, hyperspherical,
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or ultraspherical polynomials. Gegenbauer polynomials corresponding to a fixed dimension are
orthogonal on [—1,1], with respect to properly weighted integral scalar products; therefore, since
any n + 1 polynomials of degrees 0,. .., n (n = 0,1,...) form T-systems, Gegenbauer polynomials
of degree n have n simple zeros in (—1,1) (by the claim from section P12.21"""). Gegenbauer
polynomials determine the fundamental vibrations of hyperspheres. These vibrations are zonal, that
is, spherical zones between fixed latitudes (determined by zeros of the corresponding Gegenbauer
polynomial) vibrate, but the points on those latitudes themselves remain immovable. Unfortu-
nately, a detailed introduction to this beautiful branch of mathematical physics incorporating
methods of differential equation theory, algebraic geometry, and group representation theory is
beyond the scope of the present problem book. The interested reader may consult Arnol’d (1997),
Vilenkin (1965), Szegd (1981), and Erdelyi (1953).

PI12.31°

Following Polya and Szego (1964), define u,(a,b) := max |p(2)| for the polyno-
ast<

mial p(f) of degree n in t with leading coefficient 1, which is of the least deviation
from zero on a segment [a,b] over all such polynomials. The explicit formula from
section P12.30"" gives u,(—1,1) = 2" =1.2,..). (Prove.) Evaluate u,(a,b)
for any segment [a,b]. In particular, find that nlirglo u,(a,b) =0 b— a<4.

PI12.32""

Definitions. The famous least-squares technique comprises various recipes for
evaluating/adjusting/tuning constant parameters in prescribed formulas (e.g.,
expressing physical laws) via minimizing the sum of squared deviations between
the predicted and factual outputs in a series of experiments. In this problem group,
we will analyze formulas that depend linearly on parameters to be adjusted.® The
corresponding minimization problem, which is referred to as the (linear) least-
squares problem, allows for different equivalent formulations. Here, we introduce
the three most important formulations; let us agree to call them algebraic, analytic,
and geometric, respectively:

Algebraic formulation: Given a linear operator C Y between Euclidean spaces
and a point yEY, find x€C with a minimal value of |1Ax — yl. (Obviously, the

8 For nonlinear models, see Press et al. (1992) and references therein, paying special attention to
the brilliant Levenberg-Marquardt method.



Problems 335

T1 T2
1 1
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0 0
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-1 1 -1 1
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Fig. 3 The graphs of the first four Chebyshev polynomials

problem is equivalent to |Ax — yl* = min, with which the name “least squares” is
bound.) Legend: x is a vector of the parameters, A is the theoretical relationship,
Ax is the theoretical output, and y is the experimental result.

Analytic formulation: Given a set of functions F = {fo(?),. .., f,(t)} and assumed
values yy,. . ., y, experimentally found at t,,. . ., t,,, respectively, define a polynomial
on F p(t) = Y xif; so that Y (p(t)) — yj)2 = min. f; may be defined on any set of t not
supplied with any topological, algebraic, or other structure, but most often ty,. . ., t,,
are the points of a grid inscribed into a real interval (or half-interval or segment) or
a planar body. Legend for t;: they are labels of the measurement acts (for example,
they may denote moments of time).

. . . . : . v n+2
Geometric_formulation. Given points (g, - . ., uy;,y;) € Ry,

draw a nonvertical hyperplane (i.e., described by an equation of a formy = Y xu;)
with a minimal, in a vertical (y-) direction, total squared deviation from the data

> (ZI: Xiltyj — yj> 2-

J

rj=1,..,m,
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The equivalence of the algebraic and analytic versions is immediately obvious
from the interpretation of C, Y, and A (similar to that in section H12.19): C as
the space of the polynomial coefficients, ¥ as the space of the functions on the

o fot) filt) - o

points 71,. .., and A as the linear operator | €1 |— fo(t2) C1

The equivalence of the analytic and geometric versions is established by identifying
fi(#)) with u;;. (Do this!)

From the algebraic formulation find that the least-squares problem is always
solvable and, in general, nonuniquely. Meanwhile, a practically important case is
the case of uniqueness. The uniqueness condition is ker A = 0. In particular, dim
Y > dim C is necessary: the number of distinct measurements should not be less
than the number of unknowns. In general, this condition is not sufficient. It is
convenient to formulate the necessary and sufficient conditions of the uniqueness
for the analytic and geometric versions of the problem. Readers will briefly verify
the correctness of the following formulations:

Let F be a set of functions on a real interval (or half-interval, or segment). The
least-squares problem with respect to an unknown polynomial on F is solvable
uniquely, given the results of any m > n + 1 = # F distinct measurements, if and
only if F is a T-system.

(In particular, the solution for m = n + 1 is the Lagrange interpolating polyno-
mial considered in section P12.19".)

The least-squares problem with respect to an unknown nonvertical hyperplane

in Rﬁjzu} is solvable uniquely, given m points, if and only if their projections to a

horizontal coordinate subspace RZ;’I _do not belong to a hyperplane (a vector

U,
subspace of codimension one) of this subspace.
In a practically important case, one of F’s elements, say, fo, is constant, f; = 1.

Verify that the related geometric version of the least-squares problem allows for a

reformulation as follows: given points (uij, ..., usj,y;) € th.luu,,y j=1,...,m,
n

draw an dffine hyperplane of the form y = xo+ Y. xju; with a minimal (in the
i=1

vertical (y-) direction) total squared deviation from the data:

J
conditions of the uniqueness look as follows:

The least-squares problem with respect to an unknown nonvertical affine hyper-

plane in RZ:L,.I..umy is solvable uniquely, given m points, if and only if their projections

2
n

> (x0+2xiu,j—yj) =min . In this case, the necessary and sufficient
i=1

affine plane of this subspace.
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PI12.33"

Prove that the least-squares problem is equivalent, with the preceding (in sec-
tion P12.32**) notations, to an equation ‘A(Ax — y) = 0, where a linear operator

Y A C is adjoint to A. (Readers who have not worked with adjoint operators will
find the necessary information in section E6.3 above.) Calculate ‘A o A for a
T-system {¢",..., t,1}.

PI12.34™

Show that ker A = 0 < ‘A © A is invertible. Therefore, the solution of a uniquely
solvable least-squares problem is found as x = (‘A o A)~'(‘Ay).

PI12.35"

Showthat ‘A o A is positive definite for a nondegenerate matrix A. Prove, using this

and statements in sections P12.32**, P12.33**, and P12.34**, that
2

DL £

det =0 for m = #{j} < n but positive for m > n and

Zt;l ... m 2
s s

distinct #;, and, more generally, det =0 for m < n, but

SHs e D
positive for m > n if there exists an n + 1-element sequence j, <...< j, of indices
J such that either all s; with these indices are nonzero and the ratios #;/s; are distinct
or all #; with these indices are nonzero and the ratios s;/t; are distinct
S s foTs s
in fact, : : ='VoV with V = :

st e st O
(Thus, the reader will obtain a new proof, different from those discussed previ-
ously in the “A Combinatorial Algorithm in Multiexponential Analysis” and
“Convexity and Related Classic Inequalities” problem groups.)


http://dx.doi.org/10.1007/978-0-8176-8406-8_6
http://dx.doi.org/10.1007/978-0-8176-8406-8_3
http://dx.doi.org/10.1007/978-0-8176-8406-8_9
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PI12.36"

Perform a rectilinear data fitting in actuality, or, in other words, solve the least-
squares problem with respect to an unknown straight line y = xo + x;u in Ri_y,
given data (u;,y,): j = 1,..., m (with at least two distinct u;). Establish the following
property of this line:

Given (uj,yj)ERz:j = 1,..., m (with at least two distinct u;), the straight line
Yy = Xo + x1u, which is the solution of the least-squares problem, passes through a
point QG uim, Yy;/m) and, if Yu; # 0, through a point (Zujz/Zuj, Zu_,y_,‘/Zu_,‘).9

(For m = 2 it is trivial; why?)

PI12.37"

Fstablish a generalization of the claim in section P12.36"

+1 .
Lyl Y "

coordinate hyperplane R}, .., belonging to no n — 1-dimensional affine planes), an

Given (uyj, . .., uyj,y;) € R}, Jj = 1,..., m(with projections to a horizontal

n

affine hyperplane y = xo+ >_ xju; , which is the solution of the least-squares
i=1

problem, passes through n + 1 points (Q oill1j,. - ., D 0lhyjs D 0%y;), Where og; =

m~ ! and O = ukj/z uy for k = 1,..., n (provided that the denominators do not
I

vam'sh).lo
(For m = n + 1 it is trivial; whay?)

PI12.38"

Consider the uniform grid Ny x...x N, with edges parallel to the coordinate axes
on aparallelepiped IT, = {~a; <u; <a;, Vi} C R (a; > 0,Vi;a = (ag,. .., a,));

U0, -e sl

denote this grid G""'(N,a) (N = (No,...,N,); N; > lifa; > 0). Now let us consider

n
the set of all hyperplanesy = I;) X;u;in RZI%.u,, ,that are solutions of the least-squares
problem for data sets {(ug;,. . ., Un;y)): j = 1,..., [IN;} such that (u,. . ., u,)) are the
nodes of G" "' (N,a). Prove that parameters x; of those hyperplanes decrease like a; '

° Experienced readers familiar with projective geometry may eliminate the restriction of Yu; # 0,
as the point with Y u; = 0 belongs (at infinity) to the projective closure of this line in RP?.
10Experienced readers familiar with projective geometry may eliminate this restriction consider-
ing points at infinity of the projective closure as well.
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irrespective of the values Nj,...,N,, as a; — oo and all y; remain bounded; more
precisely:

There exists K > 0 such that lx;1 < I(Caf1 (i=1,...,n)if No,...,N, > 1 and
yi< C, Vj.

Regarding the grid G"(N,a) C Ry . [N=®O1.. Ny, a=(ay,...,a)l, a
similar statement holds true for the least-squares problem with respect to an affine

hyperplane y = xo + > x;u; in R (here ag should be set equal to one): the

4 Uyye.tp,y
i=1

solution becomes a horizontal hyperplane as ay,. . ., a, — oo.

PI12.39™"

Find the minimal m(d) of natural m with the following property: there exist m

points (sj,tj)ERz, j = 1,..., m, such that the least-squares problem with respect to a
polynomial p(s,7) = > xus*f is uniquely solvable, with any given values y; that
k+1<d

refer to (s;,1)), respectively. Describe an algebraic algorithm for a determination if
the solvability is unique, given m > m(d) points. For d = 2, also find a geometric
algorithm.

PI12.40""

This and the next problem are addressed to readers familiar with elements of
mathematical statistics. Dealing with empirical data, the following classical prob-
lem arises: Let “true” values of a random function Y be determined by unknown
parameters ¢ = (Co,- - -, C,):¥; = A;(c) (with known functions A;). How is it possible
to assess ¢ with a sufficient store of values of Y, that is, what integer m and map

V1yevsYm) 2, (x0,-..,%,) provide a good estimate x = (xo,. .., x,) for ¢, where
y = (V1,-- -, Ym) denotes a vector of observed values of the function Y? Legendre
suggested obtaining the estimates x = ®(y) with the least-squares technique

Z(AJ(X) — yj)2 = min.

Gauss, who investigated this problem in depth, provided several probabilistic
foundations for Legendre’s method, among them the following:

Assume that Y is normally distributed, its first,..., mth values are sampled
independently from one another, and the samplings are free of systematic errors.
This means that they form independent Gaussian random values Yi,...,Y,, of the
same distribution function (which is assumed to be known), and the “true” values



340 Least Squares and Chebyshev Systems

Yi,-- Yy, are their mathematical expectations (mean values), respectively. This
means that the probability of an eventy; < Y; < y; + dy;,Vj = 1,...,mequals p(y,c)
dy,...dy,,, where

p(y,c) = (m@ *me*;(wm) 2

More formally, we assume we are dealing with the multidimensional random
value (Yy,..., Y,,) distributed with the Gaussian density p(y,c) dy;...dy,, of the
mean values’ vectory, which is linked by a known law with an unknown parameter’s
vector: y = A(c). Given these conditions, the least-squares method yields an
estimate of the value of parameters x such that p(y,x) attains the maximum for a
fixed given y."!

Fisher generalized Gauss’s approach to the famous maximal likelihood principle of parame-
ter estimation (Van der Waerden 1957; Cramér 1946).'%

Just a few lines below we ask the reader to prove that Gauss’s “maximal
likelihood” estimate x = ®(y) is unbiased (free of systematic errors); that is,
considered as a random value (a function of random y), it has a “true” parameter

as its mathematical expectation: [ ®(y)p(y,c¢)dy; ...dyn = c.
N
Let Y be a (perhaps multidimensional) random value distributed with a density
Q(y) (say, the preceding p dy,. . .dy,,). In the space of functions of Y that are square-

integrable with Q, consider a scalar product (¢, /) = [ p(y)¥(y)Q(y). Recall that a
covariance matrix of ¢,(Y),. .., oY) has the entries cov; = <<p,- — @i P — @,>

[where = [ (y)Q(y) is the mathematical expectation]. Therefore, what follows
is an exercise for readers familiar with a multivariate integration. Let (Y,. . .,Y,,) be
distributed with Gaussian density p dy;. . .dy,, of the mean values linked by a known
law with unknown parameters. Let it be a linear law y = Ac, with a nondegenerate
matrix A. Establish the unbiasedness of the maximal likelihood estimate x = ®(y)
for ¢ and the coincidence of the covariance matrix for ®y(Y),..., ®,Y) with
2('A o A) L.

Gauss also proved that this estimate has the least variance over unbiased estimates:
i | (@;(y) - ¢)*p(y,c)dy; . . .dy, = min = o2tr("A o A)~". Further development of the subject
=0 R"
brotljght about in the twentieth century the famous Frechét-Fisher-Cramér-Rao (FFCR) lower
bound for variances of unbiased parameter estimates under rather general conditions. That is, for a
distribution Q = w(y,c) dy;...dy,, the bound equals tr G!, where G is a matrix of the entries
Gj = <81nw/acl-, 8ln(/)/8c’j>.

"' The case where Y; have distinct variances 0'_,~2, attaining the maximum probability over x, for a
fixed given y relates to the weighted least-squares formula ) (A;(x) — yj)z/a_,-2 = min.

12 Researchers using the least-squares and related principles in practice should never forget about
their conditionality. Those principles will yield practical results as long as the observations are free
of systematic errors, independent, and normally distributed.
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The discoverers of this bound determined it as the largest eigenvalue of a quadratic form on the
space of (n + 1) x (n + 1) matrices, 7(T,T) = (tr T)z, with respect to a positive definite quadratic

form on the same space, ¢(T,T) = tr(T o Go'T): I;l;i())& ;E;% = q(rTr?Ya}))il 7(T,T) = trG'. In other

words, this is the largest eigenvalue of the linear operator L : T+—LT defining r via ¢: r(T,T) = ¢
(LT,T), VT. [In reality, r is a factorable form, so it is of rank one (why?) and has a single nonzero
eigenvalue; or L has a single nonzero eigenvalue; it just equals tr G', of the eigenline spanned on
Gl since LT = (r T) - G4

Readers may verify that G = 62 (‘A o A) if @ = p; so the least-squares parameter estimate
has ¢* (A o A)"! = G™! as its covariance matrix, and the FFCR bound is obtained in this case.
And, generally, the unbiased estimate of the variance reaching FFCR bound, if it exists, must be
DY) = G (0 Inw/dc) + ¢, so it will have G~ as its covariance matrix (verify); however, those
bounds are obtained with no unbiased estimates, unless we use special probabilistic densities.
Interested readers will find discussions of this and related topics in Van der Waerden (1957) and
Cramér (1946).

PI2417

Let us give a real-life example of signal processing in nuclear magnetic resonance
(NMR) technology of composite analysis (see previous section P3.0 in the “A
Combinatorial Algorithm in Multiexponential Analysis” problem group). A

n

“true” NMR signal is a linear combination of exponential functions, y(7) = >
i=0
cie~/Ti In it, parameters T are referred to as relaxation terms; they correspond to
different components and are assumed to be distinct. Coefficients c; characterize the
relative weights of the components in the composite and are referred to as
amplitudes. The signal is registered at fixed moments #,. . ., t,, (called time echoes;
they usually form arithmetic progressions ¢; = ¢, + jAf), which give random values
Y; = Y(z)). Assume these values to be independent, Gaussian, of equal variances 02,
and to have “true” values y; = y(t;) as their mathematical expectations. Let the
relaxation terms be known exactly; it is desirable for us to find out how well we can
estimate the amplitudes. For that, find the covariance matrix for the maximum
likelihood estimate x = ®(y) of the amplitudes’ vector ¢ for n =0 and n = 1
(m > n + 1). Using it, prove the intuitively clear facts that the indistinctness of
the exponential terms makes their amplitudes practically inestimable (estimable
with infinite errors) and the estimates become entirely correlated (dependent).

Hint
HI2.1

Indeed, the Chebyshev property means a unique (that is, trivial) solvability, with
respect to ¢;, of the linear systems > c¢ifi(#;) = 0: 1y <...< t,.


http://dx.doi.org/10.1007/978-0-8176-8406-8_3
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An n + 1-dimensional set {(tg,. .., t,)SI""": to <...< t,} is arcwise connected
(actually, its points are connectable by line segments; provide the details). In turn,
since the function det (fi(#));; — o,.. , » is continuous, it will have a constant sign on

the whole arc if it does not vanish in some point of it. (Why?)

Advanced readers may prefer the following argument. A real-valued continuous function fon a
connected topological space A that does not have zero values retains the same sign throughout A.
Indeed, a subset B = {f > 0} is open (because a continuous function cannot change its sign in a
small neighborhood of a point) and closed (by the same argument, applied to a limit point of B), so
B=AorB=0.

For F = {1,..., 1"}, det (f());j — o..., » is the Vandermonde determinant.

(Therefore, it is positive for 7y <...< t,.)

HI12.2

The functions ¢,. . ., " form a T-system on (0,00) but not on [0,00).

HI2.3

The functions ¢ + ¢, t + d with ¢ # d form a T-system on (—oo, c0) together but
not separately; therefore, F = {t + ¢, t 4+ d} is not an M-system on (—co, c0) (nor
is its permutation {¢ + d, t + ¢}). F = {1,..., {"} is not a D-system on (—oo, 00).

HI2.4

We must establish the positiveness of a generalized Vandermonde determinant

/50 cee ko

n

— —
Va1 (2, k) =det] : : for 0 <ty <...< t, and natural numbers
kn n
o

n
ko <...< ky. First, prove that V,, (7, 7) # 0, in other words (by virtue of
section P12.1*), that monomials 7 form a T-system on (0, co). Readers may
proceed as follows. Let #; <...< f; be the positive zeros of a polynomial p = Y ¢;f;

we must prove that p has at least / + 1 nonzero coefficients. Polynomial p is
L 4

divided by the polynomial ¢ =) a;f' = [[ (t —1¢;), so p = qr, with r = Y bt
i=0 j=1
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where the coefficients of p and r are bound by a system of linear equations, which in
a matrix form looks like Ab = c:

ao
bo Co
al ap —
a a._
! =1 bm Cl4m
aj

(m = deg r). Show that the image of operator A has zero intersections with any
coordinate subspaces of / or fewer nonzero coordinates c;.

Second, establish, using the proved relations V, | # O for any n, the desired
more exact relations V,,,; > 0 by induction on # (Polya and Szeg6 1964; also, this
inequality follows from a claim in section P12.107).

koj koj
Yoagty -+ > agity’
Lastly, find that det : : >0(0 <ty <...< ty,a; >0,

ki ki
doanty’ Y anty”

ki j, <kj,j, if iy < i) using the multilinearity of determinants with respect to rows.

HI2.5

Use the multilinearity of determinants with respect to rows, as in section P12.4".

HI12.6

The number of sign changes in the sequence of coefficients cannot exceed the
number of coefficients decreased by 1. Hence, systems obeying the Descartes rule
of signs are M-systems, and moreover, the Markov property remains following any
permutations of the elements. (Why?) The same arguments show that obeying

the Descartes rule of signs implies a similar property of D-systems, as established
ki
in section P12.5": the (arbitrarily ordered) sets of polynomials p; = Yo afi Gk
J=kio1+1
= n) with coefficients satisfying the condition sign(ay,_,+1) = ... = sign(a,), Vi
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form M-systems. It is enough that they form T-systems because the Chebyshev
property already shows that

.....

(to< ... <tm)

for 0 < « < 1. On the other hand, this determinant continuously depends on «, so it
has the same sign for « = 0 and o = 1. (Why? Use the Bolzano-Cauchy theorem
for your answer.) Therefore, the Descartes rule of signs implies the Descartes
property. Conversely, a polynomial on a D-system is, according to section P12.57,
a polynomial on a T-system formed by the sums of the terms corresponding to the
sections with constant signs of coefficients. Thus, the number of its zeros cannot
exceed the number of those sections diminished by 1, which completes the proof.

H12.7

det (K(si.j))ij — o...., » has the same sign for all so <...<'s, and #p <...<t, by
virtue of continuity. [Provide the details, which are similar to those in section H12.1;
the only difference is that you will have to deal with a function on a 2n +
2-dimensional arcwise connected set {(So. .., Sns fon - ) € "1 x T s
<< Syt <. < )]

HI12.8

Indeed, the property of being an ET-system means a unique (trivial) solvability,
with respect to ¢; of linear systems corresponding to any f?y <...<t,,

which consist, for 7; of multiplicity r;, of the equation groups > c¢/fi(t;) =0,..., >
ri—1

cf” " () =0.
To prove that the property of being an ET-system remains after multiplying all f;

by the same nonvanishing and n times differentiable function, use the following
lemma.

Lemma Let functions f, fy,. . ., f, be n times differentiable. Then

,,,,,

The reader can obtain this through direct computation using the multilinearity
and skew symmetry of the determinants with respect to columns.
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HI2.9

The system 1,...,/" "', (£) is an ET-system because if a polynomial on it has at least
n + 1 zeros, considering multiplicity, then the nth derivative of this polynomial,
which is equal to f{”], would have at least one zero (by the Rolle theorem) (Krein
and Nudelman 1973).

The proofs of the analogs of the statements in sections P12.5" and P12.6" for ED-
systems are similar to those in sections H12.5 and H12.6, using W, {(f)(t)ij—o,.. .
instead of det (fi(#)))ij — o,..., n-

HI12.10

We will prove that exponential functions e*’, . . ., ¢*' form an ED-system for any n
and sp <...< s, if we can prove that they form an ET-system for any n and
So <...< 8,. (Why? Use the continuity of the determinants to derive that the
signs of those determinants are preserved for any sy <...< s, and #, <...< t,.)

n
Thus, we must show that a polynomial f = )" ¢;e" has at most n real zeros,
i=0

considering multiplicity. e 'f = co + ...+ c,e %) has the same number of
zeros as f, so, by the Rolle theorem, its derivative will have the number of zeros
decreased by at least 1 (considering multiplicity). Complete this proof by induction
using the fact that the number of exponential terms in the derivative is smaller by 1
than the number of terms in the function since one of these terms is constant.
Show that 7, ..., » form an ED-system on (0,00) by inserting log ¢ for ¢ into all

44444

Lemma Let the functions g, fo,. . ., f, be n times differentiable. Then

Ky

WVHrl(ﬁ © g)(tJI)i.j:O.,...,n = H (g/(tjk)) ( 2 ) : W”+l(ﬁ> (g(tj))iﬁjzo,...,n’

k

where K; are multiplicities of t; occurring in the sequence ty <...<t, and the
product is taken over representatives of all subsets of equal t;.

(An equivalent formulation (or, to be absolutely accurate, a corollary) is as
follows: the property of being an ET- or EM-system remains following independent
variable substitution provided that the substitution function is n times differentiable
and its first derivative does not go to zero; the same will hold for the property of
being an ED-system, provided that this derivative is positive.)
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The reader can obtain this by a direct computation differentiating compositions
of functions and using the multilinearity and skew symmetry of the determinants
with respect to columns.

HI2.11

The Wronskian of exponential functions is proportional to a Vandermonde deter-
minant. (Work out the details.)

Proof of Statement 1. Taking into account the claim in section P12.8*, we must
prove only sufficiency. By the condition, f; does not have zero values (why?), so, by
virtue of the lemma from section H12.8, W, 1(go,- - -» &) # 0for 0 < m < n, with
gi = fo_'f.. Employ the Rolle theorem to complete the proof by induction on 7.

Proof of Statement 2. Here we must also prove only sufficiency. Applying State-
ment 1 yields W1 (fiys - - - oS0 ) (f0s -y tm) # 0 fortg <...<t,and 0 < iy <...<
i,, < n. Therefore, the only step remaining is to verify the implication as follows: if
the sign of W,41(f,..-.fi,)(t) is constant for any fixed 7 and all sequences
0 <ip <...< iy < n, then the sign of Wy41(fiy,---.fi,)(f0,- .., tm) is constant
forany 1y <...<t,and 0 < ip <...< i, < n.

Proof of Statement 3. Applying Statement 1 yields W11 (fiys - -5/, )(f0y - - s tm)
#£0 for 15 <...<t, and 0 < iy <...< i, < n. Therefore, for any t, <...< t,,
and 0 < iy <...< i, < n, the sign is constant due to the continuity of K(s,f). (Fill
in the details.) Extend the preceding statement to any fy <...< ¢, by using the
lemma in section E12.11 (proof of Statement 2) and taking into account that the
determinants do not vanish.

HI12.12

Verify that the Wronskian of go,...,g,_1 satisfies the sufficient conditions from
Statement 2 in section P12.11". (In fact, it has already been discussed in
sections H12.11 and E12.11: analyze the proof of Statement 1.)

HI2.13

The conditions for Wronskians that are equivalent to the property of being a
D-system (resp. ED-system) imply that, for m = 0, the signs of W(f;) = f; are
the same for all 7, and for m = 1 the signs of Wy (f;.f)) = f,~2 - (dldD(f(®)/f(1)) are the
same for all i < j.
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HI12.14

Given a polynomial on {fy,...}, group together its adjacent terms that have
coefficients of the same sign. By analogy with the claim from section P12.5" for
ED-systems, the resulting polynomial is defined on the new ED-system (of grouped
together terms), with adjacent coefficients having opposite signs. Obviously, such
grouping preserves W and N. Verify that this grouping preserves the conditions of
the statement that is being proved.

Case of W =0.N=0(as 0 <N < W),sothat W — N is even.

Case of W = 1. We are dealing with a polynomial p = £ (f, — f1). Use sec-
tion P12.13" to show that under the conditions of section P12.14" a function +p/
fo =1 — filfo on I has N zeros, decreases, and tends to 1 and —oo at the left and
right ends of I, respectively. Therefore, N = 1, so that W — N is even.

Case of W > 1. Consider the polynomial after its division by a middle term: ¢

= i‘pfm = _};]l +1 —fiT“—i— . g is W times differentiable. Use sec-
tion P12.13" to show that, under the conditions of section P12.14", lg(t)l — oo at
the ends of /. Replacing ¢(¢) by ¢(t) — 1 diminishes by 2 the number of sign
changes in a series of the coefficients. Prove that this substitution cannot affect
the number of zeros (considering multiplicity) modulo 2 and complete the proof by

induction on W.

HI12.15

A sequence of quasimonomials {e*’, ... en/f%er Ml eMlgdeern} js an
EM-system on/ = R by Statement 1 in section P12.11". Indeed, Wronskians of the
first m elements of this sequence [1 < m < }(deg p; + 1)] cannot vanish since
those functions form fundamental bases for solutions of systems of (autonomous)
linear differential equations.

Readers should analyze this proof and verify its inapplicability to
quasipolynomials containing trigonometric functions, which may have infinitely
many real zeros!

HI12.16

Wronskians of the Cauchy kernel are proportional to a Vandermonde determinant:
for f() = (s; + )", we will have
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1 (sokn)"
Wit (for - ) (0) o< [ (s +0)7" - det | :
1o (k)™

A weaker property of the Cauchy kernel — that this kernel is a kernel of regular sign in the sense
of section P12.7" — can be established without using Wronskians. Indeed, this follows directly
from an elementary algebraic identity

det((SiJrfj)_l)_. = II —s)—u) ﬁ(&‘r’j)

0<i<n ij=0

when s; + t; # 0, Vi,j (see section E1.4, in the previously discussed “Jacobi Identities and Related
Combinatorial Formulas” problem group).

Similar arguments are applicable to the Gaussian kernel. A short calculation
yields j—;e‘fz = ¢ "pi(t), where p; is a polynomial of degree k with integral
coefficients depending only on k. Using the multilinearity and skew symmetry of

. . 2
determinants with respect to columns, we have, for f;(f) = e~ itn”

I - (so+0)"
W1 (o, - - - f) (£) o e 2o )T et ,
1 P (sn + l‘)n

as was just stated.

HI12.17

Verify that 0 + 7 will be a root of a polynomial ) ¢;4; if 0 is also a root. Because of
the linear independence of /;,"* Yc;h; vanishes identically if and only if ¢; = 0, Vi.
Therefore, the claim from section P12.17"" follows from the following proposition.

Proposition A trigonometric polynomial of order n, > cij(cos 0)'(sin 0), that
i+j <n
does not vanish identically may have at most 2n zeros in [0, 2n), considering
multiplicity.
We suggest proving this proposition using either of the following two methods:

(1) Algebraic method: Apply the Bézout theorem, which states that two algebraic
curves defined by the polynomial equations f(x,y) = 0, g(x,y) = 0 of degrees m,
n, respectively, intersect by, at most, mn points, considering multiplicity, or
have a common component. (Readers not familiar with this theorem should
consider section E12.17.) In our case, one of the equations defines the cosine

and sine, f = 2+ y2 — 1, and the second one is g = ) c,jxiyi . Therefore,
i+j<n

13 Readers may prove this on their own or refer to Lemma 1 in E12.39 below.
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for a homogeneous polynomial g = > ¢;x’y/, the number of common zeros
i+j=n
cannot exceed 2n = deg f - deg g (because f is an irreducible polynomial,
which cannot divide a homogeneous polynomial; geometrically, the curve
x* + y* = 1 consists of one component (the unit circle), and a nonzero homo-
geneous polynomial cannot vanish on all of it; work out the details).
(2) Analytic method: Make use of an equivalent representation of the trigonometric

n
polynomials by the Fourier polynomials > a;coskf + by sinkf with real
k=0
coefficients.'* Prove that a nonzero Fourier polynomial may have at most 2n
zeros, considering multiplicity, in [0, 27) [thus, the harmonics 1, cos 6,. . ., cos
n, sin 0,. . ., sin nf form an ET-system on [0, 27)]. Do this as follows (Polya
and Szegd 1964). A complex polynomial p(z) = Yu, 2z of degree n is called
reciprocal if p(z) = z’p(z™!), in other words, simultaneously substituting z by
z~" and the coefficients by their conjugates and multiplication by z” do not
affect p(z). (An equivalent requirement consists in u; = it,—;, Vi =0,...,n.)
Prove that the trigonometric polynomials G(6) of order n with real coefficients,
and only these polynomials, are presentable as G(6) = e Mo p(eio), with a
reciprocal polynomial p(z) of degree 2n. However, p(z) has 2n complex roots,
considering multiplicity, and, consequently, at most 2n of them belong to a unit
circle. Therefore, G(6) has at most 2n zeros in [0, 27), considering multiplicity.

HI2.18

A desired polynomial is arrived at by solving the system of m < n + 1 homoge-

neous linear equations on n + 1 unknown coefficients > clfi(z‘j) =0,j=1,...,m.
i=0

For a T-system, the m x m minors of the matrix for this system cannot vanish all
together. (Why?) Therefore, the solutions form an n — m + 1-dimensional space.
QED. [For m = n, an explicit formula (up to proportionality) is found decomposing
det (fi(t) fi(t1) - - - fi(ta)) =0, ., With respect to its first column.] Geometrically, this is
equivalent to the unique existence of an m-dimensional vector subspace in R""!
having common points with a curve n—(fo(?), . ..,f,(¢)) fort = 11,..., t,,. (Why?)
(For m = n and continuous f;, this curve “pierces through” that plane at the common
points, as follows from the statements in section P12.20"" below.)

"“In this representation, the space of homogeneous polynomials > c;(cos 0)' (sin 0)
i+j=n
corresponds to the space of Fourier polynomials > ag cos kO + by sink0 . (Why?
0 <k <n, k=n mod2
Compare the behavior of the trigonometric polynomials to that of the Fourier polynomials with
respect to the involution caused by the substitution 0 — 0 + r.)
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HI12.19

Apply the Kronecker-Capelli theorem in its geometric version. Consider a vector

space Y of functions on an n + 1-point set {zy,. .., ¢,} and a linear operator C Ay
mapping a vector of coefficients (co,. .., ¢,)=C onto 3 cfi(to),. - -, 2cifity)) €Y.
The existence of a polynomial taking values ) cf(t;) = y;, respectively, is the same
as the solvability of the equation Ac = y (y = (Yo,- - -, ¥»))- The solvability with any
right-hand side y€Y means that im A = Y; in turn, uniqueness (for y € im A) means
that ker A = 0. Since dim C = dim Y, existence with any y is equivalent to
uniqueness; therefore, existence with any y = (y,.. . ., y,), referred to any distinct
f0s- - -»1y, is equivalent to the Chebyshev property (according to section P12.17).
Similar arguments accounting for the existence of nonvanishing m X m minors

(section H12.18) show that for a T-system F a linear operator C A Y,, onto the space
of functions on an m-point set (m < #F) has rank m. Therefore, the polynomials on
F taking given values yy,. . .,y,,_1 at distinct points f,. . .,t,,_1, respectively, form a
(#F — m)-dimensional affine plane in the space C.

The unique existence of the polynomial p(¢) taking values yy,. . .,y, at distinct
points fy,. . .,t, is equivalent to the unique existence of a hyperplane of the form
y = Ycx;in R’X’f‘) containing the points (fo(¢)),. . ., fu(£), ¥)),j = 0,..., n. [That s,
c¢; must be the coefficients of p(r).]

The previously indicated representation of the Lagrange polynomial on {1,.. .,

1"} is obtained by a direct verification that the polynomials p;(r) = [ == (restricted
! EN AR
i#]

to {tg,. . ..t,}) form the required J-basis.

H12.20

A curve 1—(fy(1),....f,(¢)) in R""" “pierces through” a hyperplane Ycx; = 0 at
the nodal zeros of a polynomial ) ¢f; and remains on the same side of this plane in a
whole neighborhood of the nonnodal ones.

Proof of theorem (Krein and Nudelman 1973). Necessity. Let f4,. . ..t; and f51,. . .,
tr-; be nonnodal and nodal zeros of a polynomial p(¢). Find a Lagrange
interpolating polynomial ¢(f) such that p(f) — g(tf) would be nonzero and have
Zeros tri1,. . -»fr; and two zeros in a small neighborhood of each fy,...f. By
virtue of the Chebyshev property we have 2k + [ < n.

Sufficiency. Case of n = [ mod 2. First assume that / = 0 and n = 2k. Take a

convergent sequence (tgv), o ,((")) — (t1,...,%),as v — oo, such that t(."'><tj, v,

]

and define the polynomials p*) = 3° cl(v)f,- with 7 distinct zeros t(lv)<t1 <.. .,({v) <ty

(for a fixed v, all of these polynomials, according to section P12.18", are
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proportional), normalized by two conditions: (1) p(f) have the same sign, say,
) v 2 . .
p(t) > 0, for ’(10’ and (2) > (cf ) ) = 1. (Provide a figure.) Prove the existence of

a limit polynomial and show that it will have nonnodal zeros t,. . .,t; and no others.
Now assume that / = 0 and n = 2m > 2k. Using arguments similar to the
preceding ones define a nonnegative polynomial p’(f) with the required nonnodal

Z€er10S8 t1,. . ..ty and extra nonnodal zeros 7.1, ..., ,, located as follows: f,<t'; 1<
...<ly . Similarly, define a nonnegative polynomial p”(f) with the required
nonnodal zeros t,,. . .,t; and extra nonnodal zeros ¢’ 1, ..., ", located as follows:

<t 131< ... <t"p. Obviously, the polynomial p’ + p” has nonnodal zeros 74,. . .,
t, and no others. (Provide a figure.)

Finally, assume that / > 0. The only difference with the former situations is that
polynomials p"(r) are defined as possessing nodal zeros f;1,. . ..tx+; as well, and
therefore they will have n distinct zeros; a limit polynomial will also have nodal
ZerOoS f1 1 1,. - -»Ix1 s (Provide a figure and complete the details.)

Sufficiency. Case of n # [ mod 2 and [ = [a,b]. First assume that 2k + [/ = n — 1.
There are three possibilities: (1) [ = 0 or t1,. . ..ty € (a,b); (2) one t;,; coincides
with an end of / (a or b); or (3) two of them coincide with the ends.

In the first case, define p’(r) with nonnodal zeros ty,. . ., nodal zeros ;. . .,
t+s» and a. Define p”(¢) with nonnodal zeros t4,. . .,f, nodal zeros ;. 1,. . .,ti4y, and b
so that p’(r) and p”(¢) would have equal signs in a right half-neighborhood of a. The
polynomial p’ + p” has nonnodal zeros 7y,. . .,t, nodal zeros f1, ..., f;, and no
others. (Provide a figure and fill in the details.)

, N2
In the third case, define a sequence of polynomials p") = 3 cE”fi with>" (cl(-‘))

=1, nonnodal zeros t,,...,t;, nodal zeros f;1,.. .1, and an extra nodal zero
7 — b, so that they would have equal signs in a right half-neighborhood of a
(which is possible, as we have just proved). A limit polynomial will have nonnodal
ZeTOS 11,. . .,Iy, nodal zeros #;, 1,. . .,t;,, and no others.

The second case is the hardest nut to crack. For simplicity, let kK = 0. For
definiteness, assume that f; = a. We might take a Lagrange polynomial having
nodal zeros #4,. . ..¢; (and taking some values at two extra points), but we cannot be
certain that an extra nodal zero does not exist because its existence is not prohibited
by the “sum of indices condition,” as 2k + [ < n in this case! Similarly to the first

) v 2
case, we might define a sequence of polynomialsp(*) = > cf‘)fi with )" (c,( )) =1

, nodal zeros 1,,. . .,t;, extra nodal zero tgv) — a, and no other zeros (so with equal

signs in a left half-neighborhood of b) and take a limit polynomial p(#). This brings
us close to a solution. A remaining problem is that we cannot control p(b);
meanwhile, a nodal zero at b is not prohibited by the “sum of indices condition.”
Try avoiding this problem as follows. Normalize p so as p®’(b) = 1, instead of

2
> (cgv)) = 1, which will imply p(b) = 1, if, of course, a limit polynomial exists.

When does it exist? Consider an affine straight line A" C Rf’o“ _ defined by the

,C
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equations p(t<1v)) =ptr)=...=pt) =0, p(b) =1. [AY is a shift of a
one-dimensional vector subspace defined by linear homogeneous equations p(t(lv))
= p(ty) = ... = p(t;) = p(b) = 0.] Prove that a distance from the origin to A" [in
other words, the minimum of (Zciz)” 2 over the elements of A®] is bounded above,
uniformly on v, so a sequence of p corresponding to those minima has a limit
polynomial. (Work out the details.)

For k > 0, take t,(lgl — t;z11 = a and a sequence <t$v)7 . J,@) — (t1,. .-, 1)

such that t_](-v) <t;, Vj, and define pl) = > cgv) /i corresponding to the minimum of the

distance from the origin of IR:’O“ ., to an affine straight line

5C

A(V) — {p(t<1V)) :p([](cjgl) :p(ll) =... :p(tk) :p(lk+2) = ...

=p(ter1) =0, p(b) = 1}.

(First prove the uniform boundedness of these distances.) A limit polynomial
will have nonnodal zeros #q,. . .,t;, nodal zeros #; 1,. . .,fx;, and no others.

For 2k + 1 < 2m + [ =n — 1, define the required polynomial using extra
nonnodal zeros as was done previously.

HI12.21

a;. = inf {te(f[, t,‘+|):f < 0on [t, l’,‘+|]}, b,‘: = sup {te(li, ti+l):f > 0on [tis f]} are
the required points. Indeed, by this definition, there are points where f > 0 in any
left half-neighborhood of a; and where f < O in any right half-neighborhood of b;,
f>0onl(t;,a]andf < Oon[b;,t;11]; hence, a; < b; (as otherwise f changes sign at
least n + 1 times; why?), and so, f = 0 on [a;,b;]. Obviously, all the points of [a;,b;]
are f’s nodal zeros, while the remaining points of (¢;,;, ) are not (because the sign
of fis constant in their neighborhoods).

Turning to Hurwitz’s theorem, assume that f changes sign k£ < n times in (a,b)
and t,€[a;,b;] (i =0,..., k — 1) are nodal zeros from the preceding node’s
segments. If f does not vanish identically, then neither does f - [[(¢ — ¢,), but this

b
product retains its sign, which yields [f(¢) - [] (¢ — ;) dt # 0, in contradiction with
a
the orthogonality conditions (Polya and Szegd 1964). The generalization of the
Hurwitz theorem for T-systems is proved similarly by substituting [[(+ — #;) by a
polynomial on a T-system with nodal zeros #,...,t;_; and no other zeros (such a
polynomial is produced by the theorem in section P12.20"""). (Work out the details.)

Similar arguments are applicable by substituting the integrals by any positive (linear)
functionals. A linear functional /1 on a functional space is called positive if A(f) > 0 for the
elements f that do not take negative values and do not go to zero identically. This topic, related to
the classic moment problem, is discussed in Akhiezer (1961) and Gantmacher and Krein (1950).
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HI12.22

The trigonometric harmonics 1, cos ¢, sin ¢ do not form a T-system on a segment [7,
fo + 2] of length 27 since a polynomial sin(¢z —#y) = — sinfycost + costysint
has three distinct zeros there. At the same time, those functions form a T- (even
an ET-) system on the unit circle. For a detailed proof, readers may refer to
section P12.23" below or argue as follows:

¢+acost+bsint =c+ \a*+b*- sin(t—i—arctg%),

which has at most two zeros, considering multiplicity, on a half-interval of length
2n. For a periodic T-system we have

fola) foltr) - folta)

det

fn(a) fn(tl) fn(tn)
fotr) -+ folta) fo(b)

= (—1)" det ; : : (a<ti<...<t),
ﬁ1(tl) fn(tn) fn(b)

and at the same time the determinants on both sides are equal for a system
consisting of functions that are continuous on [a,b]. [Fill in the details. Warning:

HI12.23

See section H12.17.

HI12.24

The property of having an even number of sign changes on a circle, if this number is
finite, is connected to the fact that the first point of a finite sequence on a circle is
adjacent to the last one. The remaining statements are proved similarly to sec-
tion H12.21, with one nuance. The theorem from section P12.20""" (what makes its
application legitimate here?) assures at least 2n — 1 changes of sign, and the
requirement of evenness raises this lower estimate to 2xn. [Complete the details;

also, a similar proof is in Arnol’d (1994).]
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H12.25

This statement is a special case of the one from section P12.24™" taking into
account section P12.23" and the orthogonality relations

2n
J cosmb - sinnfdf = 0,
0
2n 2n

J cosmf - cosnf db) = J sinmf - sinnfdd =0 form+#n(mn=0,1,...).
0 0

Actually, this special case can be obtained using a simpler technique than the
general one, without the theorem from section P12.20""". Indeed, keeping to the
same plan as in section H12.24, a trigonometric polynomial of order k < N, with
any given 2k nodal zeros and no other zeros in [0, 27), may be obtained using the
statements in sections P12.23" and P12.18". (We recommend that t readers directly
construct a trinomial c¢o + ¢; cos 6 4 ¢, sin 0 with prescribed zeros
0§0|<02<27E.)

A proof of this kind was published in a work of Tabachnikov (Arnol’d 1994 and references
therein). Hurwitz’s proof, using essentially similar arguments, but also supplementary
computations with trigonometric functions, is in Polya and Szeg6 (1964). Also, we suggest that
readers familiar with elements of complex analysis find a proof connected to quite different ideas
(belonging to Hurwitz). Let us restrict our consideration to Fourier series with coefficients
decaying at a rate of geometric progression [Hurwitz himself considered trigonometric
polynomials (Polya and Szeg6 1964)]. The sum of such a series is a restriction to a unit circle of
the real part of a complex-analytic function defined in an origin-centered disc of radius greater than
1; this function is given asf(z) = Y (a, — ib,)z". (Verify it!) If f(z) has no (complex) zeros on a

n>N

unit circle, a vector f = u + iv makes, by the argument principle of complex analysis, at least N
full counterclockwise turns, so it will be at least 2N times on the imaginary axis (which
corresponds to the vanishing of the real part). However, if f(z) has (complex) zeros on a unit
circle, we may go around each of them by half-arcs of small radii. Note that on those arcs frotates
in the opposite (clockwise) direction (create a figure). Therefore, on the rest of the contour, lying
on a unit circle, f makes even more than N full counterclockwise turns. We leave the details to the
reader. Also, we leave it up to the reader to determine the limits of the method.

H12.26

A continuous function bounded below and growing on infinity on a finite-dimen-
sional normed space has a minimum on any closed set has a minimum. For finite F,
the distance from f to the elements of the vector space spanned on F is such
a function, so that it has a minimum on a closed set H (this minimum is positive
when f£H); therefore, a polynomial of best approximation exists. On the other hand,
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a polynomial on F = {¢": n = 0,1,2,. ..}, of best approximation for f on 1, does not
exist unless fl; itself is a polynomial since a residual f — p of its polynomial
approximation can be made as small as desired on all of a fixed compact set
(Weierstrass approximation theorem).'” p is a polynomial of best approximation
if and only if f — p is an element of an affine hyperplane f + H of the least
deviation from zero on [ because of the (linear) translation-invariance property
of the distance: dist (f, g) = dist (f + h, g + h), Vf, g, h (since obviously n}ea[x

(1) = g(1)| = max|(f(r) + h(r)) — (g(t) + h(1))D.
The distance functions defined by norms [by the formula dist (f, g) = IIf — gll] are translation-

invariant. Readers can easily find examples of invariant distance functions that cannot be defined
in this way and also of distance functions that are noninvariant.

H12.27

Sufficiency. If max [f (£) — ¢(¢)| for a polynomial ¢(f) on F, then p(f) — ¢(¢) takes,
a<t<

in turn, positive and negative values at points 7y <...< tur, so they would have at
least #F distinct zeros in [a,b].

Necessity. Let m be a maximal number of pointsa < #y <...< t,,_; < bsuch thatf
(f) — p(¢) takes values +d and —d in turn at these points. For definiteness, let
f(to) — p(ty) = —d. Define the points a = /o< ... <t = b (t;_1<l;<tj,j = 1,.. .,
m — 1)sothat f(r) — p(f) < donlt'yj, 1] and f(r) — p(r) >**:d on(fyt1, t'aj42)-
If m < n + 2, then there is (by the theorem in section P12.20 ) a polynomial ¢(¢)
on F with nodal zeros ¢, . ..,#,_; and no others, negative on [a, #1). Verify that

max [f (#) — p(r) — eq(¢)| for small ¢ > 0, so p(f) cannot be the polynomial of best
a<t<

approximation.
A proof of the Chebyshev theorem close to the original is in Berezin and
Zhidkov (1959).

HI12.28

Sufficiency. The uniqueness of a polynomial of best approximation is not a trivial
fact because the balls related to the defined distance between continuous functions
are not strictly convex (the spheres contain line segments).'® (Give examples of

!> Readers familiar with a considerably more general Stone-Weierstrass theorem can provide
multiple further examples using many other infinite sets F.

19 Readers may verify, for the distance function defined by a norm, that any line segments
contained in the ball lie in its interior (perhaps except the ends) if and only if the triangle inequality
is strict: dist (x,y) < dist (x,z) + dist (y,z) for noncollinear x — z and x — y.
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affine planes of any dimensions of continuous functions on / containing entire
convex planar regions of elements of least deviation from zero.) For T-systems, the
uniqueness follows from the Chebyshev theorem. To use it, verify that if p, g are
polynomials of best approximation, the same will hold for their convex linear
combinations. Then show that p = ¢ by applying the Chebyshev theorem to that
combination.

Necessity. According to section H12.19, if F = {fy,. .., f,,} is not a T-system, then
for the vector space L of functions on an appropriate n + 1-point set {,....t,,}, a

linear operator CiL that maps a vector of coefficients (co,..., ¢,)EC onto
Cefdty),- - ., dcifit,)) € L is not an isomorphism. Therefore, there exists, on
the one hand, a nonzero polynomial p(¢) on F vanishing on {1,. . .,t,}, and, on the
other hand, a nonzero element (yo,. .., y,)€L, orthogonal to A(C) [that is, }yjq
(t) = 0 for the polynomials ¢(#)]. Scale p(7) so that  max, Ip(1)] <1. Let g be

g(n)] =1 and g(t) = sign () (G = 1...., n).

Prove that any cp(#) with lcl < 1 are polynomials of best approximation for a
function f(t) = g(®) - (1 — Ip(»!) on [a,b].

A proof of the Haar theorem close to the original is in Berezin and Zhidkov
(1959).

a continuous function with max
a<t<b

H12.29

If a polynomial 7(¢) is of the least deviation from zero on [—a,a] over the
polynomials of even degree n with leading coefficient 1, then so is its even

component T(r)+2T(—r) T(t)+2T(7z)

T(f) = M-I s odd for odd n.
T,(f) may have at most n — 1 internal extrema since its derivative is a polyno-
mial of degree n — 1.

. By virtue of uniqueness, T(¢) = is even. Similarly,

H12.30

A function cos (n arccos f) has n + 1 extrema on [—1,1]. (List them.) The
required explicit representation (which shows that this function is a polynomial of
degree n in f) can be established by induction on n using the recursion relation
Tyy1=2t-T,—T,_1,n=12,. .. (following an identity cos(n+ 1)6 = 2cos6
cosnf) — cos(n — 1)0).""

7 More advanced readers may find a different proof based on the theory of spherical functions.
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The preceding recursion relations on 7,, may be written as a matrix equation

02 0 .. To(1) To(1)
1 o 1 0 .. Ti() | ) T,(1)
01 0 1 0 () | =

Ta(1)

with the (infinite) matrix on the left-hand side belonging to the so-called 3-diagonal Jacobi
matrix family. Similar equations using other matrices of this family define series of orthogonal
polynomials that are close to the Chebyshev ones in many respects. Readers may learn from
Akhiezer (1961), Gantmacher and Krein (1950), Stoker (1950), and McLachlan (1964) about the
ties of those polynomials with continued fractions and positive functionals and applications to
the classic moment problem and vibration theory (including Mathieu’s equation theory). In
addition, familiarity with this subject will enable the reader to understand much better the engine
of the proof of the Erdos-Mordell-Téth geometric inequality (Va > 3) discussed previously in
section H9.13 (the “Convexity and Related Classic Inequalities” problem group) and, especially,
better understand how continued fractions are used there. Consider this exercise: find the
eigenvalues of the n X n corner minors of the preceding 3-diagonal matrix; also, solve Problem
P7.9"" from the previously discussed “2 x 2 Matrices That Are Roots of Unity” problem group by
a different method employing the Chebyshev polynomials.

HI12.31

Since a polynomial T, (¢) = 2'~"T,,(¢) has a leading coefficient 1, u1,(—1,1) = 2' "

(What follows from this equality?) A linear map [a,b] 5 [—1,1] extends the
distances by 2/(b — a) times, so a polynomial T,(A(¢)) that deviates from zero by
maxb|T,1()L(t))| =2!"" has as its leading coefficient [2/(b — a)]". Using the

a<t<

Chebyshev and Haar theorems yields

1, (a,b) = 21"/<bia>n —2. (b;")n.

(Complete the details.)

HI12.33

We suggest proceeding by either of the following two methods:

(1) Algebraic method: y — Ax L im A < y — Ax € ker ‘A. (Why?)
(2) Analytic method: Applying the analytic version of the least-squares problem,
we must minimize a nonnegative quadratic function ¢(xo,...,X,;) =

J

0q/dx, = 0: k = 0,..., n.

2
> (inf,-(tj) —y_,) . Do this by solving a system of linear equations


http://dx.doi.org/10.1007/978-0-8176-8406-8_9
http://dx.doi.org/10.1007/978-0-8176-8406-8_9
http://dx.doi.org/10.1007/978-0-8176-8406-8_7
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HI12.34

Lemma 1 from section E6.3 shows that ker A = ker (‘A o A).

H12.35

A o A is always (symmetric and) positive semidefinite (why?); thus, we have
positive definiteness exactly when det ‘A o A # 0. In the least-squares problem
2n
Yo
for a T-system {¢",...,r,1} the matrix : : arises as ‘A o A, and
Z t;’ PEEEY m
the equalities that are being proved correlate with the condition of uniqueness “dim
Y > dim C” from section P12.32"".
Also, we may apply a purely algebraic claim “A is nondegenerate < det 'A o
t’]’ o1
A > 0” to a rectangular Vandermonde matrix A = - |, with no
A |
reference to the least-squares problem. This method is also applicable to a more
general matrix V, which degenerates for m < n but does not degenerate if m > n
and there exists an n + 1-element sequence j, <...< j, of indices j such that either
all s; with these indices are nonzero and the ratios tj/s; are distinct or all #; with these
indices are nonzero and the ratios s;/t; are distinct.

HI12.36

A direct computation yields

DN PN PN PN = Y = WD
my ui — (Zuj)z , myu; — (Z”j)z

X0

The fact that the line y = xo + x;u passes through the indicated points may be
established by direct verification using their coordinates. Also, it may be
established as a special case of the claim from section P12.37"".

H12.37

This follows from the equations ) x; Y ugut; = > uxjy; (k = 0,.. ., n) under an extra
i J J

condition of equality of uy; and the coefficients at x, to 1. (Complete the details.)


http://dx.doi.org/10.1007/978-0-8176-8406-8_6
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HI2.38

Readers may observe from the foregoing explicit formulas in section P12.34" the
homogeneity of x;: substituting u;— rolig;,. . ., Unj I'nllyj, ¥j implies xo— roflxo,. ‘o
X, — 7, 'x,. We think, however, that proceeding by this method makes completing
the proof difficult. Therefore, we suggest a different approach. Let us introduce, for
o > 0and b = (b,. .., b,) with b; > 0, afinite set S, , C RZ:FI , with the following
properties: (1) the least-squares problem is solvable uniquely using (u);ES,,, and
any y; j = 1,...,#S,,) and (2) for any coordinate orthant Oy (k = 1,.. ., 2", the
number of points located in ', x = (S45\[],) N Ox is not less than o: #5', x > o
-#S. . Verify that grids G"“(N,a) with N,. .., N, > 1 are sets of this kind (say, for
b = a/2 and & ~ 27" 2). Produce the estimate Ix;] < (" * + 1) - C - b, ! for the
solutions of the least-squares problem using (1);ES,,,, and y; with Iy}l < C.

U,

H12.39

The answer is m(d) =1 + 2 +...+(d + 1) = (d + 1){d + 2)/2, that is, m(d) is
equal to the number of linearly independent monomials in (s,f) of degrees smaller
than or equal to d. Indeed, for any (sj,tj)ERz, j=1,.., mwithm<({d+1)

(d + 2)/2, there exists a nonzero polynomial p,(s,t) = > cus‘? such that
ket <d

DPm(sipty) = 0, ¥j. (Why?) Thus, an affine space of solutions of the least-squares
problem is at least one-dimensional for any given values y;. On the other hand, show
that a polynomial of degree d with a zero set containing a set S, of the integral
points of a triangle {s >0, >0, s +1<d} C Rf‘t (how many of those points are
there?) does not exist, and, therefore, the least-squares problem is solvable
uniquely, using the points (sj,tj)ESd.l8

The least-squares problem is uniquely solved using a fixed set of points { (sj-,tj)ER2:

j = 1,..., m} if and only if the rank of the matrix A = (vjl‘ti) equals m(d).

k+=0,....d,

j=1,...m

18 oy - . r
This means the nondegeneracy of the matrix (sj tj) KH=0,...d,

i=1,...,m(d)

draw the reader’s attention to the distinctive row scaling, which causes, for large degrees
(practically, seven and larger), serious trouble for numerical computer processing. Commonly,
the least-squares polynomial fitting using routine matrix computations becomes impractical very
quickly with the growth of both the number of independent variables and the polynomials’
degrees. One way to improve the situation consists in rescaling the rows by factors p *~'
(however, this may bring the matrix close to a matrix of a smaller rank). Also, shifting the
arguments to a neighborhood of the origin can be useful. A different way is to use the
Tikhonov-Phillips regularization. Finer numerical procedures require a sophisticated analysis
using methods of algebraic geometry.

[(s;,t)ES4]. But we must



360 Least Squares and Chebyshev Systems

Therefore, an algebraic algorithm for a determination of the solvability uniqueness,
given m > m(d) points (s;,t;), may consist of computing or estimating the aforemen-
tioned rank. Geometrically, equality of this rank to m(d) means that the preceding set
of (s;,t;) cannot belong to any algebraic curve of degree d (since coefficients of the
curve would give a nontrivial solution of the linear system Ax = 0). Therefore, for
d = 2 and six distinct points (s;,¢,), a geometric algorithm for the determination of the

solvability uniqueness may include the following steps:

o If four of the points belong to a straight line, then all six points belong to a
quadric. (Why?)

o If four of the points do not belong to a straight line, then take a subset of five
points. These five points belong to a unique quadric. (Why?) Derive an equation

of this quadric ps(s,) = > cus*t = 0(the coefficients are determined up to a
kH<2

common factor; why?).
¢ Finally, check whether the remaining sixth point satisfies this equation.

The reader may apply the following method of finding an equation of a quadric
passing through five distinct points, with no four of them lying on a straight line.
Take a subset of four points. The quadrics passing through four distinct points not
lying on a straight line are presented asp4(s, 1) = 'p'4(s, t) + ¢"p"4(s, 1) = 0, where
P'4(s,t) =0, p",4(s,t) = 0 are distinct quadrics passing through these points (prove
it!); the quadratic polynomials p',(s, ) and p”,(s, ) may be found as products of
linear factors. (List the cases respectively to locations of the points.) Determine the
ratio ¢’: ¢’ so that the quadric p4(s,f) = 0 contains the remaining fifth point. [If three
of those five points lie on a straight line /5(s,t) = 0 and the other two lie on a straight
line /5(s,t) = 0, then the desired quadric is [, - /3 = 0.]

This method was introduced by a German geometer named Julius Pliicker (1801-1868).
Interested readers will find much information on this in Klein (1926) and Prasolov and Soloviev
(1997).

HI12.40

First obtain the mean values and covariance matrix of ¥;:

Yf_yj:Yj_yj: J (yj_yj)p(y7c)dy1 ---dym =0,
RWI

<Y; =¥ Y — 9k> = J i = 9) 0k = 5Py, ) dys . . .dyn = 6° - .
Rm

Next, the componentwise means of random vectors v(y) = (vl ), vr(y))

[v = (vy,.. ., v,)] commute with linear transformations of those vectors: Tv = Tv,
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for a numerical matrix T [Tv = Q. Tjv;, Y. T>vs,. . .)]. Therefore, taking into account

that (‘Ao A)fl(fA))‘z = (Ao A) "' ("A)Ac = ¢, we will obtain (in accordance with
section P12.34™)

BY) —c=B(¥) —c = (AoA) (A)Y — (AcA) '(A)y
— (AoA) (A)(¥ —3) = (A0A) (AT —3) = (AoA) ' (A)0 =0,

which proves the unbiasedness of the maximal likelihood estimate for c. Now

consider the Gram matrix G = ((e(¥, e(")>)w _ for vectors eV, . .. Verify that

v=1,.
the Gram matrix for vectors v(!) = > Tlve("), v = > T2ve(">,. .. [with a numerical
matrix T = (Ty,)] is T o G o 'T. Therefore, and taking into account the symmetry
of the matrix (‘A o A)7l (why is it symmetric?), the covariance matrix for

DoY), .., O,Y) is

(@(Y) = iy u(Y) = e))yycp,. = (A0 ) (A)((¥i =5 Ye—3))

A(AoA) ' = (A0A) ' (A)(PE,)A(AcA) " =c*(A0A)

jk=1,...m

(where E,, is the identity m X m matrix), which completes the proof.

HI12.41

Exponential functions form a T-system (according to section P12.10"); therefore,
the assumptions in Problem P12.40"" are realized (ker A = 0). Application of
section P12.40"" yields the variance of the estimate ®(Y) = ®y(Y) when n = 0,
and it yields the variances and correlation coefficient'” of ®y(Y), ®,(Y) whenn = 1:

. 2 _ 2 —24/T
n=0: O'(D—O'/g e f/,

72[,'/7"1,;;
n=1: O-<2Dk:02 Ze o 27
(Z e_th/To) (Z e—2t]/T|) _ (Z e—t/(To +T, ))

S e (T'T)
\/(Z e 2i/To) (3 e=24/Th)

Po,», =

19 Correlation coefficients p;; form a dimensionless covariance matrix: p; := cov,j/. /COVj; - COVjj.
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Readers can straightforwardly get from it asymptotic expressions (ao, /c)” =
0(e™%), pop, = 1 + O(e*) because ¢ = ITy — Tol/Ty — 0. The first expression
confirms that the indistinctness of the exponential terms makes their amplitudes
practically inestimable (estimable within the infinite error), and the second just
states that the estimates become entirely correlated (dependent).

Explanation

El2.1

The line segment between fo<...<t, and (’o<...<¢’, is defined as the
trajectory of a uniform movement t— ' (1)=1¢ +1({' —=¢): 1€]0,1]
(? = (to,. .. ,tn)) . It lies completely in the set {ty <...< t,}; in other words,

ti1(t) — t(tr) are positive at any points of the segment [0,1] because they
vary linearly and are positive at its ends (create a figure). In turn, a continuous
positive function on an arc has a positive minimum there because the arc is a
compact set.

E12.4

We will prove that im A has zero intersections with the coordinate subspaces of /
nonzero coordinates c; if we establish that for any ¢, , . . ., ¢;, there is an element of
im A with these coordinates of indices iy,. . ., i,,, respectively. (Why?) We leave it to
the reader to verify that the positiveness of all ¢; implies the existence of b with any
prescribed coordinates of Ab of indices iy,. . ., i,, (Which is equivalent to the linear
independence of any m + 1 rows of matrix A). QED.

— —

Now, letV,1(t", k) # Oforany nandV, (¢, k )>0forn < n’, and we must
show that V. (7, 7)>0 0 <ty <...<ty, ko <...< ky). Obviously, this holds
for n’ = 0. For n’ > 0, directing ¢,/ to infinity while keeping the remaining points
fixed implies V,/,; — oo. (Decompose the determinant V,,,; with respect to its
last row and apply the inductive hypothesis.) Therefore, we have found cases of
Vi1 > 0. By virtue of continuity and since always V,,; # 0, this yields that
always V,; .1 > 0. QED. (We leave it to the reader to fill in the details.)
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EI12.5

We have

ki
det( i(tj)) i=igyim det ( Z a[f/(tj)> i=ig,... i,
I=ki_1+1 e
Jj=0,....m Jj=0,....m

= Z a, ---ar, det (fl,(t/)) imigin
ki, <ly <kip,r=0,..,m :
j=0,....m

El12.11

1 g1 e gm
] 0 g'l . g’m
Proof of Statement 1. Decomposing W,,11(go,---,8m) = | . . :

0 g[l.m] gl
with respect to its first column shows that W,,(¢';,...,¢,,) #0 for 1 <m < n.
By the inductive hypothesis, g, ..., ¢ , form an EM-system, so polynomials on
g, 8, have at most m — 1 zeros in I, considering multiplicity (1 < m < n).
Derivatives of polynomials on g,...,g, are polynomials on g'|,...,¢’,,. Now
complete the proof using the Rolle theorem.

W, 1(fos- - -» ) # 0 does not imply the Chebyshev property of fy,. . ., f,,, as, for
example, fy = cos ¢, fi = sin ¢ cannot form T-system on any segments of lengths
>m (or intervals, or half-intervals, of lengths >m). Readers should realize why the
preceding proof does not cover such cases.

Proof of Statement 2. First establish the following lemma.

Lemma For m times differentiable functions fy,...f, and sequences of

points o <..< i < <. .< g <l <...< Iy such that
livi — == liy,1 — Ly,
Werl(fi)(tj)' 1

i,j=0,....m

= Wm+l(f07 s vfm)(t07 s 7tj717tj7 cee 7tj7tj+1‘7 s 7tm) + 0(1)
r N——
<2> r times
N(r)h

ash — 0, where h = tj, — t; =...= tj,,—1 — tjy,—» and N(r) is a positive con-

stant that depends on r.

This lemma is proved by expanding the elements of the (j + 1)th,...,(j +r — 1)
th columns in Taylor series at #; up to the terms of order of 7! and then using the
multilinearity and skew symmetry of determinants with respect to columns. (Work
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out the details.) Applying this lemma and taking into account that W1 (f;,, - - - »fi,)
(to, .-y tm) # 0 and Wy 1 (fiy, - - - . fi, ) (2) # 0, deduce that these determinants have
the same sign for ty = ¢,..., t,, = t + mh, for small enough 2 > 0. Extend this
property of having the same sign to any fy <...< t,, by using continuity, and then
toany 7y <...< t,,using the preceding lemma (“in the backward direction”) and the
nonvanishing of the determinants.

EI12.14

Case of W > 1. Considering multiplicity, ¢ has at most W zeros. Therefore, this
number is finite, so the zeros are isolated. In the interval U; = (t; — 6, t; + ) we
have g = const - (t — tj)k’ + o((t - lj)kf ) , where k; are multiplicities of zeros ¢;.
These representations, with const # 0, are achievable since the multiplicities do not
exceed the order of smoothness (the number of derivatives) that is not smaller than
W. (Actually, }'k; < W.) Define a closed segment J C I so that lgl is large enough
on I\ (which is achievable due to the limit behavior of ¢, but it could be
unachievable if, for example, ¢ had a horizontal asymptote!). On the compact set
NUU;)) we have lgl > ¢ > 0. Therefore, g,: = ¢ + h have no zeros outside (JU;
for Il < ¢. On the other hand, direct computations show that for small ¢,0 > 0, g,
with i # 0, Il < ¢ have one simple zero in U; for odd k; and no zeros or two simple
zeros for even k;. Also, we suggest unifying those computations in the following
lemma.

Lemma Let, for an integer k > 1, a function f(x) = x* + o(x*) be k times differen-
tiable in a neighborhood of x = 0 (for k = 1, continuity of the derivative is also
assumed"). Then an equation y = f(x) with a small y has:

e A unique small positive root for y > 0

e A unique small negative root for y > 0 and even k
* No small roots for y < 0 and even k

e A unique small negative root for y < 0 and odd k

All of these roots are simple.

(Proving this lemma is a fairly good exercise in analysis. However, readers who
feel they lack experience may have a look at the proof of this lemma at the end of
section E12.14.)

20Readers may give examples of differentiable functions f = x + o(x) with derivatives discontin-
uous at x = 0, when the equation y = f{x) has a multiple solution for arbitrarily small y. The
applicability of this lemma to our purposes is provided by the following condition: the number of
derivatives is > W > 1; therefore, the first derivative is continuous.
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To sum up, for a small ¢ > 0 the members of a family {g;: Ihl < &} have the
same, modulo 2, number of zeros (considering multiplicity).

The same holds after substituting a source function ¢ by ¢, = ¢ + y (yER): for
a small ¢, > 0 the members of a family {q,.,: lAl < &,} have the same, modulo 2,
number of zeros (considering multiplicity). (Why?)

Finally, take a covering of a segment —1 < y < 0 by intervals (y — &,y + &,).
There exists, because of compactness, a finite subcovering, so ¢ and ¢ — 1 have
the same, modulo 2, number of zeros (considering multiplicity), which completes
the proof.

Advanced readers may prefer the kind of argument that is similar to that in
section H12.1. A number of zeros, modulo 2, of g, cannot change locally, so that a
subset {y} C R on which it is constant is open and closed. Therefore, it is all of R
or empty.

Proof of lemma. For small x, f has the same sign as x*, so we can obtain the
statements of the lemma concerning the existence (or nonexistence) of the roots
applying the continuity of f. (How?) We will prove the uniqueness and the simplic-
ity of small positive roots for y > 0; in the remaining cases, they may be established
using similar arguments. If, on the contrary, there are distinct roots (a multiple
root), the derivative must vanish at a point that is intermediate between those roots
(resp. at that point) by the Rolle theorem (or by the Lagrange intermediate value
theorem, which is equivalent to it-depending on the reader’s preference). On the
other hand, f’ > 0 for small x > 0 since f = X+ v(x) with v = o(xk), and so
f'=k* '+ with v = o(x* ). (Indeed, for k > 1 we will find, using the
Taylor-series expansion, that

y=o() & {V(O) = ... .= = o} = {v'(O) = .= = o}

eV =o(x ).

For k = 1 we have v/(0) = lir% [v(x)/x] =0, so v = o(1) because its continuity

is assumed.) This completes the proof.

Ei12.17

Proof of Bézout theorem. We suggest using the resultant of the polynomials, as
in Walker (1950) and Arnol’d (1989 Historical). The resultant of the two

m n
polynomials f(x)= Y v,_x', g(x) = > w,_;¥’ is the determinant of the matrix R
i=0 Jj=0
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Vo Vin
= L A Y /-8) = det R. Verify that the coefficients
wo ... ... Wy
WO DY DY WI'[
m—1 . n—1 .
of arbitrary polynomials fi(x) = > by—i—ix' and g(x) = Y a,_1_j¥ of degrees
i=0 j=0
n — 1 and m — 1, respectively, satisfying the identity fg,; + f;g = O form a solu-
tion of a linear system, which in matrix form looks like this: (aq, ..., a,—1, bo, . . .,

bm—1)R = (0,...,0). From the preceding statements deduce that res (f,g) = 0 if
———

m-+n
and only if f(x) and g(x) have a common root (in an algebraic closure of a field of the
coefficients).”!

Now consider the equations fix,y) = 0, g(x,y) = 0 from section H12.17 as
polynomial equations on x, with polynomial (in y) coefficients. Verify that res
(f.g) as a polynomial in y has a degree of, at most, mn. If, for a fixed y, those
equations have a common root x, then the resultant vanishes. Therefore, the
common points of our algebraic curves project to, at most, mn points of an ordinate
axis. The same will hold using independent variables X' = ax + by, y = cx + dy
(ad — bc # 0) instead of x, y, so the common points of our algebraic curves project
to, at most, mn points of any straight line in a plane. From the preceding discussion
deduce that there are, at most, mn of those points. QED.

The proved version of the Bézout theorem yields upper estimates, but not exact values. For
example, two distinct circles in R? have at most two, considering multiplicity, common points.
(Actually, this also may be established using the Bézout theorem. Show that common points of
two distinct similar quadrics in R? lie on a straight line, so there are at most 2 - 1 = 2 such points.)
The complete classic version of the Bézout theorem states that there are exactly mn common
points, considering multiplicity, imaginary points, and points at infinity (in short, the points in
projective space CP?), or common components (Walker 1950). The theorems of Kushnirenko
and Bernshtein (Bernshtein 1975 and references therein) generalize this result for determining the
number of common points of algebraic varieties in the terms of mixed volumes of Newtonian
polyhedrons. Also, readers will find further development of the subject and multiple references
in Khovanskii (1997).

Analytic method in section H12.17. For z = ¢ we have cosv0 = e

sin vO= ’z—lf Inserting this, for v = 0,.. ., n, into G(6) = kz%ak cos kO + by sin kO

and multiplying by e yields

2! Readers may prove that actually res(f, g) = viwy' [ (t; — u;), where t,, u; are roots of f(x), g(x),
i

respectively (in an algebraic closure of a field of the coefficients) (Van der Waerden 1971, 1967,
Lang 1965).
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~ 1 —v 1 n+v n—v
p(z):aozn—i—; {Eav(z"”—i—z" )+va(z+ 2",

so we have u, = iip,,_, = —“”*";’b”*" forv=20,...,n — 1 and u, = ag. Conversely,
2n .

for a reciprocal polynomial p(z) = Y u,_;z' we have u, = it»,_, and, specifically,
i=0

u,ER, so that

=l n—1
G(0) —uy =™ Z (”veive + u2n7vei(2n_v)e> =2Re (Z uvei("—")f?)
v=0 =

represents a trigonometric polynomial of order n with real coefficients.

Obviously, the products of reciprocal polynomials are themselves reciprocal
(also, the quotients are reciprocal polynomials, if they are polynomials at all).
Derive from this that a polynomial is reciprocal if and only if its end coefficients
are complex conjugate and all roots that do not belong to the unit circle can be
grouped into pairs of inverse number (like pe’ and p~'e').

EI12.18

If the m x mminors of this matrix vanished all together, we would have det(f(z)));,;

—o...n=0with any fyand t,,, .. . ., t,, as follows from the decomposition of this
determinant with respect to its first,. . ., mth columns.
In the geometric definition of polynomials with zeros ¢4,. . ., t,,, the n — m + 1-

dimensional space of the coefficients is a subspace of R""! orthogonal to the
desired m-dimensional plane.

E12.20

Proof of theorem. Necessity. Let max Ipl > p between any adjacent zeros, and
in the case where I has end(s), also between the end(s) and the closest zero(s).
Define g as a Lagrange interpolating polynomial equal to zero at the nodal zeros
of p, positive at its nonnodal zeros, in neighborhoods of which p > 0, negative
at nonnodal zeros, in neighborhoods of which p < 0, and normalized so that
max | ql < ponl. (Work out the details.)

Sufficiency. Case of n = 2k. Since the set of polynomials on F defined by condition
2 is compact (indeed, it is the unit hypersphere in finite-dimensional space), there is
a limit polynomial p(#) that has nonnodal zeros #4,. . ., #; (why?) and no other zeros
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(by virtue of the “necessity part” of the theorem being proved). In fact, p(f) > 0 on
I; why? [Investigate signs of p)(¢) in the intervals between zeros.]

Sufficiency. “Hardest case”: 2k + [/ =n — 1,1 = [a,b], t;1 = a. In a Euclid-
ean space Rf’:l the squared distance from the origin to the plane defined by

sCn

independent equations (c,v;) = d; (j = 1...., m) equals
W= (di,....dy)G " (dy,....dy) =Y gldid

where G = (g;));j = 1,..., m 15 the Gram matrix of vectors v;, g;; = <v,~, vj>. In our

case,m = n,d; =...=d,_, = 0,and d, = 1, so that k> = ¢"" = W
Fix apoint g < bsothatty,. .., il - - s € [, to] andtgv), e ,({:)1 € [a, 1), Vv.

Angles between the vectors v = (fo(?),. . ., f,(1)), with t<[a, t9] and v, = (fo(b),. . -,
(b)), have a minimum «&(0,7). (Why?) Hence, for the n-dimensional volume of an
n-dimensional parallelepiped spanned on vy,. . .,v, and the n — 1-dimensional vol-
ume of an n — 1-dimensional parallelepiped spanned on vy,...,v,_| we have

vol,(vi, ..., vy) > vol,_ (Vi ...y Viu_q) - |Vl - sin o

(Why?) Sincedet G = [vol ,(vy,. . .,vn)]2 and [cofactorof g,,,in G] =[vol ,,_{(vy,. . .,
vn,l)]z, this yields an estimate 2 < (Iv,| - sin oc)fl. (Work out the details.)

E12.24

The theorem from section P12.20°" is applicable here because the number of
elements of the T-system, reduced by 1, and the number of a polynomial’s nodal
zeros are both even. Therefore, their difference is even.

E12.25

The desired trigonometric trinomial with zeros 0 < 6; < 6, < 27 may be found as
p(0) — &, for proper ¢ and trinomial p(0) = 1 + sin (0 + 6,), with 6, defined so as
to provide a pair of zeros in [0, 27) located symmetrically with respect to the point
(0 + 0,)/2. (Depict and fill in the details.)

E12.26

Example of invariant distance function that cannot derive from a norm. Consider on
the space X of real (or complex) sequences x = (xg,X1,...) a distance function
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L=yl
Loy =yl
but it cannot derive from a norm since X has a finite diameter.

The topology defined by this distance function also cannot derive from a norm. To establish
M&mmemnwmwmaw%mwg%mxmmmmmbgﬁmﬂmWﬁﬁ”mmmgmaﬁn
all n, then assume normability of the topology and consider the sequence x™/Ilxll with x{*) = §,,,.

A translation-noninvariant distance function. Consider the distance function on a
vector space defined by a cartographical map on a sphere (of the same dimension)
with a deleted North Pole on this space. (Actually, this distance function is invariant
with respect to a different group.)

(verify the axioms!) dist(x,y): = > 5 Obviously, it is translation-invariant,

E12.27

Necessity. Taking

uj = max {t f(0) = p() = f(1-1) *P(t.i—l)}v

l/,1 §I<f/'

vy= min {r:f(t) = p(t) =f(1;) — p(t;) }

]

we have u; < v, Vj = 1,...,m — 1. (Why?) The required points 7'y, ...,7,_; may
be defined as zeros of f{(r) — p(?) in intervals (u;,v;), respectively. (Work out the
details.)

E12.28

Sufficiency. If p, g are polynomials of best approximation, the same will hold for
the convex linear combinations

[f (1) = ap(t) = (1 — o) q()| <ol (1) = p(0)| + (1 = ) |f (1) — q(0)] = d.

By the Chebyshev theorem in section P12.27°"", an equation | fH) — r(t)l =d
has at least #F (in fact, #F 4 1) distinct roots in / for a polynomial of
best approximation r; therefore, an equation f — ap — (1 — a) ¢ = £d with any
fixed ®=(0,1) has at least #F distinct roots in /. However, at the roots we will have
f—p = =£dand f — ¢ = +d — with the same signs “+” or “—" for both (why?);
hence, p = ¢ at those points, so p = ¢ identically (by section P12.19"; complete
the details).

Necessity. As follows from the properties of p(f), max, [f(r)] =1 and f(t;) = sign
a<t< :
¥j» Vj = 0,..., n. From this, for any polynomial ¢(¢) on F, max, If(t) —q()]| >1
a<it<

[as otherwise ¢(t}) would have the same signs as y;, which would contradict
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the orthogonality of (yg,. . .,y,) to the polynomials on F]. At the same time, we have,
forICl < 1,

I£() = Cp(O] <|f ()] + [Cp(t)] = |g(t)] - |1 — |p(t)[| + [Cp(2)]
<1—Ip(]+Ip(H)] =1,

which completes the proof.

E12.30

Application of the Chebyshev polynomials to find the eigenvalues of 3-diagonal
0o 2 0 1
n x nmatrices M= |1 0 1 and N=|[1 . . | . Letv=

‘Wos- - svn—1) of vo = 1 be an eigenvector of M corresponding to an eigenvalue /.
By-component processing of an equation Mv = v yields the equalities v; = T;(4/2),
i=0,.,n—1,and T, »(4/2) = 1 - T,,_1(4/2). (Why?) Hence, the characteristic
polynomial of M is yu(A) =24 - T,_1(A/2) — 2T,_»(4/2) = 2T,(A/2), so the
eigenvalues are A4(M) = 2 cos=— = ZkH) ,k=0,..,n— 1. (Work out the details.)
As for N, a straightforward computatlon makmg use of the identity sin(n + 1)0

+sin(n — 1)0 = 2cos @sinnf shows that the sequence of polynomials U,(t) :=
0 1 Uo Uo

Tii(0) _ sinllnt 1) arccos 1) o s fies an equation | 1 . -, Ul =2t | U

n+1 sin(arccos 1)

Therefore, a calculation similar to the previous one yields yy(4) = U,(4/2), so the

eigenvalues are /;(N) = 2 cos X% arp k= 1,..., n. (Fill in the details.)
A general theorem states that the corner minors A, of a 3-diagonal matrix
ap by
by a1 b

A= b with b; > 0, Vi, have all their eigenvalues real and simple
1 . .

(nonmultiple), and the eigenvalues of A, and A, alternate (as in Sturm theory) (Gantmacher
and Krein 1950; Marcus and Minc 1964; and references therein). Readers may establish that these
eigenvalues are real and simple (nonmultiple) with arguments similar to those used previously in
section H12.21 for proving Hurwitz’s theorem; also, the simplicity of the eigenvalues may be

e . .. (Pn,l(/l) P’n,l(i)>
shown by utilizing (prove them first!) the inequalities det ) #0 for a
P,(A) P, ()
corresponding to A sequence of the orthogonal polynomials P,; the same inequalities imply the
alternation property as well. [In an analytic language, the reason for the alternation is that P,_;
takes different signs at successive zeros of P,; topologically, the alternation is due to the
“displacement” of the planar vector v,,_; = (P,_1, P',_1) by the vector v,, = (P,, P',) while v,
rotates, which places v,_; on the ordinate axis, between two successive occurrences of v,
(what follows from that?). The reader may work out the details proceeding by selecting a preferred
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method. The analytic one is more traditional; a far-reaching development of the topological one is
discussed in Arnol’d (1985).]

Sequences of x,, = P,(1) = T,(4/2) and x, = Q,(4) = U,(4/2) form a basis of solutions of an
infinite linear system {x;_; — Ax; + x¢1 = 0: k = 1,2,...} (verify it!); in addition, zeros of P,
Q, alternate. A similar statement holds for linearly independent sequences of orthogonal
polynomials corresponding to each 3-diagonal matrix A, discussed previously; that is, for
sequences P,, Q, forming a basis of solutions of {b;_1x;_1 + (ax — 2) - x; + bpxeyy = O:
Pn—l ()v) Qn—l (A) )

Pu(2)  Oa(4)
# 0; fill in the details. Further generalizations and applications of these theorems in vibration
theory for elastic systems are discussed in Gantmacher and Krein (1950).

k = 1,2,...}, the zeros’ alternation may be shown by the inequalities det(

E12.33

(1) Algebraic method: apply Lemma 1 from section E6.3 above and work out the
details.
(2) Analytic method: the equations actually have the form Y x; > fi(#)fi(t)) =

i ]

>~ fi(t)y;, or, in matrix form,
J

foltr) folz) --- fot) filn) -\ [x
fi(tr) o | folt2) Xy
fotr) folt) -\ [(»n

— | fitrr) »2

which completes the proof.

Readers experienced in multivariate derivatives might prefer organizing the computations as
follows. The system may be presented in a concise form: dg(x) = 0. The differential on the left-
hand side, which is a linear function of increment 4, may be obtained in various equivalent ways,
as, for example,

1. dq(x)(h) = 4|—oq(x + th) = %L:o(A(X +th) — y,A(x + th) — y) = 2{Ax — y,Ah) = 2{'A(Ax — y), h);

2. dq(x)(h) is a linear in & component of g(x + 1) — g(x) = 2(Ax — y, Ah)+ (Ah,Ah), so, dg(x)
(h) = 2(Ax — y,Ah) = 2('"A(Ax — y), h);

3. The multivariate Leibnitz derivation rule brings dg(x)(h) = 2(Ax —y,d(Ax —y)(h)) =
2(Ax — y,Ahy =2('"A(Ax — y), h).

(Readers may suggest even more ways.) Thus, dg(x) = 0 < ‘A (Ax — y) = 0, which completes
the proof.
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E12.35

We have, using statements in section E6.3, that ‘(A o A) = ‘A o '(A) = 'A o A,
which proves symmetry, and ((‘A o A)x, x) = (Ax, Ax) >0, which proves positive
semi-definiteness.

E12.38

If |x;,| <Cb;', then |x;,|<(a"/2 4 1) - C- b;'. Fix io such that |x;|b;,>C. Take

.....

| =D ) = > bl bi> i [y, > [y,

1

and hence,

>

inul:f - inu’j - ’yj| - |yJ| > |xf()|bi<l - |yj| > |xil)|bi(J - C(ZO)
i i

E x,*l/t,‘j
i

Consequently,
2 2
> <in”ij —YJ'> > > (in”ij - y/'> > 0 #8u - (Jxig|biy — €)%
Sub i Sk i
On the other hand, the sum of squares in the left-hand side cannot exceed the
similar sum that may be found for a hyperplane y = 0 (with zero coefficients x;)
(why?), and so,

C2 : #S(x,b > #Sx,h : (lxiolbiu - C)Z’

which is equivalent to |x; |< (a2 +1)-C- b,', QED.

E12.39

Use induction on d to show that S,; (containing m(d) elements) cannot be contained
in a zero set of a nonzero polynomial of degree d. For d = 0, the zero set is empty,


http://dx.doi.org/10.1007/978-0-8176-8406-8_6

Explanation 373

whereas #Sy = 1. Letd > 0 and assume that this claim has been proved already for
smaller, than d, degrees. A straight line s + ¢t = d contains d + 1 elements of S,
and by the Bézout theorem (section H12.17) this line will be contained in the zero

set of some polynomial p,,4) (s, ) = > custt of degree d if S, is also contained
k+1<d

there. (Complete the details.) Consequently, p,,)(s,f) will be divided by a linear
polynomial s 4+ ¢ — d (why?), and a set S)\{s + t = d} = S,_; will be contained
in a zero set of the quotient, in contradiction with the hypothesis of induction, QED.

If four points A; = (s;,¢;) belong to a straight line /4(s,r) = 0, and /5(s,r) = Ois a
straight line passing through As, Ae, then a quadric I, - /4 = 0 passes through all six.
Next, if quadrics ¢'5(s, ) = 0, ¢"5(s,t) = 0 pass through the same five points, they
have, by the Bézout theorem, a common component; that is, ¢'5(s, ) and ¢”5(s, 7)
have a common linear factor or are proportional (and the quadrics coincide;
complete the details*®). Let them have a common linear factor: ¢'s(s,7) = I(s,1)-
U(s,t), q"s(s,t) = I(s,t) - I"(s,t). If the straight line I(s,) = O contains, at most,
three of five common points, then at least two remaining belong to both /'(s,r) = 0
and [”(s,f) = 0, hence, these lines coincide, so, the quadrics coincide, QED.
(We leave it to the reader to fill in the details.)

The quadrics passing through four distinct points (s;,t;), j = 1,...,4, not lying on
a straight line, are linear combinations of two distinct quadrics passing through

these points because a 6 x 4-matrix (sjktj’) has rank four. (Why this

k+1=0,1.2,
j=12,3,4
conclusion is a right one?) The readers may find this rank as follows. A linear
transformation (as + bt, cs + dt)—(s,t) (ad — bc # 0) converts this matrix to the

matrix ((asj + b)) (cs; + dtj)[) that has the columns corresponding to

k+1=0,1,2,
j=1234
polynomials in (s,f) of degrees k + [/, respectively. First, prove that the usual
monomials s of degree k + [ = d (d = 0,1,2) are linear combinations of the
polynomials (as + bn)* - (cs + dr)’ of the same degree k + [ = d. In fact, a similar
claim holds for any number of variables:

Lemma1 A linear transformation (Z A1yZyy ey D a,wzv) (21, ..., 2y) (det (ay,)
v v

# 0) yields the set of the monomials || zﬁ“ of any fixed degree Yk, = d to a set of
linearly independent polynomials.

(Proving this lemma is a good exercise in linear algebra. Also, the readers may
have a look at a proof at the end of section E12.39.) By this lemma,

((asj + b:,)k(csj + d;i)l) 4+i—012 has the same rank as (sftj[) irio10 - Make a

j=1234 J=1234

22 Readers may easily prove the implication “a straight line I(s,f) = 0 is contained in an algebraic
curve p(s,t) = 0”7 = “p(s,t) is divided by I(s,t),” by making an affine change of the independent
variables so that this line would become the ordinate axes t = 0. (The similar arguments allow an
immediate multivariate generalization substituting a straight line with an affine hyperplane.)
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change of coordinates by a linear rotation so that the second of the new coordinates
(which we denote ¢;, as before) would be distinct at the given four points. And so,
the claim about rank is reduced to its special case:

Lemma2 6 x 4 matrices (sj‘ tﬁ) with distinct t; have rank four if (and only if )

k+1=0,1,2,
j=1234
the points (s;t;) do not lie on a straight line.

Proof. For s, insert a Lagrange interpolating polynomial (section P12.19*) s(f) on
T-system {1,,/*,r’} taking values s; at t;, respectively, into the matrix. It may be
zero or have degree 0, 1, 2, 3, depending on the location of the points A; = (s,,t)).
Polynomials equal to zero or ones of degrees O, 1 correspond to cases where these
points lie on a straight line (why? create a figure), and inserting s(f) shows
that only three columns (corresponding, say, to 1, ¢, tz) are linearly independent.
(Why?) If deg s(#) = 2 or deg s(#) = 3, then we have four linearly independent
columns (corresponding, say, to 1, f, tz, st, or, respectively, 1, ¢, t2, s; complete the
details). QED.

This completes the proof. In fact, the polynomials p', (s, ) and p”,(s, ) may be
defined in the following way:

« If the four points are vertices of a quadrangle, as products of pairs of polynomials
of degree one, defining the sides or the diagonals (all four must be distinct).
« IfA;, A,, Aslie on a straight line I(s,t) = 0, A, A4 lie on a straight line I'(s,f) = 0,
and A, A4 lie on a straight line I"(s,f) = 0,asp’y =[-I'andp”", = 1-1".
Proof of Lemma 1. The rows of the matrix A = (a,,),,y — 1,..., » COrrespond to
scalar multiplications by linearly independent vectors a, = (@), — 1,...,
<111 ) Z>
Az = : . Thus, the linear dependence of the transformed monomials
(an,z)

o K, .
would mean an identity > ok 11 {au,z)™" = 0 with some oy, ., # 0.

ki+otky=d =1
Apply a double induction: the external on » = dim z and the internal on degree d.

Inserting z from an orthogonal complement to a, yields the identity >
K+t =d

—1
k
Oy ko0 11 <a’u,z> * =0 (z€a,™), where a',, are orthogonal components of a,
pu=1

along a,". Hence, by the hypothesis of the external induction, oy, = 0 if some

k, = 0. Dividing the rest of the sum by [] <au, Z> yields an identity of a smaller
u=1

degree on an open and everywhere dense set of z and so, by continuity, on the whole
space. The proof is completed with a reference to the hypothesis of the internal
induction. Readers should complete the details. Considering A = E shows the
linear independence of the monomials themselves.
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EI12.40

Start by computing the mean value and variance of a univariate Gaussian distribu-
-1 2 2 -1

tion: (v27o) ! [ ye™ /27 gy = (V2no) ! | y2e /27 gy = 62 (The first of
—00 —00

these equalities is obtained by integrating an odd function. The second one is
obtained with integration by parts on [0,00) wusing the equality

(v 27w)71 | e/ dy = 1/2. Work out the details.>®) The desired multivariate
0

equalities straightforwardly follow from the univariate ones applying the Fubini
theorem.

Completing the Solution

S12.4

The subspace L = im A is of dimension equal to or less than m + 1 (which is the
dimension of the domain of definition of the operator A). Consider L as a subspace
of the coordinate space R™™' = R™"!' @ R/; restrict the projection onto
the (m + 1-dimensional) coordinate plane R™*!, of a kernel Rl, to L. The dimen-
sion of the image of this restriction will equal dim L — dim (L N R’). Therefore,
LN R’ = 0 when L is projected onto all of R”™"". (Fill in the details.)

In turn, L will be projected onto all of R;;’“ _ifand only if the rows of matrix A, of
indices iy,. . .,I,,, are linearly independent (why?), showing the equivalence of (1)

holding any inequalities as VI(T, 7) # 0 and (2) linear independence of any m + 1

rows of matrix A. Apply induction on /. Using the inequalities V;_; (7, ?)>O (for

0 <t <...<t;,_q and natural k; <...< k;_1) as the inductive hypothesis, first,

derive the inequalities V;(?, 7) # 0 ; then reproduce the inductive hypothesis

completely, proceeding as suggested in section E12.4 to establish that V,(?, ?)>0.

To realize the first step of this program, factorize A asA = A] = AS,[) 0...0 Afl”,
—t

where A,(i) isan (m +j + 1) x (m + j) matrix ! (assuming that
. —t
1

2 Tterating this calculation provides values for all central moments of a normal (Gaussian)
-1 % ; -1 ;
distribution: ( 27'm') ! J yzf’e’>2/2”2dy =¢%(2p — 1)!1; also, ( 27'50') ! J y2p+'e”2/2"2dy =
o 0

P (2m) 2 2p) (p = 0,1, 5 (=D =01l = 1).
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unfilled entries equal zero). The left kernel of the matrix Ay )24 g spanned on vector

(1,,.. .,t’"”). Therefore, since the left kernel of A = Ail’” is /-dimensional (why?),
and, obviously,A = Aﬁﬁ(

ol
" for any permutation of indices o: {1,.. ../} — {1,...[},

1)5la
[.m+l+]

the left kernel of A is spanned on vectors (1,¢;,. . ., t; ),j=1,.., 1.2% Hence, since

the rows of A have the form vAil’“Ith, where v are rows (of the same indices) ongll) ,the
linear dependence of the rows of indices iy,. . .,i,, would imply that a nontrivial linear

combination of these rows > o v;, belongs to the left kernel ofAﬁl’w 4+ SO the rows of

the m + ) x (m + [) matrix M = are linearly dependent, so

1 .. t?"f,H
det M = 0. (Complete the details.) Therefore, prove that det M # 0, or, which is the
same thing, det ‘M # 0. If iy = 1, then this problem may be reduced to proving that
det M" # 0 for M’ obtained from ‘M by deleting its first row and column (because
t; # 0; work out the details); similarly, if i; = 2, then the problem may be further
reduced to proving that det M” # 0 for M” obtained from M’ by deleting its first row
and column; and so on. If the first column of M, or M’, etc. has 1 as its first nonzero
element, then move the rows lying above this element to the end, making the row
containing 1 the first, and, if the column has —#, as its second element, then multiply
the first row by #; and add to the second one. Readers may verify that the process
1

combining these elementary operations results in the matrix K ,

0 B
where B is an (I — 1) x (/ — 1) matrix of a determinant equal to

+> 4. Vl,l(?, ?) Applying the inductive hypothesis and taking into account
di

that 7; > 0 gives det B # 0, completing the proof.

Remark. As attentive readers have noticed, the linear independence of any
m + 1 rows of matrix A and, therefore, the presence of / 4+ 1 nonzero coefficients
in polynomials having / positive roots, appeared in our proof with no regard to the
distinction of ¢, from #q,. . ., t,_;, indicating a generalization of the Chebyshev (and
Descartes) properties of monomials for multiple zeros. Such a generalization is
discussed in sections Pl2.8*, P12.9*, and P12.10",

2*The left (right) kernel of an m X n matrix A is the space of all row (resp. column) vectors v of
dimension m (resp. n) such that vA = 0 (resp. Av = 0).

25 Also, the left kernel may be calculated as the kernel of the adjoint operator A" (which acts on
row vectors as Ay = vA), using the orthogonality of ker A" with im A. (Work out the details.)
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S12.6

On the proof of the following statement: Obeying the Descartes rule of signs by a

system { fo.... f,} = the determinants det (f(1;)) i have equal signs
j=0,....m

for any subsequences 0 < iy <...< i, < n(m < n), while ty <...< t, are fixed.
We must verify that the signs of the determinants are the same as that for a special
subsequence of indices 0,. . ., m. Indeed, none of a series of successive replacements
of one index, starting from an arbitrary subsequence i,. . .,i,;, as

(ioy - yim) — (0,01, . im) — (0,102, .. 0p) — ... — (0,...,m),

can change the sign (as discussed in section H12.6). QED.

S12.8

Proof of the following statement: the determinants W for an ET-system {fy.. . .f,,}
have the same signs for any 7y <...< 7, when f; have continuous nth derivatives.
When n = 0, W(fy)(tg) = fo(ty) # 0 for any tyEl, so they have the same sign by
virtue of continuity fy,. When n > 0, the nonvanishing of the determinants W and the
property of these determinants considered in the lemma from section E12.11 make
their sign the same for two sequences of arguments: 7y <...< f,, and 1y’ <...< t,,
obtained from the first one by replacing the repetitions ...< t; =...= trym <...
with arithmetic progressions #; <...< t; + mh with a small # > 0. (Work out the
details.) In turn, the equality of W’s signs for any sequences of arguments without
repetitions is implied by the continuity of W on the set of such sequences. (Fill in the
details using the continuity of differentiable functions f;.) QED.

Readers have probably noticed that the continuity of the nth derivatives did
not appear in this proof for n > 0. Thus, the proved claim is applicable to
systems of functions without this property, for example, F = {fy,f1}, where

_ [ Pcos(1/r)+C, when t#0
fo()= {o, when =0
and fi(f) = €. [Actually, F forms an ED-system on I = (—00,00), as defined in
section P12.9*; readers may work out the details using the second statement
in section P12.11" below.]

, with a large enough positive constant C,

S12.11

On the proof of Statement 1. The arguments from sections H12.11 and E12.11 can
in no way prove that F is an ET-system on / as soon as the maximal-order
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Wronskian does not have zeros on I because each f; of F may take zero values in /
(indeed, consider F = {cos ¢, sin ¢} on a segment / of a length not smaller than 7)
and, if some f; does not have zeros, the derivatives of all of f;/f, may have zeros, and
SO on.

S12.14

Completing the case of W > 1. For small ¢, > 0 the functions g, with Il < g,
have the same, modulo 2, number of zeros (considering multiplicity) as g, because
qy has the same number of zeros as f, - gy, so this number is W at most. (Why?)
Also, g, is W times differentiable and lg,| — oo at the endpoints of / (using the same
arguments as for g). Together, these properties formally imply the required result,
as explained in section E12.14. QED.

Remark on the lemma from section E12.14. As readers have probably noticed,
the claim of this lemma related to k = 1 is a special (for dimension one) case of the
implicit (or inverse) function theorem (more exactly, a part of it, without consider-
ing the differentiability of the inverse function y +— x).

A differentiable function f = x + o(x) with the derivative discontinuous atx = 0,
such that an equation ¢ = f{(x) has at least k distinct small positive roots for any small
¢ > 0, may be created as f = x + x’sin(T/x), using a large enough constant T.
We will prove this by finding such T that for any small ¢ > O there exists 0E(0,¢)
suchthate — & + (¢ — 6)> > eand the set of T/x includes a segment of length > 2
wk, when the points x fill an area including the segment [¢ — J, ¢]. (Why? First make a
figure, then answer!) We leave the computations to the reader; show that if T > 27k,
then the required ¢ exist for ¢ < [T/(2TC/<)]2 — T/(2nk).

S12.17

(1) On the algebraic method. A proof of linear independence of /; using Lemma 1 in

i n—i

section E12.39. Functions /; are restrictions of monomials of degree n, x'y" ™', to the
unit circle. Thus, if > c;4; = 0, then the linear combination (which is a polynomial)
Y¢; x'y" " will vanish on the whole unit circle, so it will vanish everywhere (due to
its homogeneity; work out the details), and therefore, by virtue of Lemma 1 in
section E12.39, the coefficients ¢; must be zeros. QED.

Irreducibility of fix,y) = x_2 + ﬁ — 1 over a coefficient field of any characteristic
distinct from two. Indeed, otherwise we would have x* + y2 —1l=(ax+ byy+cy
(axx + byy + c5); with this, we may scale the coefficients in the factors sothatc; = 1
and ¢, = —1. Then a; = a, = %1, and a similar statement holds regarding by, b,.
(Work out the details.) Hence, we would obtain 0 = a,b, + a,b; = £2, meaning
simply the equality of the characteristic to two.
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Readers familiar with the ideas of projective geometry may use different arguments to prove
the irreducibility of ¥+ y2 — 1 over the reals. A polynomial identity such as p(x) = g(x) - r(x)
(of any number of variables and over any coefficient field) is equivalent to the identity P(xo,x) = Q

(x0,X) - R(xo,x), where for a polynomial of degree k p(x) = Y La,-j___x"l,\é .oy P(xp,x) is a
i+ <k
homogeneous polynomial P(xp,x) = Y, a,y_“xg*i*jf“‘x"l,‘c’é .... [How are zero sets of p(x)
i+ <k

and P(xo,x) linked to each other?] Therefore, we must verify the irreducibility of the quadratic
form x*> + y? — z%. Readers know that a quadratic form (of any number of variables) has a unique
matrix representation (x.y,...) - A - '(x,y,...) with respect to any fixed basis, using a symmetric
matrix A; but in addition, there are infinitely many similar representations with respect to the same
basis, using asymmetric matrices A. Show that a quadratic form may be factorized if and only if it
possesses the preceding representation with a matrix (perhaps asymmetric) of rank one (obtainable
by multiplying a column vector by a row vector; why?). However, the symmetric matrix represen-
tation is obtained from any asymmetric one by a symmetrization A — % (A + ‘A), so its rank
cannot exceed two for a factorable form (as the rank of a sum does not exceed the sum of ranks).
1
But rk 1 = 3, completing the proof.
-1

Also, readers may use geometrical arguments showing that a circle is not a union of
straight lines!

A homogeneous polynomial in x, y identically vanishes, being divisible by
x> 4+ y> — 1. Indeed, it vanishes on the whole unit circle, and so vanishes every-
where (due to its homogeneity).

A planar set consists of at most n points if its orthogonal projections onto any
straight lines consist of at most n points. Indeed, for any fixed straight line /, this set,
which we denote S, lies on a union of (not necessarily distinct) straight lines rq,. . .,r,
orthogonal to [ (create a figure!), and the same holds for any straight line /
transversal to /; therefore, S is finite (to be exact, #S < n% why?). Therefore, S is a
bounded set. Hence, if we pick the transversal line // close to /, S will lie within the

n
union of intersections |J (r; N7';). (Why?) Hence, #S < n. QED.
i=1
The common points of two similar (i.e., obtainable from one another by a
combination of a homothetic transformation and a parallel translation) quadrics in
a vector space belong to a hyperplane. Indeed, verify that the difference of two
quadratic equations (Ax,x) = r, (A(x — xp), x — Xo) = s is a linear (in x) equation.
(2) On the analytic method. A proof of the equivalence of the reciprocity of a
polynomial to the following property: end coefficients (a9 and a,) are complex
conjugate and the roots lying outside the unit circle are distributed into pairs of

mutually inverse complex numbers. The reciprocity of p(z) = ag[] (z — €)-
k

[1(z—pe®)(z—p~'e%) such that e Qo0+2320) — (—1)"a@p/ay may be

established by elementary computations. [Remark: a direct verification shows
that the equation a / a = ¢ (0 €R) is solvable with respect to a and defines a up
to a multiplication by arbitrary nonzero real numbers.] Conversely, let a polynomial
p(z) = apz" +.. .+ a, be reciprocal. It cannot have zero as its root (since a, = dy
# 0), so zg is a root if (and only if) z; ! is. (Work out the details.) Thus, p(z) is
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divisible by a linear binomial az+a = a(z — ¢) such that @/a = ¢" or by a
quadratic trinomial a(z — pe'’) (z — p~'¢’) such that a Ja=¢e" and p # 1,
allowing the proof to be completed by induction, considering that a quotient of
division of reciprocal polynomials is reciprocal itself. (We leave it to the reader to
work out the details.)

S12.20

Sufficiency. The “hardest case™ k=0, [=n—1, I =[ab], t{ = a. A limit
polynomial has no zeros except t; = a, t,,. . ., ,_;. Indeed, Vv, p™ have the same
sign in any of the intervals (tgv), ), (ta, t3),. . ., (t_1, b), so the limit polynomial

p will have the same sign in (q, £,),. . ., (t,_1, b), respectively. (Work out the details.)
Therefore, p(b) # 0, p cannot have any nodal zeros exceptt; = a, f5,. . ., t,_1, While
extra nonnodal ones are prohibited by the “sum of indices” condition. QED.

Sines of angles between vectors v = (fo(f),. . ..f(?)) and v, = (fo(),. . ..f,(b)) for
t <ty < b are bounded from zero. Indeed, those vectors are not proportional for
t < b (because f; form a T-system), so the angles between them are distinct from
0 and 7, so for a compact segment a < t < #;, bounded away from b the sines of
those angles are bounded from zero (by virtue of continuity; work out the details).

For any vectors vy,. . .,v, of an n-dimensional Euclidean space, the determinant
of the Gram matrix G = ((v;,v;))i; — 1..... is equal to the squared volume of the
parallelepiped spanned on them. Readers who have not yet come across this fact
may easily prove it as follows. For any orthobasis ey,...,e,, consider a linear
operator A translating e; into v;, Vi. We have G = ‘AA, where A is the matrix for
A with respect to basis ej,. . ., and so det G = (det A)? = [vol,(vy,...,v,)]*. QED.
[We leave it to the reader to fill in the details using the equality of the oriented
parallelepiped’s volume to the determinant, following from the basic volume’s
properties (n-linearity and skew symmetry) known from standard university
courses. |

S12.25

A twice-differentiable regular closed curve on a plane that has a positive curvature
will be free of self-intersections and bound a convex (planar) body if the tangent’s
polar angle 6 changes by 27 for the complete traversal of it. Readers may prove this
by steps A—G as follows.

A. Absence of self-intersections (and self-tangencies). Assume the opposite is true.
Using for (x¢,y0) a point of self-intersection (or self-tangency) and turning the
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0, 2
axes so that 0y = 0 yields the equations [ R(0)sin0d0 =0, [ R(0)sin0d0 =0
0 01

for some 0 < 0; < 2n. If 0; < 7 (0, > m), then the first (resp. second) equation
will contradict the positiveness of R. QED. (We leave it to the reader to fill in the

details.)

More advanced readers familiar with differential topology know a generalization of the
preceding claim, which connects the number of full turns of the normal vector (the degree of
the Gauss map) to an algebraic sum of self-intersections (the Whitney number), and its far-
reaching further generalizations.

B. Prove that our curve intersects with any of its tangents with multiplicity two at
the point of tangency. [Use Cartesian coordinates with the origin at this point and
the tangent for the abscissas’ axis, which allows one to describe the curve in a
neighborhood of this point by an equation of the form y = +xx*/2 + o(x?).
Work out the details.]

C. Prove that the number of intersections modulo 2 between a straight line and our
curve, considering multiplicity, does not depend on this line. For this, use the
two following one-parameter families of straight lines consisting of variations of
some (arbitrarily fixed) line: (1) parallel translations and (2) rotations around a
fixed point that is not lying on the curve. Apply the arguments from sec-
tion E12.14 to the function: 6 +— the parameter value corresponding to the
line of the family passing through the point (x(),y(0)) of the curve. [The lemma
from section E12.14 is applicable since all zeros of this function have
multiplicities not exceeding the order of its smoothness (two) — as established
in step B; in turn, the finiteness of the multiplicities shows that the zeros are
isolated, and thus the function has a finite number of zeros; we leave it to the
reader to complete the proof.]

There are straight lines that do not intersect with our curve at all (as the curve
is bounded; work out the details). Consequently, any straight line intersects with
it (a finite and) an even number of times, considering multiplicity.

D. Establish the following geometric version of the Lagrange intermediate value
theorem.

For an open differentiable regular planar curve y: [0,1] — R* (9 # 0) and
the chord | connecting the points A = y(0) and B = (1), the tangent at some
intermediate (of 0 < ty < 1) point C = y(ty) is parallel to I.

This obviously implies the usual analytic version of the Lagrange theorem
(for scalar functions of one real variable) but cannot be easily reduced to it
because the curve may lack a representation by the graph of such a function.
(Illustrate it by appropriate figures.) Readers may prove this geometric theorem
as follows. Let a straight line / have a common point with the curve. There exists
a parallel translation of / by a maximal distance such that the translated line still
has a common point with the curve. (Prove.) This line runs tangent to the curve at
all its common points with the curve. Indeed, under the transversal intersection,
the line could be translated ““a little bit more” still having a common point with
the curve, which contradicts the maximality of the distance. (Illustrate it by a
figure, and use the lemma from section E12.14 to fill in the details.) QED.
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The tangent to a differentiable regular curve 7 — (x(¢),y(¢)) at the point (x,yo) corresponding to
t = to may be defined by the parametric equations (x,y) = (u(2),v(r)), where u = xo + %o (¢ — t9),
v =yo + Vot — to) (o = x(t0), Yo = y(to)). Without loss of generality, Xy # 0 (what does this
mean geometrically?), sov(t) = yo-+(yy/Xo) (u(t) — xo). A different straight line passing through
(x0,y0) is defined by the equation y = yo + k(x — xo) (k # Y, /%0); hence, its point having an
abscissa u(f) possesses the ordinate w(t) = yo + kX (¢t — o). Thus we will have w(f) — v(t) = a
(t — to), witha = kxo — yo # 0,s0y(f) — v(t) = o(t — to) = o(w(t) — v(r)). QED. (We leave it
to the reader to fill in the details.)

E. By the results obtained in steps C and D, a straight line may have at most two
(considering multiplicity) common points with our curve. Indeed, there would be
four such points if there were three (according to C), while four of those would
yield three distinct points of the curve, where the tangents are parallel to the
same straight line (according to D; create corresponding figures for three cases
of multiple/singular intersections); but this contradicts a monotone change in the
tangent’s polar angle 0. (We leave it to the reader to work out the details.)

F. Now we are able to introduce a formal concept reflecting an intuitive proposi-
tion: A curve bounds a planar body. A commonly accepted approach (due to
French mathematician Camille Jordan) consists of the following. By step E, a
rectilinear ray has no, or one, or two, considering multiplicity, intersections with
our curve; the start point of the ray is considered internal (external) for one (resp.
no or two) intersection(s).

A similar approach is applicable to closed curves of arbitrary curvatures, to nonsmooth
curves, and even to multidimensional closed hypersurfaces. That is, the famous Jordan-
Lebesgue-Brouwer theorem states that a hypersurface homeomorphic to a unit hypersphere
divides R" into two connected domains (being common boundary) one of the domains is
bounded, the other is unbounded; the rays of a general position, with starting points in the
bounded (unbounded) domain, have an odd (resp. even) number of common points with the
hypersurface.

G. Denote by S the set (“body”) of all internal points of the curve as defined in step
F. It is convex because any rays with the starting points on the line segment
connecting some points A,BES touch the curve once and only once. (Why?)

Also, readers may establish the convexity of S by a different method. As proved in step E,
our curve lies entirely in one of two closed half-spaces defined by each of its tangents. (Work
out the details.) Show that a point is internal if and only if it belongs to all of these half-spaces.
Therefore, S is an intersection of half-spaces, so it is convex (as discussed previously in section
P9.2" from the “Convexity and Related Classic Inequalities” problem group). QED.

2n
On the proof of the four-vertex theorem: verification of the orthogonality relations [ Ry(0) d0
0

2n 2m
=0, J Ry (0) cos0d0 =0, J Ry(0) sin 0 dO = 0. The first one follows directly from the definition
0 0
2n 2n 2n 2n 2n 2n
of Ry because [ Rod = [ (R - (@n) J"Rd@) d = [RdO— ((2@*‘ dee) [do=0.
0 0 0 0 0 0
The second and third ones are due to the periodicity (by the definition) of x, y as functions of 6,

namely, x(0) = x(2n) and y(0) = y(2n).
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S12.26

A continuous function bounded below and growing on infinity on a finite-
dimensional normed space has a minimum on any closed set. Indeed, this function
takes, at some points inside a ball of a large enough radius, smaller values than
anywhere outside this ball. Therefore, we must verify the existence of a minimum
on a bounded closed set that is compact, due to finite dimensionality.?® Taking into
account the continuity of the function completes the proof. (Work out the details.)
A similar claim is invalid for any infinite-dimensional normed space, which is clear from the
following counterexample. Consider a bounded closed set S that is a disjoint union of a countably
infinite number of closed balls. (Verify the existence of this set!) Set a function ¢ equal to one on
the union of the balls’ spheres and extend it outside S so that it is continuous and satisfies the
inequality ¢ > 1. Inside the balls extend ¢ continuously so its minimum on the nth ball is n~". The
restriction ¢ to any closed set containing S (e.g., S itself or the whole space) does not have a
minimum.
We can introduce a more sophisticated example showing that a closed affine hyperplane in
an infinite-dimensional normed space (even complete) may lack a point of a minimal distance
from the origin. Take, in the space C([0,1]) of continuous functions on the segment [0,1], with a
norm of the maximum of the absolute value of a function, a hyperplane
1 1, for 0<1<1/2

{x € C([0,1]) = [x(e)x(r) dr = 1} , with x(t):=4¢ -1, for 1/2<1 . (Work out all the
0 anything, for t = 1/2

details, and also think about why a similar thing could not happen in a Hilbert space.)

The existence of a polynomial of best approximation to a given continuous
function on any fixed finite system of continuous functions. For a vector subspace
of the space of continuous functions on a closed segment, the maximum of the
absolute value of a function is a norm. Any norm defines a distance function, which
is continuous and growing (to infinity) on infinity; with respect to this norm,
I, =l = 0 & lig,, — gll = 0 = IIf, — g, Il = IIf — gll, and IIf — gll - oo if
llgll — oo. (Why?) Therefore, the proof may be completed by applying the previous
claim to this function and the subspace spanned on F|J{f} (with the notations in
section P12.26***); work out the details.

26Readers not yet familiar with the compactness of bounded closed sets in finite-dimensional
spaces may verify it using quite elementary means. Advanced readers probably know an inverse
theorem proved by the famous twentieth-century Hungarian mathematician Frigyes (Frederic)
Riesz: a locally compact normed space is finite-dimensional. For a proof and further discussions,
see Riesz and Sz.-Nagy (1972), Dieudonné (1960), Rudin (1973), and Banach (1932).



384 Least Squares and Chebyshev Systems
S12.28

Examples of affine planes in C([a,b]) (of any, including infinite, dimensions)
containing entire convex regions of elements of the least deviation from zero.
Consider the planes generated by sets of f=C([a,b]) satisfying the linear equation
fla) = 1 and the inequality Ifl < 1. (These sets are the desired regions; fill in the
details.)

Equivalence of the balls’ strict convexity with the strictness of the triangle
inequality. The strictness of the triangle inequality implies, for noncollinear x, y,

el fIylf <1 = floe 4 (1 = ayl[<[Joex]| + [[(1 — 2y
= oflxf| + (1 =)y} Sa+(1-a)=1

(when 0 < a < 1), showing the balls’ strict convexity. (Why?) Conversely, this
convexity implies the strict triangle inequality. Indeed, consider noncollinear x, y;
denote lIxll = a, llyll = b. Since a,b > 0 (why?), a point x 4 y is a convex linear
combination of points u = (a + b)x/a, v = (a + b)x/b, with positive coefficients,
namely, x + y = (au + bv)/(a + b); or, equally, x + y belongs to the interior of
the line segment of these endpoints. (Create a figure!) Since we have llull =
IVl = a + b, the equality “llx 4+ yll = a + b” cannot hold because it contradicts
the balls’ strict convexity. (Why?)

S12.31

By the Chebyshev theorem (section P12.27***), 217'ZCT,,(I) has the least deviation
from zero over the polynomials on the segment [—1,1] of degree n with leading
coefficient c. In turn, by Haar’s theorem (section P12.28""), this polynomial is
unique. (Work out the details.) Use similar arguments to prove the similar mini-
mum property of 21_"cT,1(/1(t)) for the domain [a,b], where A is a linear map
[a,b] — [—1,1]. The rest of section P12.31°" may be done straightforwardly.

(We leave it to the reader to fill in the details.)

S12.32

. . . g .o, . . Jrl
Deriving the unique solvability condition for the least-squares problem in R’Ijhmun N

={up =1} C ]RZUHM} from a similar condition for the least-squares problem in

R+2 .+ If a point of R™1  belongs simultaneously to a hyperplane P # {uy = 0}

ugy,...Up, UQ ..Uy

passing through the origin and to an affine hyperplane H = {uy = 1}, then this
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is equivalent to its orthogonal projection into R; belonging to the n —
1-dimensional affine plane of this space, which is the projection of P("\H. (Create
a figure and work out the details.)

Alternatively, readers may perform the reduction using algebraic arguments as
follows. n + 1-dimensional vectors v; = (1,uyj,...,u,), j = 1,...,m, are linearly
dependent if and only if the vectors w; = v, wo = vy — V,..o, Wy = V), — Vg
are linearly dependent, which in turn is equivalent to the linear dependence of m
—1 n-dimensional row vectors z,,...z, obtained from w,,...w,, respectively,
by crossing out their first (zero) elements (why?), which in turn is equivalent
to containing m n-dimensional vectors (uyj,...,u,;) by an m — 2-dimensional
affine plane in R}, . (Work out the details and complete the proof.)

Jevilly

S12.36

For m = 2, a straight line y = xy + xyu, which is the solution of the least-squares
problem, contains both (u,,y;) and (u,,y,), so it contains any points expressed by
a linear combination of these points with coefficients summed to one. (Why?)

S12.37

For m = n + 1, a plane that is the solution of the least-squares problem contains
the points (uy,. . .,Uy,y;),j = 1,...,m, so it contains any points expressed by a linear
combination of these points with coefficients summed to one (by arguments similar
to those in section S12.36; fill in the details).
For an arbitrary m > n + 1, the result can be obtained by dividing the kth
equation from section H12.37 by > uy, which yields Y oyjy; = xo +x1 Y oyjtarj+
! J J

..+ > ogjuy;. (Work out the details.)
J

More advanced readers might prefer a different line of reasoning as follows.
With the matrix notations A = '(u,-j) and I' = (oy;), the first column of I" © A is
filled with ones, so the only thing left is to verify that Vy: ‘A © Ax = Ay = I' ©
Ax = I'y. The proportionality of the rows of I to the corresponding rows of ‘A
yields ker I' D ker ‘A, proving the desired claim since, obviously, Vy: /A © Ax =

Ay = T © Ax = Ty for any matrices T of m columns, such that ker T D ker ‘A
(and only for them). QED.

Remark. As readers may verify directly, ' = X © ‘A for the matrix X = (x;;) of

the entries xy; = Oy / > uy . Actually, for any fixed linear operator L, a linear
I
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operator M defined on the same domain and such thatker M D ker L (and, obviously,

only this one) can be presented by a composition M = X © L, using an appropriate
linear operator X defined on im L (the exact image of L). (Obviously, X is unique;
why?). To prove this, show the existence of a commutative diagram of linear
operators

domL — domL/kerL L imL
M

$ ooy 2
imM

The upper row of this diagram corresponds to L, that is, L translates x + ker L
into Lx (x&dom L). The existence of Y is brought about by an inclusion ker M O ker

L. Finally, X exists as defined by the composition X =Y oL (Work out the
details.)

Readers may find X with the help of a least-squares-solution-like formula X =
M o 'L o (M o L)~ (defining 'L on im L only; work out the details).

S$12.39

Geometric algorithm. A polynomial on a finite-dimensional vector space (over any
field F) is divisible by /(x) = >a;x; — b (in the polynomial ring F[x]) if (and only if)
it vanishes on the hyperplane Y a;x; = b. This follows from the unique factorization
property of F[x] and the primality of an element /(x). Indeed, readers may prove this
statement by changing variables, as was done in section S3.2 (“A Combinatorial
Algorithm in Multiexponential Analysis” problem group discussed previously).

For a finite subset {Aj,...} in a Euclidean space there exists a Cartesian
coordinate system such that all abscissae (the first coordinates) A;; are distinct.
(This is true even for an infinite subset with a cardinality smaller than continuum.
This subset may or may not be everywhere dense.) Indeed, the union of hyperplanes
I1,; orthogonal to the vectors A; — A;, respectively, cannot cover all of the space, so
it cannot include all of the unit sphere. (Why? Work out the details, and then
complete the proof for a finite set of A;. Readers familiar with duality may do
the same for the sets of any cardinalities smaller than the continuum using the
following argument: the hyperplanes (vector subspaces of codimension one) in a
finite-dimensional vector space form a set that has cardinality of the continuum,
because obviously this set is bijective to the unit hypersphere in the dual vector
space (the space of all linear functionals), in which the diametrically opposite points
are identified with each other, so there exists a hyperplane II distinct from all IT;;.
For a dimension equal to two, a straight line IT is not covered with the union of ITj,
and for any dimension IT contains a straight line that is not covered with the union
of TINII;, by induction. We leave it to the reader to work out the details.)

ijs
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On the proof of Lemma 2 in section E12.39: given a set of pairs (¢,s;) with
distinct ¢;, the degree of a Lagrange interpolating polynomial is less than or equal to
one if and only if the points (¢,,s;) are located on a straight line. Indeed, this follows
from the uniqueness of the Lagrange polynomial and the elementary fact that
polynomials of degrees not exceeding one, and only such polynomials, have
rectilinear graphs. (We leave it to the reader to fill in the details.)

A different proof of the vanishing of Lagrange polynomial terms of degrees
greater than one can be obtained using the explicit formulas for this polynomial’s
coefficients in section P1.11""" (from the problem group “Jacobi Identities and
Related Combinatorial Formulas™), taking into account that any symmetric polyno-
mial of degree k in xy,. . .,x,, can be expressed by a linear combination of polynomials
iji, i = 0,..., k, and the Jacobi identities in section P1.17", (We leave it to the
reader to work out the details.)
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